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SUMMARY
In this paper, a finite element formulation suitable for the modeling of locally embedded strong discontinuities at finite strains is presented. Following the Enhanced Assumed Strain concept (EAS), the
proposed numerical model is based on an additive decomposition of the displacement gradient into a
conforming and an enhanced part. The enhanced part is associated with the final failure kinematics of
solids which are approximated by means of a discontinuous displacement field (strong discontinuities).
Referring to the displacement jump, no special assumption, such as purely mode-I or mode-II failure,
is made. The same holds for the class of interface laws considered which govern the evolution of the
displacement discontinuity in terms of the traction vector, acting at the surface of strong discontinuities.
Consequently, the suggested numerical framework can be applied for a broad range of different interface
laws, including damage based models. In contrast to previous works, the presented finite element formulation does not require the static condensation technique to be employed. More precisely, instead of
computing the conforming part of deformation and the displacement jump simultaneously from the weak
form of equilibrium and the weak form of traction continuity, the different parts of the local deformation
are decomposed according to a predictor-corrector algorithm. The proposed predictor and the corrector step are formally identical to that of classical computational plasticity models. Hence, subroutines
designed for standard models (continuous deformation) can be applied with only minor modifications
necessary. The applicability as well as the performance of the resulting finite element formulation are
demonstrated by means of a fully three-dimensional analysis of shear band formation in a bar made of a
ductile material.

1 INTROCUCTION
The design concept most frequently applied in practical engineering is based on the ultimate
load of the considered structure. If this characteristical value is greater than the forces acting,
the structure is regarded as safe. However, this design concept is not always sufficient. For
instance, the development of a car body requires the optimization of the respective crush zone.
Only if the car body fails in a controlled manner, safety of the driver can be guaranteed. Despite
the differences between the design concepts mentioned, they both require knowledge about the
structural response up to the ultimate load or even up to the complete failure.
Clearly, since the mechanical problems of this kind are often very complex, numerical models are necessary. However, in the vicinity of the ultimate load and beyond, the structure is
frequently characterized by strain softening. As a consequence, numerical analyses based on
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standard (local) continuum models show the well-known pathological mesh-dependence, cf.
[1, 2]. Furthermore, in typical applications, the width of the zones associated with localized
deformations is several orders of magnitude smaller than the characteristic diameter of the
structure considered. Thus, the application of enhanced continuum models, such as non-local
theories [3, 4] or gradient enhanced models [5, 6] (which involve a length scale related to the
failure process) for the numerical analysis of a structural component, requires sufficiently fine
resolution of the localization zone; the computational cost of which may be prohibitive even if
adaptive techniques are used.
One class of models which avoids the mesh dependency of the results computed numerically
and accounts for the multiscale character of the underlying physical problem, is represented by
the so-called Strong Discontinuity Approach (SDA) [7, 8], see also [9, 10]. In this concept,
the highly localized deformations are approximated by means of discontinuous displacement
fields (strong discontinuities). In contrast to interface elements [11, 12], the discontinuity is
allowed to cross through solid finite elements. With the exception of the earliest published
works [9, 10], the SDA is based on the Enhanced Assumed Strain concept [13, 14]. That
is, only the strains induced by the discontinuous displacement field appear explicitly in the
respective formulation, cf. [8, 15]. However, other promising techniques which truly model
a displacement discontinuity such as the Extended Finite Element Method [16, 17] are also
evolving. According to [7, 18], the kinematics associated with strong discontinuities induce a
discrete constitutive model. That is, in contrast to classical continuum theories, the material
response is governed by a traction separation law connecting the displacement jump to the
traction vector acting at the surface of strong discontinuities. Clearly, the by now classical
fictitious crack model as suggested by H ILLERBORG ET AL . [19] (see also [20]) falls into the
range of these traction separation laws.
Nowadays, the geometrically linearized SDA is relatively well developed. For a review
article see [21]. Recently, this author proposed an efficient algorithmic framework for the numerical implementation of locally embedded strong discontinuities, cf. [22]. The fully threedimensional finite element formulation as presented in the work cited is not restricted to any
specific type of finite elements and holds for a broad range of different traction separation laws.
However, it is well known that geometrical nonlinearities affect considerably the process
of strain localization. More precisely, finite deformation effects do not only influence the time
of bifurcation of a homogeneously distributed strain field into a highly localized one, but also
the corresponding failure mode, cf. [23]. Additionally, in many engineering applications, the
response of the considered structure depends crucially on geometrical nonlinearities such as
buckling. For instance, energy absorption in composite materials cannot be modeled adequately
with linearized kinematics, cf. [24]. In summary, neglecting finite deformation effects can lead
to an overestimation of the ultimate load of the structural component analyzed. Hence, it is
reasonable to embed the SDA into a fully geometrically nonlinear framework.
The extension of the linearized kinematics of the SDA to finite strains was given by A RMERO
& G ARIKIPATI, cf. [25, 26]. In these references, the authors proposed a S CHMID-type traction
separation law connecting the relative shear sliding displacement to the tangential component
of the traction vector acting at the surface of strong discontinuities. The finite element model
presented in the cited works was restricted to the two-dimensional case and based on a solution
strategy almost identical to that of the EAS concept, cf. [14, 27]. In contrast to A RMERO &
G ARIKIPATI [25, 26], some authors approximate the displacement discontinuity by means of
a ramp function. This leads to so-called regularized strong discontinuities, cf. [12, 28–30].
Since in this case, the deformation gradient is still bounded (in the sense of the operator norm),
standard continuum models can be applied. However, this approximation will not be considered
throughout the rest of the present paper. The finite element model which will be described in
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the following sections is based directly on a traction separation law. The ideas presented by
A RMERO & G ARIKIPATI [25, 26] were further elaborated in [31] in which A RMERO proposed
a framework to embed a localized dissipative mechanism, that is, a traction separation law,
into a large scale problem, i.e. a continuous deformation. By assuming the postulate of maximum dissipation, A RMERO derived the evolution laws of the model. Restricting to linearized
kinematics, a similar concept has been presented in [32, 33].
The implementations of the geometrically nonlinear SDA based finite element formulations,
which have been cited so far, are almost identical to that of the EAS concept. That is, the
degrees of freedom characterizing the continuous, i.e. conforming, displacement field and those
associated with the displacement jump are computed simultaneously from the weak form of
equilibrium and the L2 orthogonality condition, cf. [12, 25, 28–31, 34, 35]. The resulting
stiffness matrix is computed by applying the static condensation technique. As an alternative,
B ORJA [36] proposed a SDA based model completely avoiding the use of this technique. For
the case of infinitesimal deformations, this approach was presented by B ORJA and M OSLER
& M ESCHKE published in [37–39]. In contrast to the works [12, 25, 28–31, 34, 35], B ORJA
followed the ideas in [37–39] and eliminated the additional degrees of freedom corresponding
to the displacement jump on the material point level. That is, the rate of the amplitude of the
displacement jump was interpreted as a plastic multiplier.
In the present paper, a novel numerical implementation of locally embedded strong discontinuities is suggested. In line with [36–39], the displacement jump is condensed out at the
material point level. However, in contrast to B ORJA [36], no specific assumption concerning the
traction separation law and the evolution equations of the displacement jump is made. That is,
the new numerical implementation here proposed, holds for a broad range of different constitutive interface models. Additionally, the finite element formulation presented is embedded into
a fully three-dimensional framework. To the best knowledge of the author, with the exception
of the work [34] which is based on a specific damage-type traction separation law and the static
condensation technique, only two-dimensional geometrically nonlinear finite element formulations can be found in the literature. In contrast to previous works on the SDA, the proposed
finite element formulation is based on a return-mapping algorithm similar to that of standard
plasticity theory. That is, the conforming part of deformation and the part resulting from the
displacement discontinuity are computed according to a predictor-corrector step procedure, cf.
[40, 41]. As a consequence, subroutines designed for classical (continuous displacement field)
continuum models can be applied with only minor modifications necessary.
The present paper is organized as follows: Section 2 contains a summary of the kinematics
induced by strong discontinuities. More precisely, the deformation map characterizing the SDA
is explained. In Section 3, the constitutive equations are addressed. While Subsection 3.1 is
concerned with material models corresponding to those points where the displacement field is
continuous, interface laws connecting the displacement jump with the traction vector are developed in Subsection 3.2. These laws are formally identical to those of standard plasticity theory.
Referring to the yield function and the evolution equations, no special assumption has to be
made. Section 4 is concerned with the new algorithmic framework for the numerical implementation of locally embedded strong discontinuities at finite strains. At first, the fundamentals
are discussed in Subsection 4.1. Subsequently, the solution strategy associated with an elastic
loading step is addressed (Subsection 4.2). Finally, Subsection 4.3 contains the algorithmic formulation corresponding to an inelastic loading step. In Section 5, the efficiency of the resulting
finite element model is investigated by means of a fully three-dimensional analysis of shear
band formation in a bar made of a ductile material.
As for the notation, the symbol ’·’ represents the standard simple contraction of two tensors.
That is, with the first-order tensors a, b, the second-order tensors A, B and the fourth-order
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tensor C the identities a · b = ai bi and [A · b]i = Aij bj hold (E INSTEIN summation convention
is used ). Furthermore, the well-known double contraction, i.e. A : B = A ij Bij and [C : ε]ij =
Cijkl εkl , is used throughout the paper. However, different types of contraction are sometimes
necessary. For that purpose, index notation is used in many cases. Alternatively, the notations
(i)

