
Original
 

Hieronymus, M.; Nycander, J.:  
Finding the Minimum Potential Energy State by Adiabatic Parcel 
Rearrangements with a Nonlinear Equation of State: An Exact Solution in 
Polynomial Time.  
In: Journal of Physical Oceanography. Vol. 45 (2015) 7, 1843 - 1857.  
First published online by AMS: 01.07.20015 

https://dx.doi.org/10.1175/JPO-D-14-0174.1 

https://dx.doi.org/10.1175/JPO-D-14-0174.1


Finding the Minimum Potential Energy State by Adiabatic Parcel Rearrangements
with a Nonlinear Equation of State: An Exact Solution in Polynomial Time

MAGNUS HIERONYMUS

Institute for Coastal Research, Helmholtz Zentrum Geesthacht, Geesthacht, Germany

JONAS NYCANDER

Department of Meteorology, Stockholm University, Stockholm, Sweden

(Manuscript received 21 August 2014, in final form 8 April 2015)

ABSTRACT

The problem of finding the state of minimum potential energy through the rearrangement of water parcels

with a nonlinear equation of state is discussed in the context of a combinatorial optimization problem. It is found

that the problem is identical to a classical optimization problem called the linear assignment problem. This

problem belongs to a problem class known as P, a class of problems that have known efficient solutions. This is

very fortunate since this study’s problemhas been suggested to be an asymmetric traveling salesman problem.A

problem that belongs to a class called NP-hard, for which no efficient solutions are known. The difference

between the linear assignment problem and the traveling salesman problem is discussed and made clear by

looking at the different constraints used for the two problems. It is also shown how the rearrangement of water

parcels that minimizes the potential energy can be found in polynomial time using the so-called Hungarian

algorithm. The Hungarian algorithm is then applied to a simplified ocean stratification, and the result is com-

pared to a few different approximate solutions to the minimization problem. It is found that the improved

accuracy over the approximate methods comes at a high computational cost. Last, the algorithm is applied to a

realistic ocean stratification using a technique that splits the minimization problem into smaller bits.

1. Introduction

Many current publications dealing with the energetics

of ocean circulation use the concept of available potential

energy (Winters et al. 1995; Huang 2005; Tailleux 2009,

2013b). The concept of available potential energy goes

back to Margules (1905) and became a popular tool for

the study of atmospheric energetics after Lorenz (1955).

The available potential energy (APE) is an integral

quantity defined as the potential energy of a systemminus

the background potential energy of the same system,

where the background potential energy is defined as the

minimum energy state the system can achieve by adia-

batic rearrangements of its water parcels.

The methodology used in this article is a combinato-

rial approach that can be used to minimize the integral

of a function that may depend on an arbitrary number of

adiabatic Lagrangian invariants and the values of co-

ordinate axes along which a number of water parcels are

placed. The natural choice of function for us to minimize

is enthalpy because it can be expressed as a function of

entropy, salinity, and pressure. A limitation of themethod

is that the values on the coordinate axes must be invariant

to changes in parcel placements. The method therefore

does not work in cases where we have to consider the sum

of the gravitational potential energy and the internal en-

ergy because the depth on which the nth parcel (counting

from the top or bottom) is placed will vary between dif-

ferent arrangements of water parcels even though the

pressure does not. We will therefore consider models

where the APE can be defined according to

APE5

ð
M
(h2 href) dM , (1)

where h is the specific enthalpy in the current state, href is

the enthalpy in the reference state, and the integration is

done over the total mass. This is an appropriate form of
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APE for a hydrostatic and compressible atmosphere or

ocean (Reid et al. 1981; Tailleux 2013a). However, it is a

somewhat approximate form to use when bottom topog-

raphy is present (Huang 2005). This is also an exact form

of APE to use with the Boussinesq model when a non-

linear equation of state is used. Furthermore, it is shown in

appendix A that we do not need to consider the full en-

thalpy in either the compressible hydrostatic model or the

Boussinesqmodelwith a nonlinear equation of state, since

the same result can be reached by minimizing the so-

called dynamic enthalpy1 (Young 2010). The focus in this

paper is primarily on the Boussinesq model with a non-

linear equation of state, partly because we can find the

exact minimum energy state without introducing any

additional approximations, such as, for example, a flat

lower boundary, to the model and also because it is a

very commonly used model.

Some key properties with the separation of potential

energy into an available and a background reservoir are

that only diabatic processes such as ocean mixing and

surface fluxes are able to change the background po-

tential energy and that the effects of surface buoyancy

fluxes, which are typically masked in potential energy

budgets, become apparent in the APE framework.

The APE framework, however, has a major difficulty

when a realistic nonlinear and pressure-dependent

equation of state is used. The difficulty is in finding the

rearrangement of water parcels that minimizes the po-

tential energy. This difficulty is the result of the binary

nature of the fluid and thermobaricity. By binary, we

mean that the density depends on two components

(temperature and salinity). By thermobaric, we mean the

fact that the thermal expansion coefficient and, to a lesser

degree, the haline contraction coefficient are pressure

dependent (depth dependent in the Boussinesq equa-

tions). Finding the background state for a nonthermobaric

equation of state, or for a unary fluid, on the other hand,

is a trivial sorting task.

Let’s consider a discrete ocean consisting of a finite

number of water parcels. The existence of a minimum

energy state for such an ocean is almost self-evident.

Here, we offer a simple proof by construction that reads

as follows: Given n distinct water parcels, there are n!

possible rearrangements to consider. We can evaluate

the energy of all these possible states, and the minimum

is the smallest. This minimummay or may not be unique

in terms of parcel rearrangements; that is, more than one

rearrangement may result in the same energy minimum.

Even though it is easy to prove the existence of a

minimum energy state, devising an efficient algorithm

that finds this minimum has proven to be far from trivial.

There are, however, algorithms designed to find ap-

proximateminimumpotential energy stratifications, one

such example is the algorithm suggested by Huang

(2005). During the revision of this work we have also

become aware of an approximate method presented by

Saenz et al. (2015), which uses similar ideas to those of

Huang (2005), but the algorithm is faster. Both of these

algorithms produce stably stratified reference states that

can be thought of as the local minima of potential en-

ergy, since they are stable with regard to small adiabatic

displacements. In contrast, what we are looking for in

this article is the global minimum of potential energy.

