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SUMMARY

This paper is concerned with an efficient novel algorithmic formulation for wrinkling at finite strains. In
contrast to previously published numerical implementations, the advocated method is fully variational.
More precisely, the parameters describing wrinkles or slacks, together with the unknown deformation
mapping, are computed jointly by minimizing the potential energy of the considered mechanical system.
Furthermore, the wrinkling criteria are naturally included within the presented variational framework.
The proposed method allows to employ three-dimensional constitutive models without any additional
modification, i.e., a projection in plane stress space is notrequired. Analogously to the wrinkling param-
eters, the non-vanishing out-of-plane component of the strain tensor results conveniently from relaxing
the respective Helmholtz energy of the membrane. The proposed framework is very general and does not
rely on any assumption regarding the symmetry of the material, i.e., arbitrary anisotropic hyperelastic
models can be consistently taken into account. The advantages associated with such a variational method
are manifold. For instance, it opens up the possibility of applying standard optimization algorithms to
the numerical implementation. This is especially important for highly non-linear or singular problems
such as wrinkling. On the other hand, minimization principles provide a suitable basis for a posteriori
error estimation and thus, for adaptive finite element formulations. As a prototype, a variational error
indicator leading to an efficienth-adaption for wrinkling is briefly discussed. The performance of the
wrinkling approach is demonstrated by selected finite element analyses.

1 Introduction

Many design concepts in practical engineering are based on membrane structures. Particularly,
in applications where weight is an issue such as in aerospaceindustries, lightweight membranes
are frequently employed. One state-of-the-art example is given by solar sails. Nowadays, much
research is focused on those sails which seem to be a promising way for energy generation in
space.

Although the aforementioned application is relatively new, mechanical models for mem-
branes date back, at least, to the pioneering work by Wagner [1] and Reissner [2]. Since then,
Reissner’s so-calledtension field theoryhas been adopted and further elaborated by several re-
searchers, cf., e.g. [3–7]. For a detailed overview on this theory, the interested reader is referred
to the comprehensive work by Steigmann [8] and references cited therein. All the quoted works
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2 J. MOSLER

have in common that either by modifying the considered constitutive law or by enhancing the
strain tensor, the stresses are altered such that compression is avoided (tension field theory).
Clearly, the assumption of vanishing compressive stressesrepresents an idealization.

Alternatively, it is possible to approximate wrinkles occurring in membranes explicitly. For
instance, in [9, 10] wrinkling is modeled by using a shell-type formulation and considering a
very small bending stiffness (thin shell). One advantage ofsuch a method is that the assump-
tion known from tension field theory is not required. Furthermore, in some applications, the
bending stiffness does play an important role. In such cases, it can be consistently taken into
account by using (bending) shells. For example, in [11, 12] folding in thin-films was analyzed
by applying a von Kármán plate theory. Within the cited works, the unknown deformations and
thus, wrinkles or slacks, follow directly from an energy minimization principle. However, if
wrinkles are modeled explicitly, a large number of finite elements is required in order to capture
the respective deformation adequately. Hence, the numerical effort associated with this model-
ing strategy is relatively high compared to the approaches described in the previous paragraph.
Consequently, they will not be considered in the remaining part of this paper.

Neglecting bending stiffness, a variational strategy similar to that in [11, 12] was proposed
in a series of papers by Pipkin, cf. [13–15]. In [13], Pipkin analyzed the energy of a mem-
brane for isotropic hyperelastic material models. He proved that the quasi-convexification of
the Helmholtz energy which guarantees, under a few further conditions, lower semi-continuity
of the resulting potential of the considered mechanical system and hence, the existence of solu-
tions (energy minimizers; see [16]), defines a relaxed energy functional whose derivatives yield
the membrane stresses. More precisely, the stresses predicted by this relaxed potential obey the
restrictions imposed by tension field theory, i.e., the resulting stress field is associated with uni-
axial tension. Pipkin further elaborated his ideas in [15].In this work, he analyzed wrinkling
in arbitrary anisotropic hyperelastic solids. Under the assumption that the two-dimensional
Helmholtz energy of the membrane is convex (with respect to the right Cauchy-Green tensor),
Pipkin generalized his findings for isotropic material models to arbitrary symmetries. Pipkin’s
method allows to re-formulate tension field theory within a variational framework. It should be
noted that a different approach leading to similar results was proposed by Epstein [17].

Surprisingly, although Pipkin’s ideas are well-suited foralgorithmic formulations, a fully
variational numerical framework has not been advocated yet. As a consequence, within the
present paper, the ideas by Pipkin are further elaborated and implemented in a finite ele-
ment code resulting in a numerically efficient formulation.In the context of three-dimensional
hyperelasto-(visco)plasticity, a similar variational framework was proposed by Ortiz and co-
workers [18–20] (see also the more recent works [21, 22]). Roughly speaking, in those ap-
proaches which are often referred to asvariational constitutive updatesthe state variables follow
from relaxing a certain potential. Based on this relaxed functional, the deformation mapping
results from energy minimization as well. In the present paper, a similar numerical strategy
for the analysis of wrinkles and slacks in arbitrary hyperelastic membranes at finite strains is
discussed. In contrast to the works by Pipkin, the non-vanishing out-of-plane component of
the strain tensor is considered and follows from energy relaxation as well. Consequently, plane
stress conditions do not need to be enforced explicitly but are naturally included within the
novel variational framework. As a result, three-dimensional constitutive models can be directly
applied without any modification required. Furthermore, since within the proposed variational
method all unknown state variables and the deformation mapping follow from a minimization
principle, standard optimization strategies can be adopted for solving the resulting mechanical
problem. This is especially important for highly non-linear or singular problems such as wrin-
kling. An additional appealing property of minimization principles is that they provide a natural
basis to estimate the quality of the numerical solution and hence, they represent a natural basis
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for mesh adaption, cf. [23–25]. As a prototype, a variational h-adaption is discussed within the
presented paper.

The paper is organized as follows: In Section 2, the kinematics of wrinkles and slacks are
discussed. Based on an intuitive engineering approach it isshown that most of the different
models which can be found in the literature are essentially equivalent. A novel algorithmic for-
mulation for wrinkling representing one of the key contributions of the present paper is shown
in Section 3. Starting with the fundamentals, criteria signaling the formation of wrinkles and
slacks are derived. In case of wrinkling, the respective state variables are computed from a local
minimization principle. All linearizations required for applying an optimization strategy such
as Newton’s method are given. Section 4 is concerned with a novel variationalh-adaption for
membranes. Using the variational structure of the underlying mechanical problem, a physically
and mathematically sound error indicator is proposed. Finally, the applicability and versatil-
ity of the variational wrinkling algorithm as well as the performance of the novel variational
h-adaption for membranes are illustrated by means of two numerical examples in Section 5.

2 Kinematics of wrinkling

In this section, the kinematics of wrinkling are discussed.Although different models can be
found in the literature, it will be shown that they are essentially equivalent. More precisely, they
are included within a general framework proposed by Pipkin [15]. However, since Pipkin’s
approach is based on a rather mathematical argumentation such as quasi-convexification, an
intuitive engineering wrinkling model is presented in Section 2.1 first. Subsequently, it is mod-
ified finally resulting in Pipkin’s method. In Section 2.2, the kinematics are sightly enhanced
such that they account for a non-vanishing out-of-plane strain component. This is necessary in
order to employ three-dimensional constitutive models.