(i)

· and : are applied. Here, i indicates the first component of the tensor on the right hand side
(i)

(2)

(i)

of · or : over which the summation has to be performed. That is, [a · C]jkl = ai Cjikl and
(2)

[A : C]il = Ajk Cijkl . Clearly, for i = 1 the standard contractions are obtained.
Although only the canonical metric of Rn is chosen in this paper, the notations pull-back and
push-forward are sometimes used. It is obvious that they are defined in the standard manner, cf.
[40].

2 KINEMATICS INDUCED BY STRONG DISCONTINUITIES
This section contains the fundamentals of the kinematics induced by strong discontinuities. For
further details, refer to [7, 21, 26, 31, 42].
In what follows, a domain Ω ⊂ R3 , that is, an open bounded and connected set, is assumed
to be cut into two parts Ω− and Ω+ . In this connection, the cut denoted as ∂s Ω which defines
the subsets Ω− and Ω+ is postulated to be piecewise a hyperplane of class C 1 . This condition
guarantees a well-defined normal vector field N (piecewise). From a physical point of view, the
submanifold ∂s Ω may represent a crack surface or a slip plane with respect to the undeformed
configuration. It is obvious that the subsets Ω− and Ω+ are well defined, if ∂s Ω is connected.
For instance, using ∂s Ω ⊂ Ω+ (the hyperplane is part of the closure of Ω+ ), together with the
fact that Ω+ is connected, Ω+ is defined uniquely by
n
o
Ω+ = X ∈ Ω | ∃X 0 = X 0 (X) ∈ ∂s Ω, with (X − X 0 ) · N |X 0 > 0 .
(1)
In the case of a planar hyperplane ∂s Ω, which will be considered in the finite element formulation presented in Section 4, Equation (1) results in
n
o
+
Ω = X ∈ Ω (X − X 0 ) · N |X 0 > 0 , ∀X 0 ∈ ∂s Ω.
(2)

That is, in contrast to Equation (1), the scalar product in Equation (2) can be computed for an
arbitrary point X 0 ∈ ∂s Ω.
Next, a discontinuous deformation mapping ϕ is considered. This mapping connects each
point X in the reference configuration Ω to the corresponding point x in the current placement
ϕ(Ω). Clearly, since Ω is assumed as connected and ϕ = idΩ + u, a discontinuous deformation
mapping is equivalent to a discontinuous displacement field u. In what follows, a displacement
mapping of the type
u|Ω± ∈ C ∞ (Ω± , R3 ),
Ω± := Ω+ ∪ Ω−
(3)
is considered. That is, u may be discontinuous at ∂s Ω while it is smooth on Ω± . This restriction is reasonable, since the finite element model as proposed in Section 4 is based on
a polynomial approximation of the displacement field u|Ω± . Applying condition (3), the left
hand limit u− (X 0 ) and the right hand limit u+ (X 0 ) of the displacement mapping u : Ω → R3
at X 0 ∈ ∂s Ω are obtained as
u± (X 0 ) := lim u(X ±
n ),
n→∞

± N
(X ±
n )n∈N ∈ (Ω ) ,

X±
n → X 0 (n → ∞).