Computationally speaking, finding a global minimum

is a muchmore difficult task. Other authors have instead

chosen to redefine the reference state into something

that can be computed easily. The dynamical potential

energy suggested by Roquet (2013) is such an approach.

It separates the potential energy into a background part

based on the horizontally average density and an avail-

able part based on the deviation from that average.

Such a framework is muchmore easily implemented than

an APE framework, but it also lacks the ability of the

APE framework to single out the diabatic effects. An-

other andmore general approach is presented byTailleux

(2013b), who defines APE density relative to arbitrary

reference states for Boussinesq multicomponent fluids.

It has been suggested that the problem of minimizing

enthalpy by parcel rearrangements is an asymmetric

traveling salesman problem (ATSP) (Tailleux and

Grandpeix 2004). The traveling salesman problem is a

classical problem in optimization. In its most classical

formulation, a salesman must find the shortest route

between n cities, visiting each city only once and return

to the starting city. An ATSP problem is a TSP problem

where the distance from city j to city i is different from

the distance from city i to city j. In this paper, we will

show that, although our problem is very similar to the

ATSP problem, the problem is in fact a linear assign-

ment problem. This is indeed very fortunate since the

two problems belong to different problem classes. The

ATSP problem belongs to a problem class known as NP-

hard in computational complexity theory, while the

linear assignment problembelongs to a class known as P.

The problem class known as P, to which our linear as-

signment problem belongs, consists of decision problems

that can be solved in polynomial time.2 The problem class

NP-hard is defined using a problem class called NP. The

problem class NP contains all decision problems where a

1Also called effective potential energy (Nycander 2011).

2 A problems of size n can be solved in polynomial time if the

runtime T(n) 5 O(nk) for some fixed k.
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solution can be verified in polynomial time. A problem

belongs toNP-hard if all problems inNP can be reduced to

it in polynomial time. Thus, finding a polynomial time

solution algorithm to any problem in NP-hard would give

polynomial time solution algorithms to all problems inNP.

NP-hard is thus often said to consist of problems that are at

least as hard as any problem inNP. AnEuler diagram that

illustrates the different classes is shown in Fig. 1.

A great unsolved question in computer science and

mathematics is whether or not all problems in NP are

also in P. The Clay Mathematics Institute3 offers a

$1 000 000 (U.S. dollars) prize for a solution to the

problem. If P 6¼ NP, then NP-hard problems cannot be

solved in polynomial time, while P 5 NP does not re-

solve whether the NP-hard problems can be solved in

polynomial time. It is commonly believed, among ex-

perts, that P 6¼ NP, and thus NP-hard problems cannot

be solved in polynomial time. A reason for this belief is

that there are plenty of known NP-complete problems

(problems that belong to both NP and NP-hard), of

which many are important and have been studied ex-

tensively, yet no polynomial time solution algorithm to

any of these problems have ever been found. The fact

that our problem belongs to P, and not NP-hard, is thus

extremely fortunate. Otherwise, usage of the classical

APE framework, that is, one with the global minimum

potential energy state as the background state, would be

practically impossible to implement.

The linear assignment problem is commonly expressed

as a problem where n tasks must be distributed between

n workers and each worker–task assignment has a pre-

defined cost. Formally, this can be written as the following

minimization problem:

min �
n

i51
�
n

j51

xijcij , (2)

where cij is the cost associated with assigning worker i to

task j, and xij 5 1 is if worker i is assigned to task j and is

zero otherwise. The problem is then to determine the

assignments xij that minimize Eq. (2), while obeying

15 �
n

j51

xkj and 15 �
n

i51

xik " k 2 [1, 2, 3, . . . ,n] ,

(3)

where xij is a permutation matrix with exactly one entry

(a one) in each row and column. In our problem, the

workers are our different water parcels and the tasks are

to be placed at a specific pressure (depth when the

Boussinesq approximation is used), and each such as-

signment is associated with a cost, the value of the spe-

cific enthalpy of parcel i at pressure j. The constraints

defined in Eq. (3) can then be interpreted as saying that

each parcel can only be placed at one depth and at each

depth there can only be one parcel.

The TSP problem can be written on the same form as

Eq. (2), with a cost matrix cij that holds the distances be-

tween city i and j and an xij function that equals one if the

path goes from city i to city j and is zero otherwise.

However, theTSPneeds additional constraints aswell as a

slight modification done to those defined in Eq. (3). One

common set of extra constraints used for the TSP are

ui2 uj 1 (n2 1)xij # n2 2, i, j 2 [2, 3, . . . , n], i 6¼ j ,

(4)

and

1# ui # n2 1, i 2 [2, 3, . . . ,n] . (5)

Those constraints were first derived by Miller et al.

(1960). They eliminate the possibility of subroutes, that

is, they ensure that any admissible solution to the TSP

is a single route containing all n cities. However, this

comes at the cost. Not only do we need extra constraints

but also the extra variables ui must be solved for. The

modification that must be done to the constraints in Eq.

(3) to be used for the TSP is that xii must be forced to

equal zero. This is because in the TSP xii 5 1 means that

the route goes between a city and itself. In the linear

assignment problem, xii could well be equal to 1, since it

only means that worker i is assigned job i. More details

on these and other TSP constraints are given in, for

example, Laporte (1992).

The value of the specific enthalpy of parcel i at pressure

j is typically different from that of parcel j at pressure i.

FIG. 1. Euler diagram for P, NP, NP-hard, andNP-complete. The

figure is created by Behnam Esfahbod and released under the

GNU Free Documentation Licenses CC-BY-SA-3.0, CC-BY-SA-

2.5, CC-BY-SA-2.0, and CC-BY-SA-1.0.

3 www.claymath.org.
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Our problem is thus similar to the ATSP; although, it is

clear from the different constraints presented that our

problem is a linear assignment problem and thus different

from the ATSP. It is also elucidating to think of the two

problems in terms of a route. In the ATSP case, the route

is naturally the order inwhich you visit the different cities,

and in our problem the route is the order in which you

visit the different parcels, starting, for example, from the

ocean surface. The important difference between the

problems in this respect is that there is a fixed cost of

placing a parcel as number n on a route in our problem,

namely, the value of the specific enthalpy of the parcel

that ends up at that pressure.However, the cost of placing

some city as number n on a route does not depend on the

number n but on the distances from the city before and

after on the route. In section 4, we show by example that

the matrix operations used to solve the linear assignment

problem cannot be used to solve the ATSP.