2.1 Fundamentals

In what follows, a membrane occupying a regionΩ ∈ R3 in its reference undeformed configu-
ration is considered. Since a membrane represents a two-dimensional submanifold inR3, it can
be conveniently characterized (at least locally) by a chartX̃ : R

2 ⊃ U → M ⊂ R
3, θα 7→ X

implying the introduction of curvilinear coordinatesθ1, θ2. The same holds for the deformed
configuration, i.e.,̃x : R2 ⊃ U → K ⊂ R3, θα 7→ x. Here,X, x denote position vectors of
a point within the undeformed and the deformed configuration, respectively. With these charts
which are sufficiently smooth diffeomorphisms, i.e,X̃ ∈ Diff 1(U ,M) andx̃ ∈ Diff 1(U ,K),

the deformation mapping connectingX andx is well defined, i.e.,ϕ = x̃ ◦ X̃
−1

. Locally,
the deformation is measured by the deformation gradientF := ∂x̃/∂θα ⊗ ∂θα/θX̃. Based
on F strain measures can be derived. One such measure is the rightCauchy-Green tensor
C = F T · F represented by a symmetric and positive definite second-order tensor. It bears
emphasis that without loss of generality, the deformation gradientF as well as the strain ten-
sorC are defined by2 × 2 tensors within this subsection, even if a three-dimensional space is
considered. Further comments are omitted, cf. [14, 26]. In the remaining part of this paper the
notationC > 0 is used to signal thatC is positive definite.

Next, focus is on a modified strain tensor reflecting effects due to wrinkling. According
to Roddeman et al. [3], wrinkles can be taken into account by modifying the deformation
gradient. More precisely, following [3, 4], the standard deformation gradientF is enhanced
multiplicatively resulting in a relaxed deformation gradientF r, i.e,

F r = (1 + ã n ⊗ n) · F , ã ≥ 0 (1)
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Here, n is the wrinkle direction and̃a the local change in length of the membrane due to
wrinkling. Subsequently, the material response is computed by usingF r instead ofF . It bears
emphasis that Eq. (1) is formally identical to the well-known split in multiplicative plasticity
theory (F = F e ·F p). This can be seen better by applying the Sherman-Morrison formula, i.e.,

F = F w · F r, F w = 1 −
ã

1 + ã
n ⊗ n (2)

Although both models look identical, it should be noted thatthey are significantly different.
While plasticity is history-dependent and thus path-dependent, wrinkling can be computed lo-
cally (in space and time).

By the principle of material objectivity, the material response depends onF r through the
respective right Cauchy-Green tensor. From Eq. (1)Cr it is obtained as

Cr := F T
r · F r = F T · F +

[
2ã + ã2

]
(n · F ) ⊗ (n · F ) (3)

Consequently, by setting

a2 :=
(
2ã + ã2

)
||n · F ||22 ≥ 0, N =

n · F

||n · F ||2
(4)

Eq. (3) can be re-written as

Cr = C + Cw, Cw = a2 N ⊗ N (5)

Hence, the additive enhancement of the right Cauchy-Green tensor (5) is equivalent to the mul-
tiplicative splitF = F r · F w.

Clearly, Roddeman’s model, or equivalently the split (5), are associated with the kinematics
induced by wrinkling. However, in the present paper, wrinkles as well as slacks are to be mod-
eled. Hence, a slight modification of the kinematics is proposed, i.e, an additive decomposition
of the Cauchy-Green tensor according to

Cr = C + Cw, Cw = a2 N ⊗ N + b2 M ⊗ M (6)

is adopted. Here,N andM span a cartesian coordinate system. Obviously,Cw is identical to
Eq. (5), if b equals zero. Otherwise,Cw corresponds to a slack. This will be shown in the next
sections.

According to the spectral decomposition theorem, any symmetric tensor which is semi-
positive definite can be re-written into a format such as Eq. (6)2. In the following, the notation
Cw ≥ 0 is used to indicate thatCw is represented by a semi positive definite tensor. For this
reason, Eq. (6) is equivalent to

Cr = C + Cw, Cw ≥ 0 (7)

which has been proposed by Pipkin, cf. [15].

Remark1. It bears emphasis that wrinkling is treated as a purely localproblem within this
paper. More precisely, in line with plasticity theory, the wrinkling parameters (a ,α) defining
the enhanced kinematics according to Eq. (1) or (5) are incompatible, i.e., they do not derive
from a compatible displacement field. Thus, they are not continuous in general. However, it is
obvious that continuity can easily be enforced.
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Remark2. Similar to Roddeman, Epstein [17] proposed modified kinematics of the type

F r = F̂
−1

· F , F̂ := Q ·
[
exp(−α2)n ⊗ n + m ⊗ m

]
, α ∈ [0,∞) (8)

Here,n andm are defined as before,Q ∈ SO(2) is an arbitrary proper orthogonal tensor and
α is, as will be seen, associated with the change in length of the membrane due to wrinkling.
Without loss of generality,Q = 1 is considered in what follows (Q does not affectC). Clearly,
by usingn ⊗ n + m ⊗ m = 1, F̂ can be re-written as

F̂ = 1 +
[
exp(−α2) − 1

]
︸ ︷︷ ︸

=:α̃

n ⊗ n (9)

and finally, application of the Sherman-Morrison formula yields

F̂
−1

= 1 −
α̃

1 + α̃
n ⊗ n (10)

Hence, by setting

ã := −
α̃

1 + α̃
≥ 0 (11)

Epstein’s assumption is equivalent to Roddeman’s model.

2.2 Modification of the kinematics required for applying three-dimensional
constitutive models

Clearly, if a fully three-dimensional material model is to be used, the plane stress condition
characterizing a membrane cannot be guaranteed a priori. Asa consequence, the kinematics
have to be slightly modified. In what follows, the vectorE3 is defined byE3 := N ×M . With
this definition, the two-dimensional relaxed strain tensorCr in Eq. (7) is replaced by

Cr = C + Cw + C33 E3 ⊗ E3, Cw ≥ 0, C33 > 0 (12)

In contrast to Eq. (7), all tensors in Eq. (12) belong toR3×3. More precisely,C as well asCw

in Eq. (12) are obtained by adding additional zeros to the respective tensors in Eq. (7). The
generally non-vanishing componentC33 can be computed from the plane stress condition or as
will be shown in this paper, from relaxing an energy potential.

Remark3. Not every hyperelastic three-dimensional constitutive model can be used. More
specifically, it has to fulfill some material symmetry conditions, i.e., the shear components(•)i3

of the stresses resulting fromCr as defined in Eq. (12) have to vanish. Obviously, isotropic
models fulfill this restriction.