(4)
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Hence, the discontinuity of u at X 0 is computed as
[ u(X 0 )]] := u+ (X 0 ) − u− (X 0 )

∀X 0 ∈ ∂s Ω.

(5)

Following [7, 8, 15], the finite element formulation presented in Section 4 is based on a
displacement field of the type
u = û + [ u]] (Hs − ϕ),

with û ∈ C ∞ (Ω, R3 ), ϕ ∈ C ∞ (Ω, R)

(6)

where Hs : Ω → {0; 1} denotes the H EAVISIDE function with respect to the singular surface
∂s Ω and ϕ represents a smooth ramp function necessary to prescribe the boundary conditions
in terms of û (see [15]). It is obvious that u belongs to the space of bounded deformations as
introduced in [43, 44]. Referring to the finite element method as proposed in Section 4, ϕ is
designed by the standard interpolation functions Ni associated with node i as
n

ϕ=

Ω+
X

(7)

Ni .

i=1

For further details, refer to [8, 21]. In Equation (7), the summation is performed over all shape
functions associated with a node belonging to Ω+ . By applying the generalized derivative D(•)
to Equation (6), the deformation gradient is computed as
F =1+

∂ [ u]]
∂ϕ
∂ û
+
(Hs − ϕ) + [ u]] ⊗ N δs − [ u]] ⊗
∂X
∂X
∂X

(8)

where the identity DHs = N δs connecting the H EAVISIDE function and the D IRAC-delta
distribution has been used, cf. [45, 46]. Evidently, Equation (8) has to be interpreted in a
distributional sense.
The finite element formulation as presented in Section 4 is based on the Enhanced Assumed
Strain concept (EAS), cf. [13, 14, 27]. Consequently, the enhanced part of the deformation
gradient is modeled in an incompatible fashion. If only the displacement field û is approximated
globally (conforming), that is,
nX
node
û =
(9)
Ni ûei ,
i=1

ûei

with the nodal displacements
at node i, the deformation gradient (8) can be decomposed
additively into a conforming part
F̂ := 1 + GRADû,

GRADû :=

∂ û
∂X

(10)

and an incompatible enhanced displacement gradient
H=

∂ϕ
∂ [[u]]
(Hs − ϕ) + [ u]] ⊗ N δs − [ u]] ⊗
.
∂X
∂X

(11)

Since H needs not to represent the derivative of a conforming discontinuous deformation field,
it is admissible to neglect the gradient of the displacement discontinuity, i.e. ∂ [ u]] /∂X = 0
and to consider a deformation gradient of the type
F =1+

∂ϕ
∂ û
+ [ u]] ⊗ N δs − [ u]] ⊗
.
∂X
∂X

(12)

6

J. Mosler

The deformation gradient according to Equation (12) will be used in the finite element model
presented in Section 4. For a detailed analysis concerning the kinematics, refer to [21].
The additive decomposition (12) of the deformation gradient is not well-suited for the development of constitutive equations. Following [25, 26], Equation (12) is rewritten into a multiplicative decomposition as
F = F̄ · F̃ ,

with

F̄ = 1 + GRADû − [ u]] ⊗ GRADϕ
−1
F̃ = 1 + J ⊗ N δs ,
J := F̄ · [[u]] .

(13)

As a consequence, F̄ represents the regularly distributed part of the deformation gradient while
F̃ is associated with the singular distribution resulting from the generalized derivative of the
displacement jump. In Equation (13), J denotes the material counterpart of the displacement
discontinuity. That is, in a differential geometry framework, J is the pull-back of [[u]] with
respect to the mapping represented by F̄ . Therefore, J can be interpreted as a vector on the
intermediate configuration implied by the multiplicative decomposition (13) 1 . However, since
(14)

F |Ω± = F̄ |Ω± ,

the pull-back of tensors (with F̄ ) defined on ϕ(Ω± ) leads to objects on the undeformed configuration. More precisely, the multiplicative decomposition (13)1 holds only for X 0 ∈ ∂s Ω. For
X ∈ Ω± it reduces to F = F̄ .
Analogously to standard multiplicative plasticity theory, the spatial velocity gradient l :=
Ḟ · F −1 is computed as
−1
l̄ = F̄˙ · F̄
(15)
l = l̄ + l̃,
with
−1
−1
l̃ = F̄ · F̃˙ · F̃ · F̄ .

Here and henceforth, the superposed dot represents the material time derivative. According to
Equation (15), l is decomposed additively. It consists of a part l̄, associated with the continuous deformation mapping and a second term l̃, resulting from the rate of the displacement
discontinuity. Since F̄ is regularly distributed, l̄ can be computed in standard manner. However, to obtain l̃, an inversion of a singular distribution is necessary. To the best knowledge of
the author, l̃ was computed in [25, 26] for the first time. For that purpose, F̃ was interpreted
as a linear mapping between two vector spaces. Alternatively, it is possible to approximate the
D IRAC-delta function by using an h-sequence, that is,
χ∂ Ω
(16)
δsh := s , δsh → δs (h → ∞),
h
applying the well-known S HERMAN -M ORRISON formula and computing the limiting value,
i.e. h → ∞, cf. [28]. Both procedures result in
l̃ = Lν [[u]] ⊗ N · F̄

−1

δs

where Lν [ u]] represents a L IE-type derivative according to
o
∂ n −1
Lν [ u]] = F̄ ·
F̄ · [ u]] = [ u̇]] + l̄ · [ u]] .
∂t
In Equation (16), χ∂s Ω denotes the indicating function of the subset ∂s Ω.