A few polynomial time solution algorithms exist for

the linear assignment problem. We will focus on an al-

gorithm called the Hungarian algorithm or the Munkres

algorithm (Kuhn 1955). The time complexity of the

original algorithm is O(n4) (Munkres 1957), which can

be improved to O(n3) (Lawler 1976).

The remainder of this article is organized as follows:

Section 2 introduces an exact method for finding the

minimum energy state of the so-called Hungarian al-

gorithm and two different approximate methods. In

section 3, we apply the different methods to some ide-

alized stratifications where the minimum energy state

can be found exactly in reasonable time as well as to a

more realistic case using an approximate method. Sec-

tion 4 contains a discussion and the conclusions.

2. The Hungarian algorithm, Huang’s algorithm,
and the 2-opt algorithm

Asmentioned in the introduction, our problem can be

solved exactly using the Hungarian (or Munkres) algo-

rithm. In what follows, we will show how the algorithm

works for a very simple 3 by 3 matrix case. We start with

the cost matrix

cij 5

2
4 1 2 3

5 7 9

12 15 18

3
5 , (6)

where the rows of the matrix indicate depths (or pres-

sures), the columns indicate different water parcels, and

each matrix entry is a cost in terms of the enthalpy of a

particular parcel placement. In the Boussinesq case, c11
is thus the dynamic enthalpy of parcel 1 at depth 1, c22 is

the dynamic enthalpy of parcel 2 at depth 2, and so on.

This example is meant to illustrate a simple case where

the water parcel in the third column is warmer and less

saline than the two others, the parcel in the second col-

umn is warmer and less saline than that in the first col-

umn, and a higher row number indicates a greater depth.

If one uses a reference depth that is smaller than the

smallest depth in the calculation (e.g., the surface) in the

definition of dynamic enthalpy for this set of water par-

cels, then the dynamic enthalpy of the parcel in the third

column will always be the greatest, and the difference in

dynamic enthalpy between the parcels will increase with

increasing depth, just as in our cost matrix. This example

is so simple that its solution is intuitively evident; how-

ever, this is definitely not true of the problem type in

general. How to solve the problem using theHungarian is

described in the steps below and illustrated in Fig. 2:

Step one is to subtract the minimum value in each row

from that row.

Step two is to subtract the minimum value in each

column from that column.

Step three is to cover all the zero elements with

a minimum amount of horizontal and vertical lines.

FIG. 2. The six steps in the Hungarian algorithm.
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An assignment is possible if the number of covering

lines equal the number of rows in the matrix. In this

case, we have two lines and three rows, so we

continue to step four.

Step four is to add theminimumvalue of the uncovered

elements to the covered ones; we add two times the

minimum value to any element that is covered twice.

Step five is to subtract the minimum element from all

the elements of the matrix.

Step six is to again cover all the zero elements with a

minimum amount of horizontal and vertical lines.

Now the number of lines equals the number of rows in

the matrix, which means that an assignment is possi-

ble. If this is not the case, then one simply restarts

from step four. A minimum cost assignment is found

by choosing three zeros such that only one is selected

from each row and column. Our assignment is thus

[c13, c22, c31], meaning that parcel 3 should be at depth

1, parcel 2 should be at depth 2, and parcel 1 should be

at depth 3. Thus, the parcels are sorted from the top to

bottom according to decreasing temperature and

increasing salinity. The total cost, or the integrated

dynamic enthalpy, of this configuration is [c131 c221
c315 22], assuming that the parcels have unit volume.

To understand how the algorithm works on our phys-

ical problemwemust consider where the zeros in the cost

matrix end up. After step 1, we have a zero in every row

and that zero corresponds to the water parcel with the

smallest value of the dynamic enthalpy at that depth. If

the zeros in all rows were to end up in different columns,

then the problem would be solved. However, this is

typically not the case. In step 2, we add a zero to every

column. This zero corresponds to the depth where the

dynamic enthalpy of each water parcel is the smallest.

Each zero we have introduced into the matrix so far thus

corresponds to an optimal parcel placement. In step 3,

we check whether we have found enough optimal

placements to solve the problem. In a realistic case, the

answer is almost certainly no. We therefore have to

create more zeros from the uncovered elements. This

is done by subtracting the smallest value of the dy-

namic enthalpy due to any possible parcel placement

from all the others. The new zero will thus correspond

to the possible parcel placement that contributes the

least to the integrated dynamic enthalpy. Continuing

in this way until an assignment is possible will there-

fore result in an optimal placement. If we instead were

to do the same operations on the cost matrix from the

ATSP problem, then step 1 would introduce a zero in

every row i at the column j, which corresponds to the

smallest distance between city i and any other. Even if

we set cii5‘ and we find ourselves in a situation where

each row has its zero in a different column, these zeros

do not give an acceptable route. This is most readily

seen if we consider the symmetric TSP because if the

zero in row 1 is at column 3 then the zero at row 3 is

at column 1, so one would go from city 1 to city 3 and

then back again in clear violation of the criteria of an

acceptable route.

In practice, we calculate the optimal solution using a

freely available MATLAB code written by Yi Cao4 and

calculate the dynamic enthalpy using the International

Thermodynamic EquationOf Seawater—2010 (TEOS-10)

(IOC et al. 2010).

Apart from the exact solution, we also try some ap-

proximate methods. The first one is the algorithm of

Huang (2005). Our implementation ofHuang’s algorithm

works as follows: Start from the greatest depth and place

the water parcel that maximizes the in situ density at that

depth and then continue upward and maximize the den-

sity at the second greatest depth by placing the densest of

the remaining parcels there. At the shallowest depth,

there is just one parcel remaining, so the placing is au-

tomatic.Wehave also tried to applyHuang’s algorithm to

the dynamic enthalpy by minimizing ~hz instead of maxi-

mizing r. However, with our test case the result of that

approach was worse than that of the original.

We have also tried the so-called 2-opt algorithm, an

algorithm that was proposed for solving the TSP by

Croes (1958). The 2-opt algorithm works by trying all

possible two-parcel interchanges until an optimal strat-

ification has been found. We implement this algorithm

as a nested loop that evaluates the interchange of the

parcels currently situated at depths i and j. The outer

loop goes from i5 1 to i5 n2 1 and the inner loop goes

from j 5 i 1 1 to j 5 n, and an optimal stratification is

found when the nested loop can be run from start to

finish without finding any favorable parcel interchanges.