3 A novel wrinkling algorithm based on energy minimization

In this section, a novel wrinkling algorithm is discussed. In contrast to other implementations
which can be found in the literature, it is based on energy minimization. More precisely, the
ideas proposed Pipkin by [15] are further elaborated and implemented resulting in an efficient
finite element code. One of the distinguishing features of the resulting method is that the prin-
ciple of energy minimization, together with the kinematics(5) define the formation of wrinkles
and slacks completely. Consequently, and in contrast to other numerical approaches, additional
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assumptions such as those of tension field theory do not have to be enforced explicitly, but are
naturally included.

The fundamentals of the algorithmic formulation are discussed in Subsection 3.1 first. For
the sake of clarity, attention is focused on anisotropic hyperelastic material models which fulfill
a priori plane stress conditions. Criteria associated withthe formation of slacks and wrinkles
are elaborated in Subsection 3.2, while details about the numerical implementation are shown
in Subsection 3.3. Finally, Subsection 3.4 is concerned themodifications of the numerical
implementation necessary for applying three-dimensionalconstitutive models directly.

3.1 Fundamentals

As mentioned before, for the sake of clarity, attention is focused first on anisotropic hyperelastic
material models which fulfill a priori plane stress conditions. Such a model is described in the
appendix of this paper. Hence, in what follows,C ∈ R2×2. The respective generalizations will
be discussed in Subsection 3.4.

With the strain energy densityΨ(C) ≥ 0, the first Piola-Kirchhoff stress tensorP and the
second Piola-Kirchhoff stressesS are computed as

P = 2 F ·
∂Ψ

∂C
S = 2

∂Ψ

∂C
(13)

Furthermore, it is assumed that the reference configurationis fully unloaded (locally), i.e.,

Ψ(C = 1) = 0, P (C = 1) = 0 (14)

It is well known that for such material models the deformation mappingϕ can be computed by
applying the principle of minimum potential energy. This can be written as

ϕ = arg inf
ϕ

I(ϕ), (15)

with

I(ϕ) :=

∫

Ω

Ψ(C) dV −

∫

Ω

B · ϕ dV −

∫

∂Ω2

T̄ · ϕ dA. (16)

Here,B and T̄ represent prescribed body forces and tractions acting at∂Ω2. Obviously,ϕ
has to comply with the essential boundary conditions imposing additional restrictions in the
resulting minimization problem. Clearly, if principle (15) is directly employed, compressive
stresses violating the physical properties of membranes may occur.

Following Section 2, wrinkles and slacks can be taken into account by replacing the standard
Cauchy-Green tensor by its relaxed counterpart

Cr := C + a2 N ⊗ N + b2 M ⊗ M , a2, b2 ≥ 0 (17)

Since energy minimization is the overriding principle governing every aspect of the mechanical
problem under investigation, it is natural to postulate that wrinkles and slacks form such that
they lead to the energetically most favorable state. Hence,the modified principle of minimum
potential energy

(ϕ, a2, b2, α) = arg inf
ϕ,a2,b2,α

I(ϕ), (18)

with

I(ϕ, a2, b2, α) :=

∫

Ω

Ψ(Cr) dV −

∫

Ω

B · ϕ dV −

∫

∂Ω2

T̄ · ϕ dA (19)
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and the parameterization

N = [cos α; sin α], M = [− sin α; cos α] = ∂αN (20)

is considered. In the remaining part of this section it will be shown how to determine effi-
ciently the wrinkling (slack) parametersa2, b2 andα, together with the deformation mapping
ϕ based on Eq. (18). Furthermore, the implications resultingfrom this variational principle are
discussed.

Since the wrinkling variables (a2, b2 and α) are defined locally, the minimization prob-
lem (18) can be decomposed into two classes of optimization problems. First, for a given
deformation mapping, the parametersa2, b2 andα are computed from the local minimization
principle

(a2, b2, α) := arg inf
a2>0

b2>0

α∈[0,π]

Ψ(Cr), (21)

Clearly, this in turn, defines a relaxed energy functional

Ψr(C) := inf
a2>0

b2>0

α∈[0,π]

Ψ(Cr), (22)

depending only on the deformation mapping. Interestingly,Eq. (22) is formally identical to
so-called variational constitutive updates such as proposed by Ortiz et al., cf. [18, 19].

Once the local problem (22) has been solved, the deformationmapping follows from

ϕ = arg inf
ϕ




∫

Ω

Ψr(C) dV −

∫

Ω

B · ϕ dV −

∫

∂Ω2

T̄ · ϕ dA



 (23)

It bears emphasis that both problems (21) and (23) can be computed by using standard opti-
mization algorithms. Clearly, a spatial discretization ofEq. (23) is required. The applicability
of standard numerical methods is a very appealing feature ofthe proposed framework, since
wrinkling leads usually to highly nonlinear and singular system of equations.

Problem (23) can be treated as standard hyperelasticity. Consequently, focus is on the solu-
tion of Eq. (21) in the remaining part of this section. Although for some classes of hyperelastic
material models closed form solutions for the relaxed energy can be derived, cf. [13, 27], nu-
merical methods are required in general.

Remark4. It is noteworthy that minimization principle (21) is smoothin a, b andα (if Ψ is
smooth inC). As a consequence, the transition between the classical solution (a = b = 0) and
wrinkles or slacks is smooth for the variational strategy. This improves the numerical robustness
of the resulting finite element method significantly.

3.2 Wrinkling criteria

In principle, optimization problem (22) could be implemented directly. However, such a for-
mulation is not very efficient. For instance, consider a loading state which does not lead to
wrinkling. In such a case, it is more convenient to derive a criterion signalling in advance that
wrinkles will not occur. Referring to computational plasticity or variational constitutive up-
dates a so-called trial step is usually applied. In the next paragraphs, analogous criteria will be
derived.
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3.2.1 Formation of slacks

In this subsection, criteria necessary for the formation ofslacks are discussed. Here and hence-
forth, a slack is defined by a relaxed Cauchy-Green tensor showing non-vanishing wrinkling
parameters in both directions, i.e.,a2 > 0 andb2 > 0. This definition coincides with those
which can be found in the literature. In this case, the stationarity conditions associated with
Eq.(21) yield

∂Ψ

∂Cr
:
∂C r

∂a
= 0

⇔ a S : (N ⊗ N ) = 0

(24)

∂Ψ

∂Cr
:
∂Cr

∂b
= 0

⇔ b S : (M ⊗ M) = 0

(25)

∂Ψ

∂Cr
:
∂Cr

∂α
= 0

⇔
[
a2 − b2

]
S : (N ⊗ M) = 0

(26)

SinceS belongs to the space of symmetric second order tensors whichcan be generated by
S = span{N⊗N , M⊗M , (N⊗M )sym}, Eqs. (24)-(26) imply that slacks are stress free, i.e.,
S = 0 (the caseb = a does not lead to any problems as will be shown in the next paragraph).
Thus, if additionally, the physically sound conditionsS(C) = 0 ⇔ C = 1 andΨ(C) =
0 ⇔ C = 1 are assumed, a slack is represented by

slack ⇐⇒ a2 > 0, b2 > 0, Cr = 1 (27)

The aforementioned assumptions are closely related to theGeneralized Coleman-Noll Inequal-
ity, cf. [28].