(17)

(18)

Remark 1. The kinematics, as well as the finite element implementation proposed in Subsection 4, are based on only one localization surface within the respective body Ω (the finite element). For the case of multiple strong discontinuities, see [21, 47].
Remark 2. Since in what follows, an evolution equation for J will be applied, F̃ can be computed. As a consequence, the intermediate configuration induced by the multiplicative decomposition (13) of the deformation gradient is defined uniquely.

Modeling strong discontinuities at finite strains

7

3 CONSTITUTIVE EQUATIONS
3.1 Constitutive Equations for X ∈ Ω±

According to Section 2, F |Ω± is regularly distributed. As a consequence, standard stress-strain
relationship based continuum models can be applied. Since the main focus of the present paper
is on the modeling of localized inelastic deformations, the homogeneously distributed part of
deformation is assumed as purely elastic. More precisely, the existence of a stored-energy functional Ψreg = Ψreg (F̄ ) is postulated. Clearly, other constitutive models such as plasticity based
formulations can be easily applied as well. By taking into account the principle of objectivity, the regularly distributed part of the deformation gradient enters the stored-energy function
through the right C AUCHY-G REEN tensor
T

(19)

C̄ := F̄ · F̄ .
Note that the identity C̄|Ω± = C|Ω± holds.
Computing the stress power P in terms of K IRCHHOFF stresses τ for X ∈ Ω ± , i.e.

(20)

P = τ : l = τ : l̄,
the dissipation D is obtained as
˙
D = τ : d̄ − ∂C̄ Ψreg : C̄,

with d̄ := l̄

sym

.

(21)

Since the material response in Ω± has been postulated to be purely elastic, D = 0. As a
˙ = 2 F̄ T · d̄ · F̄ , yields
consequence, inserting the identity C̄
τ = 2 F̄ · ∂C̄ Ψreg · F̄

T

and

S = 2 ∂C̄ Ψreg ,

(22)

with S denoting the second P IOLA -K IRCHHOFF stress tensor, see Remark 3.
In the numerical analyses presented in Section 5, an energy functional Ψ reg of the type



1
λ
J2 − 1
−
+ µ ln J + µ trC̄ − 3
(23)
Ψreg (C̄) = λ
4
2
2
is adopted where J, tr, λ, µ denote the determinant of the deformation gradient F̄ , the trace
operation and the L AM É constants, respectively. For further details concerning this polyconvex
stored-energy functional, refer to [48].

Remark 3. Since the stress tensors are only defined for X ∈ Ω± , and for those points the
identity F̄ |Ω± = F |Ω± holds, the bar over the second P IOLA -K IRCHHOFF stress tensor S is
omitted.

3.2 Constitutive Equations for X ∈ ∂s Ω: Traction separation laws

Postulating a purely elastic response in Ω± , inelastic deformations are governed by the respective material model associated with points belonging to ∂s Ω. Since in general, the constitutive
relationships for X ∈ Ω± and those for X ∈ ∂s Ω are completely independent of each other, it
is reasonable to decompose the stored-energy functional into two parts, namely one characterizing the hyperelastic material response in Ω± and an additional term which reflects the localized
deformation adequately. As a consequence, a stored-energy functional of the type
Ψ(C̄, J , α) = Ψreg (C̄) + Ψsing (J , α) δs

(24)
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represents a suitable choice. According to Equation (24), the localized nature of the deformation
is reflected by the singular D IRAC-delta function which is multiplied by the functional Ψ sing
depending on the material displacement jump J and some internal displacement-like variables
α describing inelastic phenomena such as hardening or softening. A similar decomposition
as that in Equation (24) was postulated by several authors, cf. [15, 21, 30, 32, 49, 50]. It
should be noted that an additive decomposition of the functional Ψ according to Equation (24)
is also frequently applied in the context of standard (ϕ is continuous) continuum models, cf.
[41, 51, 52].
Next, attention is restricted to purely inelastic localized deformations. That is, the displacement jump J corresponds to fully inelastic deformations. In this case, J can also be interpreted
as a displacement-like internal variable. Hence, Ψsing (J , α) reduces to Ψsing (α(J )). Evidently, a decomposition of J into an elastic and an inelastic part can be easily applied as well,
cf. [31, 32].
So far, the mechanical problem describing the material response in Ω ± and that corresponding to X ∈ ∂s Ω are uncoupled. The coupling is provided by the condition of continuity of the
traction vector T := P · N where P denotes the first P IOLA -K IRCHHOFF stress tensor:
T − (X 0 ) = T + (X 0 ) = T (X 0 ),

X 0 ∈ ∂s Ω,

(25)

with T ± denoting the left hand and the right hand limits of the traction vector T according to
Equation (4). This canonical condition follows from the extension of the principal of virtual
work to continua with internal surfaces ∂s Ω, if the space of admissible test functions is chosen
as that spanned by the displacement field (6), i.e. G ALERKIN-type. For further details, refer to
[8]. Condition (25) allows to compute the stress vector T (X 0 ) by means of the hyperelastic
material law associated with X ∈ Ω± .
Now, the dissipation D in ∂s Ω can be calculated. Combining Condition (25) and the hyperelastic law (22), together with the spatial velocity gradient (15), D is obtained as
h

i
−T
D = τ : l − Ψ̇ = τ · F̄ · N · Lν [ u]] + q · α̇ δs ≥ 0.
(26)

In Equation (26), the internal stress-like variables q := −∂α Ψsing conjugated to α have been
introduced. Hence, the scalar product q · α̇ depends on the order of the tensor α. Alternatively,
the dissipation can be rewritten as
h
i

D = C̄ · S · N · J̇ + q · α̇ δs ≥ 0.
(27)

Note that Inequality (27) is formally identical to its counterpart of standard multiplicative plasticity. To show this equivalence more explicitly, the pull-back (with respect to the intermediate
configuration) of l̃ resulting in
L̃ = J̇ ⊗ N δs
(28)

is introduced. With Equation (28), the dissipation yields

D = C̄ · S : L̃ + q · α̇ δs ≥ 0.