The 2-opt algorithm is part of a family of algorithms

called k-opt that tries all possible k parcel interchanges

until an optimum is reached. A k-opt optimal stratifi-

cation is also (k 2 1)-opt optimal because all possible

k 2 1 parcel interchanges are contained within all pos-

sible k parcel interchanges. The reverse, however, is not

true. More information on the k-opt algorithm can be

found in Helsgaun (2000). Another obvious but impor-

tant fact about these different optimums is that they are

not unique, meaning that the 2-opt optimum one finds in

general depends on the initial guess, as several typically

exist for a given set of water parcels.

4 The code can be downloaded online fromhttp://www.mathworks.

com/matlabcentral/fileexchange/20652-hungarian-algorithm-for-linear-

assignment-problems–v2-3-.
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3. Results

a. An idealized case that can be solved exactly

The idealized case discussed here is one where the

ocean stratification is made up of relatively few water

parcels, say n, to be placed at equally many depths. To

obtain the water properties of our n parcels from hy-

drographic data,5 we first produce a discrete probability

density function (PDF), which gives the volume of water

as a function of Absolute Salinity and Conservative

Temperature. This PDF is called p(SA, Q) and has the

property 15
Ð
SA

Ð
Qp(SA, Q) dSA dQ. Figure 3 shows the

PDF, which is created from gridded hydrographic data

by looping over all the grid boxes and adding the volume

of each grid box to the point in a discrete SA–Q space, that

is, the domain of our PDF where the SA–Q properties of

the grid box best match those in the SA–Q space. Such

PDFs have been used by, for example, Worthington

(1981), Döös et al. (2012), and Hieronymus et al. (2014).

To get n water parcels with distinct SA–Q properties, we

choose the k elements from our PDF that represent the

largest volumes. The next step is to create volumes of

equal size from our k elements. We create water parcels

with a volume equal to the volume of the smallest of the k

elements (DV). If one of the k elements is a times larger

than the smallest, we then create a water parcels of this

water type. We thus have just one water parcel with the

least common water type and several water parcels of the

more common water types.

We also construct a depth vector where the volumes

are to be placed. For that purpose we need the function

A(z), which gives the ocean area as a function of depth.

Starting either from the surface or the bottom, we can

construct a vector of depths where we can place our

volumes by summing Dz defined as

Dz5
DV

A(z)
. (7)

Table 1 shows the difference in volume-integrated

dynamic enthalpy between the different approximate

methods discussed in section 2 and the real minimum

energy state for a test case where n 5 2000. Positive

values indicate the excess energy of an optimized strat-

ification compared to the minimum energy state. The

fact that the 2-opt algorithm finds the true minimum

state in this case is encouraging. In fact, it finds it either if

one starts with an initial guess based on Huang’s algo-

rithm or the s2.9 state. Starting with an initial guess

based on Huang’s algorithm, running the 2-opt algo-

rithm takes less than 1 s for the n 5 2000 case, while

running the Hungarian algorithm takes several hours.

However, we have also found cases where the 2-opt al-

gorithm does not converge to the state of minimum

potential energy. Another issue is that the run time of

the 2-opt algorithm is quite sensitive to the quality of the

initial guess. If we were to start from the minimum en-

ergy state, the algorithm would test n2/2 interchanges

and none would be favorable. However, for every fa-

vorable interchange, the algorithm finds the runtime

increases since the optimization is not finished until all

possible two-parcel interchanges are tested and none of

them are favorable.

Figure 4 shows the different stratifications and the

difference between the optimal stratification and that

obtainedwithHuang’s algorithm, both in terms of SA and

Q and dynamic enthalpy. The stratifications found from

our SA–Q PDF are generally rather spiky and have too

little warmwater. The lack of warmwater stems from the

fact that we choose the k elements from the PDF that

represents the largest volume, which gives preference to

the large deep-watermasses. To compensate for this effect,

we use rather large SA and Q steps of 0.36gkg21 and

0.328C, respectively. The large steps are partly responsible

FIG. 3. The logarithm of the volumetric PDF [p (SA, Q)] used for

the idealized case.

TABLE 1. Differences in volume-integrated dynamic enthalpy

between the various optimized stratifications and the minimum

energy state. The volume of the ocean is here taken to be 1.37 3
1018 m3 (Thorpe 2007). The terms2.9 is a stratification derived from

sorting the water parcels according to middepth-referenced po-

tential density.

s2.9 1.679 292 043 395 340 3 1016m5 s22

Huang 4.443 702 168 762 684 3 1013m5 s22

2-opt 0m5 s22

5 The hydrographic data are from the World Ocean Atlas 2009

interpolated onto a NEMO ORCA1 grid.
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for the spikiness. However, the spikiness is also in part

because when the entire ocean is considered, there is

plenty of water with similar values of dynamic enthalpy

but rather different Conservative Temperature and

Absolute Salinity properties. However, what water

parcels one uses is unimportant for the arguments made

in this subsection; a more realistic hydrography is con-

sidered in the following subsection.

Figure 5 shows a case where the 2-opt method fails at

finding the optimal stratification. Figure 5a shows our

best guess of the optimal stratification, which is derived

using a mixture of 2-opt and 3-opt. This case has n 5
9807, so running the Hungarian algorithm would be too

time consuming since the code is not parallelized.

Figure 5b shows the stratification derived using Huang’s

algorithm, Fig. 5c shows the difference in SA and Q

FIG. 4. Conservative Temperature, Absolute Salinity, and dynamic enthalpy for the n 5 2000 case. (a) The

optimal stratification, (b) Huang’s algorithm, (c) sorted according tomiddepth-referenced potential density, (d) the

difference between the optimal stratification and the one derived from Huang’s algorithm [(a) minus (b)] and

(e) the difference in dynamic enthalpy [the stratification shown in (a) minus the stratification shown in (b)].
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between our best guess of the optimal stratification and

that found using Huang’s algorithm, and Fig. 5d shows

the difference in dynamic enthalpy of the two cases.