Next, the conditions associated with the formation of slacks are discussed. For that purpose,
the spectral decomposition of the compatible Cauchy-Greentensor is considered, i.e.,

C =
2∑

i=1

λ2
i Ñ i ⊗ Ñ i (28)

Suppose thisC results in a slack. In this case, the wrinkling-related partof the relaxed Cauchy-
Green tensor is given by

Cr = 1 ⇒ Cw =
2∑

i=1

(1 − λ2
i ) Ñ i ⊗ Ñ i (29)

SinceCw is a positive definite tensor in case of slacks (a2 > 0, b2 > 0), the eigenvalues ofC
have to fulfill

λ2
i < 1 (30)

That is, slacks can only form if the strains are of purely compressive type. Thus, in summary,
the following implications hold

λ2
1 < 1, λ2

2 < 1 ⇒ slack ⇒ Cr = 1, ⇒ S = 0, Ψ = 0 (31)

This condition is equivalent to that known from the classical strain-based or strain-stress-based
wrinkle criteria, cf. [6, 7]. It is noteworthy that within the proposed variational framework, the
criterion associated with the formations of slacks followsnaturally from energy minimization
and does not have to be enforced in an ad-hoc manner.
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Figure 1: Energy landscape ofΨ(Cr(a
2, α)) as a function ina (horizontal direction) andα

(vertical direction); a minimum is highlighted by white color. The respective isotropic stored
energy functional is given in Appendix A. Plots for: (a) a compatible Cauchy-Green tensor
C = diag{2; 0.9}; the minimum is associated witha2 = 0 implying that no wrinkles will
occur. (b)C = diag{2; 0.5}; minimum occurs ata2 > 0 andN points into the direction of the
smaller eigenvalue ofC, i.e.,α = π/2. Hence, a wrinkle will form.

3.2.2 Formation of wrinkles

Analogously to the previous subsection, wrinkling is defined by a relaxed Cauchy-Green tensor
showing only one non-vanishing wrinkling parameter (a2 > 0, b2 = 0). In this case, the
stationarity conditions of Eq.(21) are obtained as (cf. Eqs. (24)-(26))

S : (N ⊗ N) = 0
S : (N ⊗ M) = 0

⇔ S · N = 0 (32)

As a consequence, wrinkles are characterized by a uniaxial stress state. This condition known
from tension field theory, cf. [8], is usually enforced explicitly. It bears emphasis that within
the variational model it is naturally included.

For the derivation of necessary and sufficient conditions associated with wrinkling, the en-
ergy

Ψ(Cr) = Ψ(Cr(C, a, α)) (33)

as a function ina andα is analyzed (for constantC), see Fig. 1. Wrinkles do not occur, if the
solution is optimal (stable) from an energetical point of view, i.e., if

(0, α) = arg inf
a2≥0

α∈[0,π]

Ψ(Cr), Cr = C + a2 N ⊗ N (34)

Otherwise wrinkles form resulting in a reduction of the energy. Obviously,

Ψ(Cr(a = 0), α) = Ψ(C) (35)

and furthermore, according to Eqs. (24) and (26),

[∂aΨ(Cr); ∂αΨ(Cr)]|a=0 = 0 (36)
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Hence, the classical solution (a = 0) is associated with a saddle point (in thea-α diagram). For
the derivation of wrinkling conditions, stability of the standard solution (a = 0) is studied. This
can be done by analyzing the second derivative

∂2
aΨ = S : (N ⊗ N) + a2 (N ⊗ N ) : C : (N ⊗ N), C := 4

∂Ψ2

∂C2
r

(37)

Hence, fora = 0,

∂2
aΨ

∣∣
a=0

= S : (N ⊗ N) (38)

is obtained. Consequently, stability in an energetical sense requires the minimal eigenvalue to
be greater than zero. If one of the eigenvalues is less than zero wrinkles form (or slacks). This is
equivalent to the classical (ad-hoc) theory. Thus, in summary, the following wrinkling condition
holds

λ2
1 > 1, λ2

2 < λ2
1, S(C) 6≥ 0 ⇒ wrinkling ⇒ (a2, α) see Eq. (21)) (39)

Remark5. As mentioned before, within many membrane models, the wrinkling parametersa
andα are computed by applying tension field theory [8]. Consequently, a andα are obtained
from the non-linear set of equations

RS := S · N = 0 (40)

With a := (a, α), Eq. (40) defines an implicit function of the type (under somemathematical
restrictions)

a = f (C) (41)

and thus,

Cr = g(C) (42)

cf. [17]. With this implicitly defined functiong, a relaxed stored energy functional can be
defined, i.e.,

Ψr(C) = Ψ ◦ g(C) (43)

As a consequence, the kinematical approachCr = C + Cw is equivalent to modifying the
stored energy functional, cf. [7].

Remark6. Clearly, Eqs. (32) imply that the wrinkling tensorCw is coaxial toS. Consequently,
if the Helmholtz energy is isotropic inC, Cw is coaxial toC as well. Hence, for isotropic
material models, the vectorN , or equivalentlyα, is known in advance. As a result, only
the wrinkling parametera has to be computed numerically which improves the algorithmic
efficiency significantly.

3.2.3 Stable solution without wrinkles or slacks

According to the previous subsection, the classical solution is stable from an energetical point of
view, if the stresses are (semi-) positive definite. Hence, the following condition can be derived

S ≥ 0 ⇒ no wrinkles or slacks (44)
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3.3 Numerical implementation of energy-driven wrinkling

Details about the numerical implementation are discussed within this subsection. In contrast to
most works previously published, the proposed algorithm isdirectly based on the underlying
variational principle governing the formation of wrinklesor slacks. More precisely, the local
state variables are computed by minimizing the respective Helmholtz energy.

Following Subsections 3.2.1 - 3.2.3, the local state of a membrane undergoing large defor-
mations can be classified into the following groups: wrinkles, slacks and the classical solution
without any wrinkles or slacks. To identify the type of a given deformation, the largest eigen-
value of the compatible right Cauchy-Green tensorC is computed first. Subsequently, the crite-
rion signalling the formation of slacks (31) is checked. In case of slacks, the wrinkling-related
part of the Cauchy-Green tensor follows directly from a spectral decomposition, cf. Eq. (29).
On the other hand, if the largest eigenvalue ofC is greater than one, the possibility of wrinkling
has to be analyzed. For that purpose, the smallest eigenvalue of the stress tensor is calculated by
assuming a trial state characterized byCw = 0. If this value is greater than zero, no wrinkles or
slacks will form and the trial state represents already the solution to the problem. On the other
hand, if inequality (44) does not hold, the standard solution (Cw = 0) has to be relaxed and the
wrinkling strains are computed from the minimization problem (21) withb2 = 0.

It should be noted that for isotropic models, the classification of the type of deformation
can be implemented more efficiently. For instance, as statedin [28], if the considered (stan-
dard) hyperelastic material obeys the strong ellipticity condition, it fulfills the Baker-Ericksen
inequalities. Theses inequalities in turn imply that the greater principal stress occurs always in
the direction of the greater principal stretch. Hence, the smaller principal stress can be computed
directly without calculating all components of the stress tensor.