(29)

Fully analogously to standard continuum models, the dissipation which is now computed with
respect to the intermediate configuration depends on the M ANDEL stresses C̄ · S. Note that
α = α(J ). Hence, α and q are also defined on the intermediate configuration and α̇ represents
an objective time derivative.
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The evolution equations, that is, J̇ and α̇, are computed from the postulate of maximum
dissipation under the constraint imposed by the condition of traction continuity. Following
[21, 22] and using the positive definiteness of a norm || • ||, the constraint (25) is rewritten as
(30)

φ := ||T + (X 0 ) − T (X 0 )|| = 0.
Alternatively, a pull-back yields
+

with T̄ := C̄ · S · N .

φ := ||T̄ (X 0 ) − T̄ (X 0 )|| = 0,

(31)

Evidently, this equation is fully equivalent to the necessary condition of yielding known from
standard plasticity models. By this equivalence, the definition of the space of admissible
stresses
n
o
+
+
(32)
ET̄ := (T̄ , q) ∈ R3 × Rn | φ(T̄ , q) ≤ 0

is motivated. Restricting to the geometrically linear theory, further details are addressed in
+
+
[21, 22]. For the special choice, q = T̄ (X 0 ) and φ(T̄ , q) = ||T̄ − q||, φ = 0 is equivalent
to the condition of traction continuity.
However, the condition T + = T s := T |∂s Ω has only to be enforced to compute the inelastic
part of the deformation, that is, J̇ and α̇. In the case of fully elastic loading, the stress response
is defined uniquely by Equation (22). As a consequence, the condition of traction continuity
has only to be enforced to those components of the traction vector T̄ which are conjugated
+
with a non-vanishing component of the material displacement jump J . Hence, φ( T̄ , q) needs
+
not necessarily to be identical to ||T̄ (X 0 ) − T̄ (X 0 )||. For instance, plastic deformations
occurring in slip bands in ductile materials such as metals depend exclusively on the resultant
of the shear components of T̄ . Furthermore, the material response associated with metals does
not differentiate between compressive or tensile loading. Hence,
+

φ = ||T̄ m ||2 − q(α),

+

+

+

with T̄ m := T̄ − (T̄ · N ) N .

(33)

represents a suitable choice. In the context of linearized kinematics, this yield function was
proposed in [22]. It will be used in the numerical analysis presented in Section 5.
In summary, the postulate of maximum dissipation subjected to the condition of traction
continuity can be written as
compute: min L,
T̄

+

,q,λ

+

with L(T̄ , q, λ) := −D + λ φ.

(34)

Consequently, the evolution equation are obtained as
J̇ = λ ∂T̄ + φ,

α̇ = λ ∂q φ.

(35)

The plastic multiplier λ as introduced in Definition (34) is computed from the consistency condition φ̇ = 0. Analogously to standard plasticity theory, the evolution laws are defined completely
by means of the yield function, if the postulate of maximum dissipation is enforced. It is obvious that non-associative material models can be derived in a similar manner. For that purpose,
+
+
two potentials g = g(T̄ , q) and h = h(T̄ , q) are introduced and the evolution equations are
specified by
α̇ = λ ∂q h.
(36)
J̇ = λ ∂T̄ + g,
For the yield function (33), the respective associative evolution equations are contained in [22].
The singular surface ∂s Ω has been postulated to be time invariant, i.e. Ṅ = 0. Consequently,
+
φ(T̄ , q) = φ∗ (C̄ · S, q), with φ∗ (A, b) := φ(A · N , b).
(37)
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Hence, equivalently to Equation (36)1 , the evolution law
J̇ ⊗ N = λ ∂C̄·S g ∗

(38)

can be derived. Thus, the space of admissible stresses is formulated in terms of M ANDELstresses and the evolution law associated with inelastic deformations governs the inelastic velocity gradient L̃. That is, the constitutive equations describing the localized inelastic part of
the deformation are formally identical to those known from standard plasticity.
So far, the kinematics as well as the constitutive equations characterizing a discontinuous
deformation mapping have been presented. However, the normal vector N defining the orientation of the localization surface ∂s Ω has been regarded as known. In the literature, different
criteria for the prediction of the formation and the orientation of a surface at which the displacements are not continuous can be found. Most frequently, stress-based criteria or bifurcation
analyses according to [7] are applied. However, other methods are suitable as well, cf. [21]. In
the numerical analyses presented in Section 5, a stress-based concept will be used.
In the following sections, the condition of traction continuity will be replaced by the more
+
general type of equations φ(T̄ , q) or φ∗ (C̄ · S, q). That is, T |∂s Ω is included in the stress-like
variable q. Hence, without risk of confusion, the + sign indicating the right hand side limit is
+
omitted, i.e. T̄ := T̄ .
Remark 4. The inelastic displacements J can be of plastic nature or damage-induced. That is,
the constitutive framework presented holds also for a broad range of damage type models. If
damage accumulation is to be modeled, one part of the inelastic strains has to be connected to
the elastic material properties, cf. [53, 54].

4 NUMERICAL IMPLEMENTATION
This section contains the numerical implementation of the kinematics as proposed in Section 2
as well as the constitutive equations presented in Section 3. Referring to the yield function φ
and the evolution equations, no special assumption has to be made. Hence, the finite element
model as described in this section holds for a broad range of different constitutive models.
To the best knowledge of the author, with the exception of the work [36] by B ORJA, all other
geometrically nonlinear embedded strong discontinuity models in the sense of S IMO et al. [7, 8]
such as [25, 28, 30, 31, 34, 35] are based on the static condensation technique. In contrast to this
procedure, B ORJA [36] proposed a finite element formulation in which the degrees of freedom
characterizing the displacement discontinuity are condensed out at the material level. In the case
of infinitesimal deformations, this approach was presented in [37–39]. However, the work [36]
by B ORJA is restricted to constant strain triangle elements. Furthermore, the displacement jump
is assumed to represent a purely sliding deformation, that is, J = ζ M , with N · M = 0 and ζ
denoting the amplitude of the displacement discontinuity. Evidently, the underlying kinematics
cannot capture mode-I or mixed-mode failure. In the two-dimensional case, these kinematics
result in Ṁ = 0. Consequently, the scalar ζ is the only unknown variable associated with the
displacement jump. Additionally, for a purely sliding deformation in 2D, the identity
F̄ · M
F̂ · M
=
||F̄ · M ||2
||F̂ · M ||2