Figures 4d and 5c both show that Huang’s algorithm

works rather well on our test cases, even though it does

not converge to the optimal stratification in any of

them. Caution is, however, still advised. In appendix B,

we show a simple case where the algorithm fails at

finding the minimum energy configuration, and we also

derived a condition for when it fails at finding the

minimum gravitational potential energy. The sorting

according to middepth-referenced potential density

(Fig. 4c) does, in contrast to Huang’s algorithm, per-

form rather miserably. For instance, it places the warm

and highly saline parcels that resemble Mediterranean

water (the parcels with SA ’ 38.8) more than 1000m

deeper than the optimal placing.

b. An approximate case with realistic hydrography

In this section, we will use a method developed by

Saenz et al. (2015) to lessen the amount of water parcels

needed to sort, while still retaining a realistic hydrog-

raphy. We will use the same type of volume PDF in

SA–Q coordinates that was used in the preceding sec-

tion but with higher and variable resolution. We also

need knowledge of the bathymetry to calculate the

ocean volume between different depths and a concept

called salinity curves. A salinity curve is found by fixing

density at a given value and then calculating the salinity

needed to achieve that density at a given depth for all

values of Q in the domain. A salinity curve is thus a

solution on the form SA(Q, z0) to an equation of the type

r(SA,Q, z0)5 r0 , (8)

where r0 is a given density, and z0 is a given depth. The

idea is then to equate the volume between two given

depths in the ocean and the part of volume of the SA–Q
PDF that is caught between two salinity curves. An ex-

ample of two salinity curves is shown in Fig. 6. A first

salinity curve is calculated either by fixing the density at

the maximum value any parcel has at the largest depth in

the domain or by fixing it at the smallest possible density

FIG. 5. Conservative Temperature, Absolute Salinity, and dynamic enthalpy for the n5 9807 case. (a) Our best

guess of the optimal stratification, (b) Huang’s algorithm, (c) the difference between our best guess of the optimal

stratification and the one derived from Huang’s algorithm [(a) minus (b)], and (d) the difference in dynamic en-

thalpy [the stratification shown in (a) minus the stratification shown in (b)].
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any parcel has at the surface. We thus have a first salinity

curve by assumption and wish to find a second one such

that ðz
1

z
2

A(z) dz5VT

ðQ
max

Q
min

s(Q, z1, z2) dQ , (9)

where VT is the total ocean volume, and s is given by

s5

8><
>:
ð ~S

A
(Q,z

2
)

~S
A
(Q,z

1
)

p(Q,SA)dSA , if ~SA(Q,z1),
~SA(Q,z2) ,

0 , if ~SA(Q,z1).
~SA(Q,z2) ,

(10)

wherep is the volumetric PDF in SA–Q coordinates, and
~SA(Q, z1) and ~SA(Q, z1) are the two salinity curves. The

equations above are derived in Saenz et al. (2015) and

used to find the fixed density of the second salinity curve.

This way they start from the surface and work their way

down to the bottom creating a coarse approximation of

the density stratification in the background state. The

reference position of any water parcel can then be de-

termined from the so-called level of neutral buoyancy

equation (LNBE) (Tailleux 2013b) given as

r(SA,Q, zr)5 rr(zr) , (11)

where zr is the position of the parcel in the reference

state, and rr is the density stratification in the reference

state. A problem with the LNBE is that it may have

more than one solution, meaning that there are water

parcels whose density equal that in the reference state at

more than one depth. Fortunately, this is only a minor

problem since very few parcels were found to have

multiple reference states by Saenz et al. (2015).

Our usage of salinity curves differ somewhat from that

presented by Saenz et al. (2015) because the prime focus

of this paper is on the mathematical nature of the energy

minimization problem rather than on producing a smart

approximate method. Therefore, we have not taken the

LNBE approach. Instead, we have used the salinity

curves approach to split the problem of finding the

minimum energy stratification into parts. This is done by

taking the water parcels (i.e., the elements of the dis-

crete PDF) that exist between two salinity curves and

placing them between z1 and z2 using the Hungarian

algorithm.We start from the surface, that is, having z15 0

and continue downward choosing z2 such that the

number of water parcels to place between z1 and z2
never exceeds 1900.

We have also used the additional simplifications of

assuming that all water parcels between the two salinity

curves have equal volume and that the ocean is rectan-

gular between z1 and z2, so that the distance between z1
and z2 can be split into equal parts where the parcels can

be placed. Every discrete SA andQ value in the PDF can

then be assigned a value of zr, which is then used to find

the reference depths of the water parcels in our gridded

hydrography by interpolation in SA and Q.

Figure 7 shows two transects of zr calculated using the

method described above, one through longitude 238W
and the other through 1788W. Figure 8 offers a close up

of the reference positions at high latitudes. The simi-

larities between the distribution of zr in our calculation

and in that of Saenz et al. (2015) are striking. They also

find the same two regions of deep reference positions in

the Arctic Ocean in the Greenland Sea and in the

Barents Sea. The results are very similar around Ant-

arctica as well; in both cases, the deepest reference po-

sitions are found in the Weddell and Ross Seas. The

constant longitude transects in our calculation is also

very similar to those of Saenz et al. (2015).

The results of our calculation of the reference posi-

tions using a more realistic hydrography are thus very

similar to those of Saenz et al. (2015). In fact, when the

problem of finding the reference state is split into parts,

it is of very little use to solve each part exactly using the

Hungarian algorithm. In our calculation, we split the

World Ocean into 80 depth regions and in each region a

maximum of 1900 parcels were placed. We did this

placing both using the Hungarian and Huang’s algo-

rithm. The maximum amount of misplaced parcels in

any depth region when Huang’s algorithm was used was

60. This may seem a lot, however, the difference in

FIG. 6. The logarithmof the volumetric PDFused for the realistic

stratification. The resolution of this PDF is, as can be seen, varying

in SA and Q to better resolve the Conservative Temperature and

Absolute Salinity of the more common water masses. The two

salinity curves are discretized on the same grid as the PDF and

reflect the varying resolution.
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energy between a profile sorted according to Huang’s

approach and the real minimum energy stratification is

very small in each region. Given then that running this

optimization using theHungarian algorithm took almost

5 days and also considering the fact that when we split

the problem into parts using the salinity curve approach

we are not guaranteed to find the global minimum en-

ergy stratification anyway, it appears that using the

Hungarian algorithm this way cannot be advised. Nev-

ertheless, it is reassuring to see that the approximate

method does a good job in all subregions.

4. Discussion and conclusions

The most important result in this article is the recog-

nition that the problem of finding the minimum energy

stratification by parcel rearrangements belongs to the

problem class P rather than NP-hard. This result ensures

that there exists, in some sense, an efficient algorithm

that can solve the problem. Our specific cost matrix,

however, is problematic for the Hungarian algorithm.