Clearly, the classical solution (no wrinkles or slacks) does not require any modification of
the standard hyperelastic constitutive model. Likewise, in case of slacks, the computation of the
wrinkling strains is straightforward. Hence, the only non-trivial problem is the calculation of the
mechanical response, if wrinkles occur. As mentioned before, classical optimization algorithms
can be applied to solve the respective minimization problem(21). We have employed three
different optimization schemes: a conjugate gradient algorithm of Fletcher-Reeves and Polak-
Ribiere type [29], a limited memory BFGS method [30] and a damped Newton’s scheme, cf.
[31] for further details. Since for each of those methods thederivatives of the function to be
minimized are required, they are summarized within the nextparagraphs.

3.3.1 First derivatives – Residuals

In case of wrinkling, the non-linear set of equations (21) has to be solved forb = 0. The
respective stationarity condition reads, cf. Subsection 3.2.2,

RS(a) = 0, a := [a2; α]T (45)

or equivalently,
RP (a) = 0, a := [a2; α]T (46)

with the first derivatives given by

RS(a) := S(a2, α) · N(α), RP (a) := P (a2, α) · N(α) (47)

It should be noted that, the deformation gradientF is regular and hence,RS(a) = 0 or
RP (a) = 0 is indeed equivalent to vanishing ‘true’ stresses, i.e.,σ · n = 0. Here,σ de-
notes the Cauchy stresses.
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3.3.2 Second derivatives

If Newton’s method is to be applied, the second derivatives are required as well. The lineariza-
tions of Eq. (45) are given by (for fixedC)

∂RS

∂(a2)
=

1

2
N · C : (N ⊗ N), C := 4

∂Ψ2

∂C2
r

(48)

∂RS

∂α
= S · M +

1

2
a2 N · C : ∂α(N ⊗ N) (49)

3.3.3 Consistent linearization - algorithmic tangent moduli

Suppose Newton’s method is adopted to solve the resulting global minimization problem (23).
In this case, the linearization of the considered optimization algorithm is required to guarantee
an asymptotical quadratic convergent. Assuming the (local) wrinkling problem is converged,
the linearizations of Eq. (45) can be calculated (C is not fixed anymore). A straightforward
calculation yields

da = −
1

2

(
∂(a2)RS | ∂αRS

)−1
· (N · C) : dC, a = [a2; α] (50)

For the sake of compactness, the third-order tensorA is introduced by

da = A : dC. (51)

With this notation, the consistent tangent can be computed by

CT := 2
dS

dC
= C :

[
I
sym + (N ⊗ N) ⊗A(1) + 2 a2 (N ⊗ M) ⊗A(2)

]
(52)

Here, the tensorsA(i) are defined according to

[A(i)]jk = [A]ijk, (53)

Clearly, by using the identity

P = dFΨ = ∂CrΨ : dCCr : ∂FC = F · S (54)

the linearizations of the first Piola-Kirchhoff stresses can be computed as well. They result in

A :=
dP

dF
= 1⊗S + [F · CT · F T ]t, with [Pt]ijkl = [P]ijlk. (55)

The non-standard dyadic product⊗ is defined in Appendix A.1.

3.4 Modification of the numerical implementation for applying three-dimensional
constitutive models

According to Subsection 2.2, if a fully three-dimensional material model is to be used, the plane
stress condition characterizing a membrane cannot be guaranteed a priori. As a consequence,
the kinematics have to be slightly modified, i.e.,

Cr = C + Cw + C33 E3 ⊗ E3, Cw ≥ 0, C33 > 0 (56)
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Hence, instead of Eq. (21) the modified minimization principle reads now

(C33, a
2, b2, α) := arg inf

C33>0

a2≥0

b2≥0

α∈[0,π]

Ψ(Cr), (57)

This can be shown as follows. First, it is noted that the stationarity conditions with respect toa,
b andα are not affected by the modified kinematics. Hence, they are identical to those described
in detail in the previous subsections. Furthermore, the respective condition associated withC33

reads
∂Ψ

∂C33
= 0 ⇔

1

2
S : (E3 ⊗ E3) = 0 (58)

As a consequence, the stresses resulting from energy relaxation fulfill indeed the plane stress
condition. It bears emphasis that in case of vanishing shearstrains(•)i3, Eq. (58) is equivalent
to σ33 = 0 whereσ denotes the Cauchy stresses.

Remark7. The implementation of the three-dimensional model is almost identical to that ful-
filling a priori plane stress conditions. More precisely, within the resulting 3D finite element
formulation, a minimization with respect toC33 is performed first. Subsequently, the wrinkling
criteria according to Subsection 3.2 are checked. In case ofslacks, the solution follows directly
from Subsection 3.2.1. On the other hand, if the formation ofwrinkles is signalled, the state
variables are computed from Eq. (57). The respective derivatives necessary for an optimization
algorithm are given by Eq. (58) and in Subsection 3.3.1. The second derivatives can be derived
similarly. However, for the sake of brevity, they are omitted here.

3.5 Modifications necessary for initial stresses

Membranes often show initial stresses, e.g. resulting fromprestress. Clearly, these stresses can
be modeled simply by applying the respective loading history. Alternatively, the Helmholtz en-
ergy of the constitutive model can be modified. In the following,S0 denotes the initial stresses
(of second Piola-Kirchhoff type) andF 0 is a (possibly incompatible) deformation gradient char-
acterizing the previous loading history. Hence, withF = GRADϕ, the effective deformation
gradient reads

F eff := F · F 0 (59)

and the resulting free energy is given by

Ψeff(C) := Ψ(Ceff), Ceff := F T
eff · F eff = F T

0 · C · F 0 (60)

The initial strainsF 0 can be computed from the constraint

S0 = 2 F−1
0 ·

∂Ψeff

∂Ceff

∣∣∣∣
Ceff=FT

0 ·F0

· F−T
0 (61)

Clearly, in case of wrinkling, the effective right Cauchy-Green tensor yields now

Ceff = F T
0 · (C + Cw) · F 0 (62)

and the wrinkling parameters can be obtained in the same manner as described before.
It bears emphasis that the variationalh-adaption which will be presented in the next section

can be applied to any minimization problem; in particular tothat discussed here. As a result,
the novel mesh adaption allows to take prestress consistently into account.



14 J. MOSLER

4 Variational h-adaptivity

The proposed numerical framework suitable for the analysisof wrinkles and slacks is directly
governed by the underlying variational principle. In case of hyperelasticity, this principle is that
of the minimum potential energy. The advantages resulting from such a variational structure are
manifold. For instance, it opens up the possibility to applystandard optimization strategies to
solve the considered problem as shown in the previous section. Moreover, minimization prin-
ciples provide a natural basis to estimate the quality of thenumerical solution and hence, they
represent a natural basis for mesh adaption. Such variational mesh adaptions were advocated
in [23] in case of an Arbitrary Lagrangian-Eulerian (ALE) formulations, while a variationalh-
adaption was presented in [24]. For an overview, the interested reader is referred to [32]. In this
section, theh-adaptive finite element method discussed in [24] is slightly modified and com-
bined with the energy driven wrinkling algorithm as proposed in Section 3. It should be noted
that this section is not meant to be a comprehensive overviewon adaptive finite elements meth-
ods. For instance, so-called goal-oriented methods are notcovered at all. For further details on
mesh adaption, the reader is referred to [33–35].