(39)

holds. Hence, the tangential vector which defines the direction of the displacement jump depends only on the known (in the case of displacement based finite elements) compatible deformation field û. Both simplifications, i.e. Ṁ = 0 and Equation (39), have been included in the
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numerical model as proposed in [36]. However, even for a vanishing normal component of the
displacement jump (J · N = 0) which is a very restrictive assumption, Ṁ = 0 is not fulfilled
in 3D, in general. As a consequence, the extension of the model [36] proposed by B ORJA to a
fully three-dimensional framework is not a straightforward task.
In this section a three-dimensional finite element formulation suitable for a broad range of
different constitutive models is presented. No constraints associated with the direction of the
displacement jump are assumed a priori. Arbitrary yield functions and non-associative evolution
equations can be implemented consistently.
In what follows, the fundamentals concerning the novel numerical model are described
firstly. For that purpose, the finite element formulation [25, 26] which represents the first published work on embedded strong discontinuities within a finite strain setting is summarized
briefly. Subsequently, the new finite element formulation will be explained.

4.1 Fundamentals
The additive decomposition of the deformation gradient according to Equation (12) is formally
identical to that of the well-known EAS concept [13, 27]. Hence, the implementation of most
finite element models dealing with embedded strong discontinuities such as [7, 8, 25, 28, 30,
31, 34, 35] is identical to that applied in the original EAS concept. That is, the stationarity
conditions of the respective two field functional
Z
Z
Z
GRADη 0 : P dV = B · η 0 dV + T ∗ · η 0 dA
(40)
Ωe

Ωe

and

Z

ΓP

Ĥ : P dV = 0

(41)

Ωe

depending on the displacement fields û and [ u]] build the starting point of the numerical model.
In Equations (40) and (41), η 0 , B and T ∗ , V e denote a continuous test function, body forces,
prescribed traction vectors acting on the N EUMANN boundary Γ P and the volume of the finite
element e, respectively. According to the EAS concept, the compatible part of the displacement
field û and the continuous test functions η 0 are approximated by means of the standard shape
functions Ni and the nodal values ûei and η e0 i , i.e.
û =

nX
node
i=1

ûei

Ni

and

η0 =

nX
node

η e0 i Ni .

(42)

i=1

By choosing the variation Ĥ of the enhanced displacement gradient according to [25, 26],
namely
1
1
(43)
Ĥ := − e β ⊗ N + β ⊗ N δs ,
V
As
the L2 orthogonality condition (41) is equivalent to the weak form of traction continuity
Z
Z
1
1
T s dA
(44)
P · N dV =
Ve
As
Ωe

∂s Ω

where V e , As and β represent
the volume of the finite element e, the volume of the localization
R
surface, i.e. As := ∂s Ω dA, and the variations of the displacement jump [ u]], respectively.
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For further details, refer to [8, 15]. Since the material displacement jump J does not appear
explicitly in the formulation, but the displacement jump [ u]], a material law of the type T s =
T s ([[u]]) is frequently applied, see [34] and [26] (Appendix). The implementation of an interface
law in terms of J and T̄ was suggested in [12]. However, the model proposed in the cited paper
is based on an interface element with regularized strong discontinuities. Following the EAS
concept, the solution associated with Equations (40) and (41) is computed by solving both
equation simultaneously, cf. [14].
In the present paper, a different solution strategy is proposed. For the purpose of the development of the respective model, the average value of T = P · N is introduced via
Z
1
(45)
ave(T ) := e P · N dV.
V
Ωe

Since T s = T s ([[u]]) and [ u]] has been assumed spatially constant within the respective finite
element, that is, GRAD [ u]] = 0, the right hand side of Equation (44) simplifies to
Z
1
T s dA = T s .
(46)
As
∂s Ω

As a consequence, Equation (44) can be rewritten as
(47)

φ = ||ave(T ) − T s || = 0.
For further details, refer to [21, 22]. Clearly, Equation (47) is equivalent to

(48)

φ = ||ave(T̄ ) − T̄ s || = 0

depending on vectors defined on the intermediate configuration. According to Subsection 3.2,
this equation results in
φ(ave(T̄ ), q) ≤ 0.
(49)
In the case of constant strain elements, i.e. GRADû = const (with respect to X), which will
be considered in Subsections 4.2– 4.4, GRADϕ = const, and consequently, F̄ = const. Hence,
C̄ = const and S = const as well, leading to T̄ = const. That is, ave(T̄ ) = T̄ and the weak
form of traction continuity is equivalent to the strong form

(50)

φ(T̄ , q) ≤ 0.

As a consequence, in the case of loading (λ > 0), the stationarity conditions (40) and (41) are
equivalent to the set of equations
Z
Z
Z
GRADη 0 : P dV =
B · η 0 dV + T ∗ · η 0 dA
(51)
Ωe
Ωe
Γ
P

φ(T̄ , q)

= 0.

The extensions necessary for the more general case, i.e. non constant strain elements, are
discussed in Subsection 4.5.
Evidently, Equations (51) show the structure of standard (local) finite element models for
finite strain plasticity theory. Thus, according to computational plasticity [40, 41], the problem
defined by means of Equations (51) is solved in two steps. At first, if inelastic loading is
signaled, the condition of traction continuity (51)2 is solved (for fixed û). Subsequently, the
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solution of Equation (51)1 is computed. It should be noted that despite the procedure described
is not standard in finite element formulations based on the EAS concept, a similar strategy,
that is a staggered solution scheme, has been successfully applied before, cf. [27]. However,
with the exception that one of the algorithms proposed in [27] is based on a staggered solution
scheme as well, the numerical implementation presented in this paper differs significantly from
that in the just cited work.