The code we run solves a problem of size n 5 2000 with

random numbers between 0 and 1 in 39 s, while our

problemmatrix takes almost 7 h to solve. The reason for

this slow convergence is that the zeros created by ex-

tracting the minimum value from each row and column

will typically be aligned along a single row and a single

column with our problemmatrix. The alignment along a

single row happens because the dynamic enthalpy grows

with the distance jz 2 zrefj, while the alignment along a

single column happens because sorting water parcels

according to dynamic enthalpy at different depths typi-

cally give rather similar results. This creates very few

lines (step 3 and 6 in the Hungarian algorithm), and

many iterations are needed for the method to converge.

However, the algorithm has its merits in the un-

derstandability of how the operations lead to a mini-

mum. The author of the code we use for the Hungarian

algorithm also has a faster code that runs an algorithm

derived by Jonker and Volgenant (1987). This code is up

to 10 times faster but still much too slow for solving a

problem of significant size. A 18 by 18 climatology with

FIG. 7. Reference depths of water parcels in two transects: (a) transect through 238Wand (b) transect through 1788W.

The position in the reference state is given in color.

FIG. 8. Reference depths of water parcels at high latitudes: (a) Arctic and (b) Antarctic. The position in the reference

state is given in color.

1852 JOURNAL OF PHYS ICAL OCEANOGRAPHY VOLUME 45

Brought to you by HELMHOLTZ-ZENTRUM GEESTHACHT | Unauthenticated | Downloaded 03/08/21 02:25 PM UTC



30 vertical levels is, as an example, a problem of size

n 5 1 944 000.

For a really large case, such as the aforementioned 18
by 18 climatology, Huang’s algorithm and the algorithm

presented by Saenz et al. (2015) are really the only al-

gorithms that are fast enough to be useful at the mo-

ment. However, appendix B shows that some caution is

still advised when using these approximate methods.

The relatively quick 2-opt method may therefore be

valuable as a check for these algorithms.

The approximate methods, however, perform well in

both our test cases as only a handful of water parcels were

placed wrong using Huang’s algorithm and even fewer

using the 2-opt algorithm. The exact errors for the case

with the realistic stratification, where we split the World

Ocean into depth ranges that are sorted individually, are

not known. This is simply because the salinity curves

approach does not ensure that the minimum potential

energy state is found. In fact, this approach is probably

best thought of as a generalization of Huang’s algorithm,

which will ensure that a stable stratification is found if the

distance jz1 2 z2j is sufficiently small. Minimizing the

energy in all subregions will therefore not ensure that a

global energy minimum is reached.

To conclude, we have identified the problem of find-

ing the minimum energy stratification by adiabatic

rearrangements of water parcels as the linear assign-

ment problem by examining the constraints needed to

solve the minimization problem. The problem can be

solved in polynomial time, although the speed of the

algorithm is still an issue. At present this approach is

typically fast enough to be useful for finding the mini-

mum energy configuration from, for example, a CTD

cast or an atmospheric sounding but not fast enough to

be useful to do energy diagnostics in a GCM. However,

if one could find a good way of representing the oceanic

distribution of SA and Q using relatively few water

parcels, then the Hungarian algorithm could be used

together with the LNBE to find the minimum energy

stratification efficiently also in a large case. Further-

more, the problem of finding the minimum energy

stratification is not hostage to the linear assignment

problem formulation. In fact, the problem formulation

of the linear assignment problem is more general than

our problem formulation needs to be. In the linear as-

signment problem, the costs can be given by any arbi-

trary function, whereas in our case the cost function is

the dynamic enthalpy, whose functional dependencies

on SA, Q, and p are known. This difference between the

two problems is what ensures that the minimum energy

stratification can be found for a linear equation of state

by sorting all water parcels according to potential den-

sity. Perhaps there are some, yet to be found, empirical

properties of the nonlinear equation of state for sea-

water and the water masses in the global ocean that can

be used to simplify the problem and still maintain ab-

solute accuracy.
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APPENDIX A

Boussinesq and Compressible Energetics

This appendix discusses the similarities between the

Boussinesqmodel with a nonlinear equation of state and

the hydrostatic compressible model. It is also shown

that a stratification that is produced by minimizing en-

thalpy is stable. Throughout this appendix our ocean is

understood to consist of a finite amount of water parcels

with equal volume (mass) that should be placed at an

equal amount of different depths (pressures) in the

Boussinesq (compressible) case. We start from the sea-

water Boussinesq equations with a nonlinear equation

of state, given as follows:

Du

Dt
1 f3u1$p5 bz1 _u , (A1)

$ � u5 0, (A2)

DQ

Dt
5 _Q , (A3)

DSA
Dt

5 _SA , (A4)

b5~b(SA,Q, z) , (A5)

where u is the velocity vector, f is the Coriolis parameter,

p is pressure, z is a vertical unit vector,Q is Conservative

Temperature, SA is Absolute Salinity, and _u, _Q, and _SA
represent diabatic tendencies and external forcings. We

also adopt the definition of buoyancy used by Young

(2010), that is, b52gr21(r2 r0) which differs from the

usual Boussinesq buoyancy by having r rather than r0 in

the denominator.

FollowingYoung (2010), we introduce the Boussinesq

dynamic enthalpy defined as

~hz(SA,Q, z)[

ðz
ref

z

~b(SA,Q, z0) dz0 , (A6)

where zref is an arbitrarily chosen reference depth. The

integral can be interpreted as the energy required to
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move a water parcel adiabatically from its vertical po-

sition z to the reference depth. Combining the scalar

product of u andEq. (A1) with thematerial derivative of

Eq. (A6) gives the energy conservation law

D

Dt

�
1

2
juj21 hz

�
1$ � (up)5 _Q

›~hz

›Q
1 _SA

›~hz

›S
1 u � _u .