According to [24], the (modified) principle of minimum potential energy (23) provides an
unambiguous comparison criterion for test functions: a test functionϕ(1) is betterthan another
ϕ(2) if and only if I(ϕ(1)) < I(ϕ(2)). All other considerations are, in effect, spurious. This
energy comparison criterion is the basis of variational mesh adaption. Based on this relatively
simple observation, an error indicator of the type

∆Ĩ = inf
ϕ

(1)
h

Ih(ϕ
(1)
h ) − inf

ϕ
(2)
h

Ih(ϕ
(2)
h ) (63)

can be introduced. Here,ϕ
(1)
h is the deformation mapping spanned by the initial mesh andϕ

(2)
h

is associated with a locally refined triangulation. Accordingly, ∆Ĩ checks the effect of local
mesh refinement on the solution. In this work, attention is confined to simplicial meshes and
edge bisection (cf [36–38]) as the device for achieving meshrefinement, Fig. 2. In what follows,
σe denotes the transformation that refines an initial meshT

(1)
h by bisection of edgee resulting

in T
(2)

h . Obviously, edge bisection generates a nested family of triangulations and hence, the
space of admissible deformations is indeed enlarged (ϕ

(1)
h ∈ V

(1)
h ⊂ V

(2)
h ∋ ϕ

(1)
h ). As a result,

∆Ĩh(e) ≥ 0.
Unfortunately, the proposed error indicator is numerically very expensive. More precisely,

a global optimization problem has to be solved for every edge. Therefore, the local energy
released by mesh refinement is estimated by means of a lower bound obtained by relaxing a local
patch of elements. Withϕ(1)

h being the solution of the initial mesh, i.e.,ϕ
(1)
h = arg inf Ih(ϕ

(1)
h ),

the error indicator∆Ih(e) as proposed in [24] reads

0 ≤ ∆Ih(e) := Ih(ϕ
(1)
h ) − inf

ϕ
(2)
h

∈V2,

ϕ
(2)
h

|∂Ω1
=ϕ̄,

supp(ϕ(2)
h

−ϕ
(1)
h

)=supp(V (2)
h

/V
(1)
h

)

Ih(ϕ
(2)
h ) ≤ ∆Ĩh (64)

It is computed for every edgee. Here,ϕ̄ and supp(f) are prescribed deformations acting at
∂1Ω and the support of the functionf , respectively. According to Eq. (64), the influence of
local mesh refinement is estimated by relaxing the deformation field only in the refined region
supp(V (2)

h /V
(1)
h ). Clearly this set is defined by all elements sharing the considered edgee. As a

consequence, in the numerical implementation, the deformation mapping is fixed and identical
to that of the intial mesh outside supp(V

(2)
h /V

(1)
h ), while in the interior of supp(V (2)

h /V
(1)
h ) the
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Figure 2: Mesh refinement in two dimensions by applying edge-bisection;σe denotes the trans-
formation that refines an initial mesh by bisection of edgee

nodal displacements are computed by minimizing the respectiev energy. Further details on the
presented variational indicator are omitted. They may be found in [24, 32].

The error measure (64) showsO(n) complexity and therefore, can be computed efficiently.
Having calculated∆Ih for each edge within the triangulation, the edges are sortedaccordingly
and the limits

µloc(Th) = max
e

∆Ih(e), ρloc(Th) = min
e

∆Ih(e) (65)

can be specified. Finally, the following mesh refinement strategy is employed:

i) For all edges inTh DO:

IF ∆Ih(e) > αref (µloc(Th) − ρloc(Th)) + ρloc(Th), marke for refinement.

ii) Apply refinement.

Here,αref ∈ (0, 1] is a numerical parameter defining the threshold of the edges to be cut.

Remark8. Within the numerical examples presented in Section 5 only the energetically most
favorable edge is cut at a time. Hence,αref = 1.

Remark9. The algorithm presented in this subsection is not stable. Consequently, degenerated
elements can occur (the aspect ratios of the elements created by this method can converge to
infinity). As a consequence, as shown in [24, 32], if only edges which have been marked by the
presented error indicator are cut, the resulting meshes canbe highly anisotropic. However, this
anisotropy is related to the physics of the considered problem and therefore, the performance
of those meshes is superior to that of their isotropic counterparts, cf. [24]. It should be noted
that in some cases, e.g., if iterative solvers are used, the aspect ratio of the elements may need
to be maintained. In such a case, edges can be bisected by means of Rivara’s longest-edge
propagation path (LEPP) bisection algorithm [36–39], which guarantees an upper bound on the
element aspect ratio. The performance of this method is shown in Section 5 as well.

Remark10. In the case of linearized elasticity theory, it can be shown that the proposed error
indicator is equivalent to a mathematically rigorously derived error estimate based on local
Dirichlet problems, cf. [40, 41]. The respective proof can be found in [32]. Hence, in this case,
the advocated error indicator inherits the same propertiesas the estimate according to [40, 41].
However, it should be noted that this equivalence is not fulfilled in the more general case. For
highly non-linear problems, it is usually not even known, ifan analytical solution exists, and
even if it exists, it is not clear, if it is unique.
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200mm

100mm

u2

u1

Lamé constants
λ 1852.07 N/mm2

µ 207.90 N/mm2

Figure 3: Shear test of a membrane: geometry (thickness of the membranet = 0.2 mm) and ma-
terial parameters (hyperelastic constitutive model according to Appendix A); boundary condi-
tions: First, loading is applied by prescribing a vertical displacements of magnitudeu2 = 1mm
andu1 = 0. Subsequently,u1 is increased up tou1 = 10mm by holding fixedu2 = 1mm.

5 Numerical examples

The applicability and versatility of the variational wrinkling algorithm as well as the perfor-
mance of the novel variationalh-adaption are illustrated by means of two numerical examples.
Particularly, the convergence rate of the proposed variational mesh adaption is highlighted.
While a shear test is analyzed in Subsection 5.1, torsion of acircular membrane is computed in
Subsection 5.2.

5.1 Shear test

The material parameters, the geometry and the boundary conditions of the first example are
shown in Fig. 3. According to Fig. 3, tension is applied during the first loading stage, i.e.,
u2 = 1mm andu1 = 0. Subsequently,u1 is increased up to a final magnitude ofu1 = 10mm by
holdingu2 = 1mm constant. The mechanical problem is identical in every way to that treated
in [6] with the sole exception that a different constitutivemodel is used. Here, the hyperelastic
potential described in Appendix A is adopted. However, it should be noted that the occurring
strains are relatively small and hence, the considered material model predicts almost the same
response as the isotropic version of the constitutive law in[6].