4.2 Elastic unloading
At first, the solution associated with an elastic load step is computed. That is, the inequality
φ(T̄ , q) < 0 is assumed to hold within the time interval [tn , tn+1 ] considered. Thus,
with (•)n := (•)|tn .

J n+1 = J n ,

(52)

Consequently, the elastic solution is computed from the weak form of equilibrium (51) 1 subjected to the Constraint (52). Since the left hand side of Equation (51) 1 does not represent the
best choice for computational purposes, a standard transformation leading to
Z
Z
∂(•)
−1
· F̄
(53)
GRADη 0 : P dV = gradη : τ dV, with grad(•) :=
∂X
Ωe

Ωe

is applied. Hence, the solution corresponding to an elastic load step is given by the procedure
compute: ûn+1 under the constraints:
Z
Z
Z
gradη : τ dV = B · η 0 dV + T ∗ · η 0 dA

Ωe

Ωe

(54)

ΓP

J n+1 = J n .
Analogously to standard displacement based finite element formulations, ûn+1 is computed
by using a N EWTON type iteration. For that purpose, the interpolations (42) 1 resulting in
gradη =

nX
node
i=1

η e0 i ⊗ GRADNi · F̄

−1

(55)

are inserted into Equation (54)1 and the residual
RI =

nele

A
A

e=1

Z h

Ωe

−

Z

Ωe

GRADNi · F̄
Ni B dV −

−1

Z

i

· τ dV

Ni T ∗ dA

(56)

Γe
P

is introduced. Following standard conventions in finite element methods, A
A denotes the assembly of all element contributions at the local element node i to the global residual at the global
node I ∈ {1, . . . , ngl }. According to N EWTON’s method, the solution ûn+1 (more precisely,
the increment ∆û) associated with RI = 0 (for all global node points I) is obtained from the
iterative scheme
RI |n + KIJ n ∆ûJ |n+1 = 0
∀I = 1, . . . , ngl
(57)
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where KIJ denotes the components of the global stiffness matrix, i.e.
KIJ =

∂RI
,
∂ ûJ

(58)

and ûJ represents the conforming part of the displacement field at global node J. Within each
iteration cycle, û is updated as ûn+1 = ûn + ∆ûn+1 .
The residual RI depends on the regularly distributed part of the deformation gradient. However, F̄ is not given explicitly. More precisely, it follows from the implicit equation
F̄ n+1 = 1 + GRADûn+1 − F̄ n+1 · J n ⊗ GRADϕ,

(59)

cf. Equation (13). Since Equation (59) is linear in F̄ n+1 and the tuple (J n , ûn+1 ) is given (in
displacement based finite element formulations), the exact solution of Equation (59) yields
F̄ n+1 = A−1 : [1 + GRADûn+1 ] ,

(60)

with the fourth-order tensor A defined as
Aikpq := Iikpq + [Iijpq Jj GRADϕk ]|tn .

(61)

Next, the components of the stiffness matrix K are derived. Starting with the rate form of
Equation (51)1 , that is,
Z
Z
Z
∗
(62)
GRADη 0 : Ṗ dV = Ḃ · η 0 dV + Ṫ · η 0 dA = 0,
Ωe

Γe
P

Ωe

together with the identity
Z
Z


GRADη 0 : Ṗ dV = gradη : l̄ · τ + Lν τ dV
Ωe

(63)

Ωe

which follows from standard algebraic manipulations, the rate form of the principal of virtual
work is rewritten as
Z
Z
Z


∗
gradη : l̄ · τ + Lν τ dV = Ḃ · η 0 dV + Ṫ · η 0 dA = 0.
(64)
Ωe

Ωe

Γe
P

In Equation (64), the L IE-type derivative
Lν τ := F̄ · Ṡ · F̄

T

(65)

has been introduced. Using the rate form of the hyperelastic material law (22), i.e.
Ṡ =

1
˙
C : C̄,
2

with C = 4

and applying the well-known identity
Lν τ = c : l̄,

∂ 2 Ψreg
∂ C̄ ⊗ ∂ C̄

with cabcd = F̄aA F̄bB F̄cC F̄dD CABCD ,

Equation (64) yields
Z
Z
Z


∗
gradη : l̄ · τ + c : l̄ dV = Ḃ · η 0 dV + Ṫ · η 0 dA = 0.
Ωe

Ωe

Γe
P

(66)

(67)

(68)
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Clearly, the only tensor in Equation (68) which depends on the rate of the conforming displacement field û is the regularly distributed part of the spatial velocity gradient l̄. In the context of
the iterative solution scheme according to Equation (57), l̄ leads to
l̄ = dF̄ · F̄

−1

(69)

,

with the linearization

∂ F̄
· ∆û.
∂ û
By differentiating Equation (60) for fixed J which results in
dF̄ =

(70)

dF̄ n+1 = A−1 : GRAD∆ûn+1 ,

(71)


−1
l̄ = A−1 : GRAD∆ûn+1 · F̄

(72)

Equation (69) is rewritten as

or equivalently,

l̄ = Le : GRAD∆ûn+1 ,

−1
with Leijkl = A−1
ipkl F̄pj .

(73)

Based on Equation (73), the rate form of the principle of virtual work (68), and consequently,
the stiffness matrix KIJ can be computed. It is obtained as
IJ
KIJ = KIJ
geo + Kmat .

(74)

In Equation (74), KIJ
geo denotes the so-called geometric stiffness matrix defined as
KIJ
geo

nele

=

A
A
e=1

Z h

Ωe

GRADNi · F̄

−1

i

(2)

· τ · Le · GRADNj dV

(75)

and KIJ
mat represents the material tangent. It is computed according to
KIJ
mat

nele

=

A
A

e=1

Z h

Ωe

GRADNi · F̄

−1

i (2)
· c : Le · GRADNj dV.

(76)

It is obvious that now the operator A
A denotes the assembly of all element contributions (e =
1, . . . , nele ) at the local element nodes (i, j = 1, . . . , nnode ) to the components of the global
stiffness matrix KIJ . Clearly, in the case of linearized kinematics, KIJ
geo = 0.