(A7)

Integrating Eq. (A7) over the entire volume gives the

energy budget

d

dt

ð
V

�
1

2
juj21 hz

�
dV5

ð
V

 
_Q
›~hz

›Q
1 _SA

›~hz

›S
1 u � _u

!
dV ,

(A8)

where V is the entire ocean volume. From Eqs. (A7)

and (A8) we can see that the Boussinesq dynamic

enthalpy plays the same role in the energy budget of

the Boussinesq model with a nonlinear equation of

state as the gravitational potential energy does in the

Boussinesq model with a linear one. In a recent pub-

lication, Eden (2015) derives a more complete set of

conservation equations for energy in the Boussinesq

approximation, using a slight modification to the first

law of thermodynamics. Among other things, he

shows that the energetics of the Boussinesq equations

can be expressed either in terms of the sum of internal

and gravitational potential energy or in terms of en-

thalpy. The conclusions drawn in this appendix are,

however, unchanged by these new findings so we have

opted to keep the conservation equations derived by

Young (2010).

The full enthalpy of the compressible equations of

motion can be decomposed into a dynamic enthalpy part

and an adiabatic Lagrangian invariant. Equation (7) of

McDougall (2003) and Eq. (33) of Young (2010) gives

the following expression for the enthalpy ~h:

~h(SA,h, p)5
~h(SA,h,pref)1

ðp
p
ref

~y(SA,h,p
0) dp0, (A9)

where h is specific entropy, and y 5 r21 is the specific

volume. The first term on the right-hand side in Eq.

(A9) is used by McDougall (2003) to define the Con-

servative Temperature through ~h(SA, h, pref)5 cPQ,

where cp is the average heat capacity at p 5 pref, and

the pressure integral is the so-called dynamic enthalpy.

Because the first term in Eq. (A9) is invariant under

parcel rearrangement, it is clear that a rearrangement

that minimizes the dynamic enthalpy also minimizes

the full enthalpy. To further elucidate the connection

to the Boussinesq dynamic enthalpy, we follow the

steps taken by Young (2010) and replace h with Q and

use Young’s definition of buoyancy to write Eq. (A9)

as

~h(SA,Q,p)5 ~h(SA,Q,pref)

1 r21
0

ðp
p
ref

[11 g21~b(SA,Q, p0)]dp0 .

(A10)

Equation (A10) clearly shows that a parcel re-

arrangement that minimizes
Ð
~h(SA, Q, p) dM must

also minimize

r21
0

ð
V

ðp
p
ref

g21~b(SA,Q,p0) dp0 dM , (A11)

since the first term on the right-hand side of Eq. (A10) is

independent of the parcel rearrangements, as is the in-

tegral over the total mass of
Ð p
pref

1dp0 if our water parcels
have equal mass. To get back to the Boussinesq dynamic

enthalpy, we apply the approximation defined in Eq.

(43) of Young (2010), that is,

r21
0

ðp
p
ref

[11 g21~b(SA,Q, p0)] dp0 ’ r21
0 (p2 pref)

1 ~hz(SA,Q, z) ,

(A12)

which shows that minimizing
Ð
~hz(SA, Q, z)r0 dV by

parcel rearrangements is the Boussinesq approxima-

tion of minimizing
Ð
~h(SA, Q, p) dM by parcel re-

arrangements. The result is also clearly independent

of the choice of reference depth. A stratification pro-

duced by minimizing
Ð
~hz(SA, Q, z)r0 dV will thus

be very similar, perhaps identical, to one produced by

minimizing
Ð
~h(SA, Q, p) dM. This is generally not the

case when the Boussinesq model is used with a linear

equation of state.

To show that the minimum energy stratification is

stable, we use the Boussinesq model and evaluate DHz,
that is, the difference in

Ð
~hz dV that occurs when

switching two neighboring water parcels. It is trivial to

see that all parcel interchanges will result in DHz $ 0

if we start from the minimum energy state. We now

assume that we have two neighboring parcels with

unit volume; the upper (lower) one has Conservative

Temperature Qu (Ql) and Absolute Salinity SuA (SlA). The

upper parcel is situated at depth z, and the lower is sit-

uated at z 2 dz, interchanging the results in

0#DHz5
ðz
z2dz

[~b(SuA,Q
u, z0)2 ~b(SlA,Q

l, z0)] dz0 .

(A13)
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For a small dz, the expression reduces to

0#DHz5 dz[~b(SuA,Q
u, z)2 ~b(SlA,Q

l, z)] . (A14)

Thus, the upper parcel is at least as buoyant as the

lower one when evaluated at the depth z. The same

conclusion can be drawn about the compressible model

from Eq. (A9).

APPENDIX B

Cases where Huang’s Algorithm Fails

Here, we consider a very simple case that has been

discussed before by Adkins et al. (2005). Suppose that

an ocean consists of only two water masses: a warm and

salty and a cold and fresh. The warm and salty water

mass has water properties Qws and SwsA , and the cold

fresh has water properties Qcf and S
cf
A. The water mass

properties are chosen in such a way that the density of

the two water masses is equal at middepth. We will also

use an equation of state with a simple analytical form,

given as

b5 g[bQ(12 gz)Q2bS
A
SA]. (B1)

This is a simplified form of the equation of state used

by Vallis (2006), where the cabbeling and linear

compressibility terms have been neglected. Thus, we

only keep the thermobaric nonlinearity, since it is only

thermobaricity that creates difficulties in finding the

minimum energy state. The term bQ is the thermal

expansion coefficient, bSA is the haline contraction

coefficient, g is the thermobaric coefficient, and g is

the acceleration due to gravity. The dynamic enthalpy
~hz is then given by

~hz5 g

�
zbS

A
SA 2bQ

�
z2g

z2

2

�
Q

�
. (B2)

For simplicity, we put z5 0 at the ocean middepth. The

surface is then at z5H, and the bottom is at z52H. It

is trivial to see that our two water mass have equal

density at z 5 0 if

bQ(Q
ws 2Qcf )5bS

A
(SwsA 2 S

cf
A). (B3)

Now, if we have n water parcels of each water mass and

use Huang’s algorithm to sort the water parcels, the ob-

vious result is that the cold freshwater mass will occupy

the deep half of the domain (the cold parcels are denser

than the warm parcels below z 5 0) and consequently

that the warm salty water mass will occupy the upper half

of the domain. This configuration is stable (N2 5 0 ev-

erywhere), but it does not minimize the integrated dy-

namic enthalpy. It is trivial to see from Eqs. (B2) and (B3)

that the integrated dynamic enthalpy is minimized if the

warm water parcels are placed in the middle.