The response of the membrane is baselined by means of a relatively fine discretization
(327.530 DoFs) consisting of 6-node quadratic triangle elements, see Fig. 4(a). Five differ-
ent computations have been performed. Four of those are based on the minimization algorithm
explained in the previous section. The resulting local and global optimization problems have
been solved by applying a conjugate gradient approach of Fletcher-Reeves and Polak-Ribiere
type [29], a limited memory BFGS method [30] and a damped Newton’s scheme, cf. [31].
Additionally, a semi-analytical method has been used as well. In this case, the minimization
problem characterizing the formation of wrinkles and slacks is solved analytically. The respec-
tive equations are summarized in Appendix A. As expected, the predicted mechanical response
is independent of the applied solution scheme. The computedfinal deformed configuration,
together with the distribution of the wrinkling strains, isshown in Fig. 4(a). Here, the larger
eigenvalue of the wrinkling strainCw is plotted. According to Fig. 4(a), wrinkles form at the
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Figure 4: Shear test of a membrane: (a) final deformed configuration and distribution of the
wrinkling strainλmax(Cw) computed by means of a uniformly fine discretization consisting
of 6-node bi-quadratic triangle elements (327.530 DoFs); and (b) resulting load-displacement
diagram (u1 vs. conjugate force)

Figure 5: Shear test of a membrane: initial coarse discretization used for the adaptive finite
element computations

lower left as well as at the upper right part of the membrane. Clearly, it is not known, if Fig. 4(a)
corresponds to wrinkles or slacks in general. However, for the analyzed structure only a few
slacks which are not shown explicitly develop at the upper left and the lower right part of the
structure. Consequently, Fig. 4(a) is almost exclusively associated with wrinkles. It should be
noted that the distributions of both the wrinkles as well as the (not shown) slacks agree with
those reported in [6]. This can also be verified by the load-displacement diagram in Fig. 4(b).
The proposed wrinkling algorithm, in conjunction with a relatively fine discretization, predicts
an only marginally softer structural response than the numerical model presented in [6].

Next, the mechanical problem is re-analyzed by employing the h-adaptive scheme as dis-
cussed in Section 4. For that purpose, a computation based onthe coarse discretization in Fig. 5
is performed first. Subsequently, the solution is improved by applying two different variational
h-adaptions: an unconstrained variationalh-adaption calculation according to Section 4, in
which only the energetically most favorable edge is bisected at each step; and a constrained
variationalh-adaption calculation, in which an upper bound on the aspectratio of the elements
is maintained by means of Rivara’s longest-edge propagation path (LEPP) bisection algorithm,
cf. Remark 9.

Fig. 6 shows the adaptively computed meshes, the deformed configurations and the distri-
bution of the wrinkling strain. By comparing the plots of thewrinkling strain in Fig. 6 to that
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0 0.55λmax(Cw)

Figure 6: Shear test of a membrane: final meshes, deformed configurations, together with
the distribution of the wrinkling strainλmax(Cw), after: (a) variationalh-adaption; and (b)
variationalh-adaption combined with Rivara’s longest-edge propagation path (LEPP) bisection
algorithm

corresponding to the fine discretization (Fig. 4(a)), the performance of the proposed variational
mesh adaption becomes evident: Although the mesh computed by applying the unconstrained
(constrained)h-adaption consists of only 582 (597) nodes (in contrast to 163765 nodes), it
predicts an almost identical wrinkling pattern.

The quality of the numerical approximation associated withthe variational mesh adaptions
can be investigated best by analyzing the convergence in energy. The respective diagram is
shown in Fig. 7. According to Fig. 7, the convergence rate of the adaptive scheme is remark-
able. Although the final meshes resulting from the variational adaption are relatively coarse
(582 and 597 nodes), the error in energy (with reference to the finest uniform discretization) is
negligibly small (0.02%). Furthermore, as already noted in [24], constraining the aspect ratio of
the elements has a detrimental effect on the rate of convergence. However, for the considered
example, the decrease in performance is only marginal compared to the fully unconstrained
algorithm.

5.2 Torsion of a circular membrane

The next example is concerned with a circular membrane subjected to torsion, Fig. 8. A similar
problem has been investigated by several researchers, cf. e.g. [5, 7, 26]. Here, the geometry and
the material parameters are chosen according to [42] with the sole exception that plastic effects
are neglected. The membrane having a thickness oft = 0.01mm is clamped at the outer as well
as at the inner boundary and loading is applied by increasingthe angleα at the inner boundary
up toαmax = 1.8◦ = 0.03176rad.

Following the previous subsection, three different computations have been performed. Start-
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Figure 7: Shear test of a membrane: Convergence in energy resulting from: variationalh-
adaption; and variationalh-adaption combined with Rivara’s longest-edge propagation path
(LEPP) bisection algorithm

ri ra

α
Lamé constants

λ 40384.615 N/mm2

µ 26923.077 N/mm2

Geometry
ra 125 mm
ra 45 mm
t 0.01 mm

Figure 8: Torsion of a circular membrane: geometry, material parameters (hyperelastic consti-
tutive model according to Appendix A) and boundary conditions. The membrane is clamped at
both radii.
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ing with the initially coarse discretization shown in Fig. 9(top left), the mesh is refined subse-
quently by applying: the unconstrainedh-adaption discussed in Section 4; and the variational
h-adaptive scheme combined with Rivara’s method for maintaining the aspect ration. It should
be noted that the implemented edge-bisection method inserts new nodes in such a way that the
boundary of the initial mesh is not modified. Since a bi-quadratic isoparametric formulation is
applied here, the boundaries of the initial mesh, and as a result those of the refined discretiza-
tions, are no circles, but quadratic approximations. Consequently, the boundaries∂Ω are not
smooth (∂Ω 6∈ C1) resulting in artificial singularities. However, it bears emphasis that these
effects have only a weak influence on the numerical solution (difference in energy is less than
0.5%). Furthermore, the insertion of new nodes at the boundariescan be easily modified such
that the resulting curves converge to circles.

Fig. 9 summarizes the results computed from the different strategies. For the sake of com-
parison, uniform refinement is considered as well. At the topright in Fig. 9 the computed
wrinkling distribution predicted by uniformly refining thecoarse discretization at the top left in
Fig. 9 is shown. The respective mesh which is not presented consists of133640 nodes. Accord-
ing to this plot, the wrinkling strain and thus, the strain-energy, displays a rapid variation in the
radial direction, while it varies slowly in the orthogonal direction.

In contrast to the uniformly refined triangulation, the discretizations corresponding to the
adaptive methods contain only5001 nodes (each). Although the number of DoFs is relatively
small, the wrinkling pattern associated with the variationalh-adaption agrees perfectly with that
of the uniform mesh, cf. Fig. 9. Hence, the adaptive method increases the numerical efficiency
significantly. It bears emphasis that the unconstrainedh-adaption results in highly anisotropic
and directional meshes that trace the fine structure of the energy-density field, see Fig. 9.

Following the previous subsection, the quality of the numerical schemes is investigated by
analyzing the convergence in energy. The respective diagram is shown in Fig. 10. As evident
from Fig. 10, all refinement strategies converge to the same limiting value highlighted by the
horizontal dashed line. Furthermore, the adaptive methodsshow a remarkably higher conver-
gence rate. Analogous to the previous subsection, the unconstrained variationalh-adaption is
superior to that of constrained variationalh-adaption. In contrast to the shear test analyzed in
Subsection 5.1, the wrinkling pattern associated with the example studied here is more localized
and highly anisotropic, i.e., wrinkles only occur in a relatively small region in the vicinity of the
inner boundary and the distribution of the wrinkling strains strongly varies in the radial direc-
tion compared to the orthogonal direction. Clearly, this effect can be better taken into account
by the unconstrainedh-adaption in which the elements are allowed to show different length
scales in orthogonal directions (see Fig. 9). As a consequence, the superiority of unconstrained
h-adaption is even more pronounced compared to the previous example.

6 Conclusion

A fully variational finite element formulation suitable forthe analysis of membranes has been
presented in this paper. In contrast to previous numerical models and inspired by the works
by Pipkin [13, 15], the state variables, together with the deformation mapping, follow jointly
from minimizing an energy functional. The proposed framework is very general and does not
rely on any material symmetry of the hyperelastic material model. The elaborated method
allows to employ arbitrary, fully three-dimensional hyperelastic constitutive models directly.
More specifically, plane stress conditions characterizinga membrane stress state are naturally
included withing the variational formulation. Hence, a numerically expensive projection of the
material model to plane stress space is not required.
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Figure 9: Torsion of a circular membrane: (a) initial mesh and discretizations predicted by
the (un)constrained variationalh-adaption; (b) distribution of the wrinkling strainλmax(Cw)
resulting from: uniform refinement; and (un)constrained variationalh-adaption
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Figure 10: Torsion of a circular membrane: convergence in energy resulting from: variational
h-adaption; and variationalh-adaption combined with Rivara’s longest-edge propagation path
(LEPP) bisection algorithm

The numerical advantages associated with the advocated variational algorithmic method are
manifold. For instance, it opens up the possibility of applying standard optimization methods
to the numerical implementation. This is especially important for highly non-linear or singu-
lar problems such as wrinkling. Furthermore, the considered minimization problem is smooth
with respect to the wrinkling parameters. Hence, the transition between the classical solution
(no wrinkles or slacks) and the formation of wrinkles or slacks is smooth. This improves the
stability and robustness of the resulting finite element formulation. An additional advantage
associated with a minimization principle is that it provides a suitable basis for a posteriori er-
ror estimation and thus, for adaptive finite element formulations. As a prototype, a variational,
physically and mathematically sound error indicator leading to an efficienth-adaption for wrin-
kling has been briefly discussed. The performance and robustness of the fully variational wrin-
kling approach has been demonstrated by selected finite element analyses. Particularly, the
convergence rate of the proposed adaptiveh-adaption is noteworthy.

A A stored energy functional for membranes

In this appendix, closed form solutions for an isotropic membrane constitutive model are given.
In Section 5, the resulting equations are compared to the solutions obtained numerically by
applying the proposed variational wrinkling algorithm. Starting with the three-dimensional
polyconvex energy density (see [43])

Ψ = λ
J2 − 1

4
−

(
λ

2
+ µ

)
log J +

1

2
µ (trC − 3) (66)

with

J =

3∏

i=1

λi, trC =

3∑

i=1

λ2
i (67)

plane stress requires

∂λ3Ψ = 0 ⇒ λ3 =

√
λ + 2µ

λ λ2
1 λ2

2 + 2µ
(68)
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Here and henceforth,λ andµ are the Lamé constants. Inserting this relation into the free energy
gives the functional

Ψplane =
1

2
µ (trC − 2) −

λ + 2µ

4

(
2 log J + log[λ + 2µ] − log[λ J2 + 2µ]

)
(69)

characterizing plane stress conditions. In Eq. (69), the right Cauchy-Green tensor is two-
dimensional, i.e.,

J =

2∏

i=1

λi, trC =

2∑

i=1

λi (70)

In what follows the supscript(•)plane is omitted.

A.1 Constitutive response for the standard solution without wrinkles or
slacks

With Eq. (69), the two-dimensional stress state is computedas

S = 2 ∂CΨ = µ 1 −
µ (λ + 2µ)

J2 λ + 2µ
C−1 (71)

and the respective elastic tangent is given by

C = 2 ∂CS =
2 J2 λ µ (λ + 2µ)

(J2 λ + 2µ)2
C−1 ⊗ C−1 + 2

µ (λ + 2µ)

J2 λ + 2µ
C−1⊗C−1 (72)

Or equivalently.

P = F · S = µ F −
µ (λ + 2µ)

J2 λ + 2µ
F−T (73)

A = ∂FP = µ I +
µ (λ + 2µ)

J2 λ + 2µ
F−T⊗F−1 +

2 J2 λ µ (λ + 2µ)

(J2 λ + 2µ)2
F−T ⊗ F−T (74)

The non-classical tensor products used in this appendix aredefined by{A⊗B}ijkl = Aik Bjl

and{A⊗B}ijkl = Ail Bjk, respectively.

A.2 Constitutive response in case of slacks

Clearly, in case of slacks, the stresses vanish and so do the elastic tangent moduli of the material,
i.e.,

S = P = 0, C = A = 0 (75)

A.3 Constitutive response in case of wrinkles

According to Remark 6, for isotropic materials, the wrinkling directionsN andM are the
eigenvectors of the compatible right Cauchy-Green tensorC. Hence, the eigenvalues̃λ2

i of the
relaxed Cauchy-Green tensorCr are given by

λ̃2
1 = λ2

1, λ̃2
2 = λ2

2 + a2 (76)

Inserting Eq. (76) into Eq. (69) and minimizing the energy overa2 leads to

λ̃2
2(λ1) = −

µ

λ λ2
1

+

√
λ2 λ2

1 + 2 λ λ2
1 µ + µ2

λ λ2
1

(77)
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Finally, if Eq. (77) is inserted into Eq. (69), a relaxed energy density depending only onλ2
1 can

be derived, cf. [13]. Since this equation is relatively lengthy, it is omitted here. However, based
on this energy density the stress response can be computed as

S = SM M ⊗ M (78)

where the principal stress is given by

SM :=
∂Ψr(λ1)

∂λ1

1

λ1
=

µ (λ λ4
1 + µ −

√
λ2 λ2

1 + 2 λ λ2
1 µ + µ2)

λ λ4
1

(79)

andM is the eigenvector associated with the larger eigenvalue ofC. A further differentiation
yields the elastic tangent moduli

C =
1

λ1

∂

∂λ1

(
∂Ψr(λ1)

∂λ1

1

λ1

)

︸ ︷︷ ︸
=: D

M ⊗ M ⊗ M ⊗ M + 2 SM ∂C(M ⊗ M ) (80)

with

D =
µ (3 λ2 λ2

1 + 6 λ λ2
1 µ + 4 µ (µ −

√
λ2 λ2

1 + 2 λ λ2
1 µ + µ2))

λ λ6
1

√
λ2 λ2

1 + 2 λ λ2
1 µ + µ2

(81)

The derivative of the eigenvectorsM ⊗M with respect toC can be found elsewhere, cf. [44].
In this paper, the non-standard representation

∂C(M ⊗ M) =
1

λ2
2 − λ2

1

[Isym − N ⊗ N ⊗ N ⊗ N − M ⊗ M ⊗ M ⊗ M ] (82)

is used. Based on Eqs. (79) and (80) an equivalent constitutive response in terms ofP andA

can be derived. However, details are omitted.
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