More formally, we can calculate the volume-integrated

Boussinesq dynamic enthalpy Hz for the two configura-

tions. The Hz of a homogeneous layer is given by

Hz 5
ðH

2

H
1

~hz dz5 g(bS
A
SA 2bQQ)

H2
2 2H2

1

2

1 gbQQg
H3

2 2H3
1

6
. (B4)

Using Eqs. (B4) and (B3), we find that the integrated

Boussinesq dynamic enthalpy for the configuration with

the cold freshwater at the bottom is given by

Hz5
1

6
gbQgH

3(Qws 1Qcf ) . (B5)

The integrated Boussinesq dynamic enthalpy of the

optimal placement, that is, where the warm salty water is

placed between z 5 2H/2 and z 5 H/2 and the cold

water is on either side, is given by

Hz5
1

24
gbQgH

3(Qws 1 7Qcf ) . (B6)

Taking Eq. (B5) minus Eq. (B6) gives

DHz5
1

8
gbQgH

3(Qws 2Qcf ) , (B7)

which shows, since Qws .Qcf , that the energy is smaller

when the warm salty water is placed in between the cold

and fresh.

One might think that the failure of Huang’s algo-

rithm to find the minimum energy state in this case is

simply because of the usage of Boussinesq dynamic

enthalpy and that the algorithm would always find the

global minimum of gravitational potential energy in a

compressible ocean. However, this is not the case, as

we shall see in what follows. In this compressible case,

we consider an ocean consisting of n water parcels of

equal mass (m) with different Conservative Temper-

atures and Absolute Salinities. The gravitational po-

tential energy of the system (GPE) is given by

GPE5

ð
V
rgz dV5 g �

n

k51

rkzkVk 5mg �
n

k51

zk , (B8)

where rk is the density of parcel number k, Vk is the

volume of parcel number k, and zk is the height of the
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center of mass of parcel number k. Now we assume a

rectangular flat bottom basin with horizontal areaA. We

also put z5 0 at the bottom and use the convention that

k5 1 at the uppermost parcel, k5 2 on the second from

the top, and so forth. The term zk is then given by

zk5
m

2A

�
1

rk
1

2

rk11

1 � � � 1 2

rn

�
, (B9)

with zn 5m/(2rnA). Now using Eq. (B9), we can write

the GPE as the following series:

GPE5
gm2

2A
�
n

k51

2

rk

�
k2

1

2

�
. (B10)

From Eq. (B10), it is easy to find the difference in GPE

due to a parcel interchange. Interchanging the parcel at

position l with that at position m gives

DGPE5
gm2

2A

��
l2

1

2

��
2

r[SA(l),Q(l), p(l)]
2

2

r[SA(m),Q(m),p(l)]

�

1

�
m2

1

2

��
2

r[SA(m),Q(m), p(m)]
2

2

r[SA(l),Q(l), p(m)]

��
, (B11)

where SA(l) andQ(l) [SA(m) andQ(m)] are the Absolute

Salinity and Conservative Temperature of the parcel at

position l (m) before the interchange, and p is pressure.

Equation (B11) can also be written as

DGPE5
gm2

2A

�
2

�
l2

1

2

��
r[SA(m),Q(m), p(l)]2 r[SA(l),Q(l), p(l)]

r[Q(l), SA(l), p(l)]r[Q(m),SA(m), p(l)]

�

2 2

�
m2

1

2

��
r[SA(m),Q(m), p(m)]2 r[SA(l),Q(l), p(m)]

r[Q(l), SA(l), p(m)]r[Q(m), SA(m), p(m)]

��
. (B12)

If one uses Huang’s algorithm to sort our water parcels

and set p(m) . p(l), it follows that

r[SA(m),Q(m), p(m)]2 r[SA(l),Q(l), p(m)]5 d. 0,

(B13)

which gives the following condition for havingDGPE. 0:

r[SA(m),Q(m), p(l)]2 r[SA(l),Q(l), p(l)]

r[SA(m),Q(m),p(m)]2 r[SA(l),Q(l), p(m)]

.
m2

1

2

l2
1

2

r[Q(l), SA(l), p(l)]r[Q(m), SA(m), p(l)]

r[Q(l), SA(l), p(m)]r[Q(m), SA(m), p(m)]
.

(B14)

The right-hand side of Eq. (B14) tends to 1 for large m

and l. Letting d tend to zero, we get a decrease in GPE

for any switch where

r[SA(m),Q(m), p(l)]2 r[SA(l),Q(l),p(l)]. 0: (B15)

The same simplified equation of state we used before but

now dependent on pressure rather than depth and

expressed in terms of density is

r5 r0[12bQ(11 gp)Q1bS
A
SA]. (B16)

Thus, for d5 0 we see from Eqs. (B15) and (B16) that if

Q(m) . Q(l) then DGPE is positive for this two-parcel

interchange. One might think then that any such switch

that lowers the GPE would also make the water column

unstable. However, this is not the case since there may

be parcels in between parcel l and m. Consider, for

example, a case where we have three parcels sorted us-

ing Huang’s algorithm and the result is that a relatively

warm and salty parcel, with properties SA(3) and Q(3),

stays at the bottom; a very warm and very salty parcel,

with properties SA(2) and Q(2), is in the middle; and a

cold and fresh parcel, with properties SA(1) and Q(1),

rests on top. We also assume that the density of the top

and bottom parcel are such that switching them lowers

the GPE. Now if we switch the top and bottom parcels,

maintained stability requires that

r[SA(1),Q(1), p(2)]$ r[SA(2),Q(2),p(2)] , (B17)

and

r[SA(2),Q(2), p(1)]$ r[SA(3),Q(3),p(1)] , (B18)

where p(1) is the pressure at the intersection between the

top and the middle parcel, and p(2) is the pressure at the

intersection between the middle and the bottom parcel.
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Assume, for example, that the densities in Eq. (B17)

are equal, then Eq. (B16) shows that it is simply a matter

of making SA(2) and Q(2) big enough to ensure that

r[SA(2), Q(2), p(1)]. r[SA(3), Q(3), p(1)]. Note that

such a choice also guarantees that rfSA(2), Q(2), [p(1)1
p(2)]/2g . rfSA(1), Q(1), [p(1) 1 p(2)]/2g and that

r[SA(3), Q(3), p. p(2)]. r[SA(2), Q(2), p. p(2)]. So

the initial sorting is done correctly according to Huang’s

algorithm. More criteria such as these can be derived

for caseswheremore parcels are exchanged, that is, using a

k-opt approach with k . 2, but the algebra becomes

lengthy sowe have settled for a demonstration of failure in

the 2-opt case.
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