4.3 Inelastic loading
Next, the solution corresponding to an inelastic loading step, i.e. λ > 0 is addressed. At first,
according to the return-mapping algorithm [40, 41], a trial step characterized by purely elastic
deformation is defined as
λ = 0 ⇐⇒ J̇ = 0, α̇ = 0, q̇ = 0
tr
tr
=⇒ F̄ n+1 = 1 + GRADûn+1 − F̄ n+1 · J n ⊗ GRADϕ.
tr

(77)

tr

Clearly, F̄ n+1 is computed by applying Equation (60). With F̄ n+1 the right C AUCHY-G REEN
tr
trial tensor C̄ n+1 and the second P IOLA -K IRCHHOFF trial stresses S tr
n+1 are introduced in standard manner. This leads to the trial stress vector
tr

tr

T̄ n+1 = C̄ n+1 · S tr
n+1 · N .

(78)
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As a consequence, the discrete loading condition is given as
tr

φtr := φ(T̄ n+1 , q tr
n+1 ) > 0,

with q tr
n+1 = q n .

(79)

In the case φtr ≤ 0, i.e. a purely elastic loading step, the material response is computed
according to Subsection 4.2. Otherwise, if inelastic loading is signaled by φ tr > 0, a returnmapping algorithm is performed, cf. [40, 41]. That is, at first, a backward-E ULER integration
is applied to the evolution Equations (36). Hence, the displacement jump (more precisely, its
material counterpart) and the internal displacement-like variable α at time t n+1 are computed
as
J n+1 = J n + ∆λn+1 ∂T̄ g|n+1 , αn+1 = αn + ∆λn+1 ∂q h|n+1 ,
(80)
with ∆λn+1 := λn+1 (tn+1 − tn ). Evidently, by using a backward-E ULER integration, the
differential equations characterizing the solution of an inelastic load step are transformed into
a nonlinear set of algebraic equation. This is solved by means of N EWTON’s method. For that
purpose, the residuals


 J 
−J n+1 + J n + ∆λn+1 ∂T̄ g|n+1
R
(81)
:=
R :=
−αn+1 + αn + ∆λn+1 ∂q h|n+1
Rα
are introduced. As a consequence, the solution associated with an inelastic load step is computed from the algebraic problem
R=0

∧

(82)

φn+1 = 0.

According to N EWTON’s method, the linearizations of Equations (82) are required. After
some algebraic manipulations, they result in
dR = A−1 ∆ + d∆λn+1 ∇M,
where the notations
"
A−1 :=

AJ

dφ = ∇φ · ∆

−1

∆λn+1 ∂T̄2 ⊗q g
+ ∆λ ∂T̄2 ⊗T̄ g
2
2
D −1 + ∆λ∂q⊗q
h
∆λ ∂q⊗
T̄ h

#

(83)
∂q
∂α

(84)

∇φT := [∂T̄ φ; ∂q φ]|n+1

(85)

,
n+1

D := −

and


∆T := dT̄ ; dq

n+1

,

∇M T := [∂T̄ g; ∂q h]|n+1 ,

have been used. The second-order tensor AJ connects the rate of the material displacement
jump J to the rate of the traction vector T̄ for a fixed compatible displacement field û. The
identity dT̄ = −AJ · dJ is derived in Appendix A.
Based on Equations (82) and (83), the increment of the plastic multiplier during an iteration
cycle is computed in matrix notation as
d∆λn+1 =

φn+1 − ∇φT A R
∇φT A ∇M

⇒

∆λn+1 = ∆λn + d∆λn+1 .

(86)

Note that the updated deformation gradient F̄ (∆û = 0 during an iteration cycle) follows from
Equation (60).
Remark 5. According to Equation (83), the linearizations have been computed with respect
to T̄ , q and ∆λ. Clearly, instead of choosing T̄ as an independent variable, the M ANDELtype stresses C̄ · S may be used. That way, the proposed return-mapping algorithm becomes
formally identical to that of classical multiplicative plasticity theory. However, in this case, the
dimension of the residuals increases from dim T̄ + dim q + dim ∆λ = n + 4 to dim(C̄ · S) +
dim q + dim ∆λ = 10 + n. Particularly, for isotropic softening (dim q = 1) which is considered
in the numerical example presented in Section 5, the number of algebraic equations increase by
more than a factor of 2. As a consequence, this alternative formulation has not been chosen.
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4.4 Linearization
This subsection contains the consistent linearization of the algorithm necessary for an asymptotically quadratic convergence, cf. [40]. For fully elastic unloading, this linearization has been
given in Subsection 4.2. Next, attention is restricted to an inelastic loading step, i.e. λ > 0.
By applying the return-mapping algorithm as proposed in Subsection 4.3, the regularly distributed part of the deformation gradient F̄ , the stresses τ or S and the elastic moduli c (see
Equation (67)) are computed. That is, with the exception of the spatial velocity gradient l̄, all
variables appearing in the rate form of equilibrium (68) are known. More precisely, only the
fourth-order tensor Le which is necessary for the computation of the stiffness matrices (75) and
(76) has to be derived. All other variables involved in Equations (75) and (76) are well defined. Since now attention is restricted to an inelastic loading step, the fourth-oder tensor L e is
renamed as Li .
According to Equation (59), the linearization of the regularly distributed part of the deformation gradient yields
dF̄ = GRAD∆û − dF̄ · J ⊗ GRADϕ − F̄ · dJ ⊗ GRADϕ.

(87)

Consequently, dF̄ is obtained as
+ dF̄ û=const
dF̄ = dF̄ J=const


= A−1 : GRAD∆û − F̄ · dJ ⊗ GRADϕ .

(88)

Clearly, dF̄ |J=const represents the linearization associated with a fully elastic load step, cf.
Subsection 4.2. However, the linearization dJ defining dF̄ |û=const is unknown so far. It follows
from the return-mapping algorithm.
At a converged state of the return-mapping algorithm, characterized by R = 0 and φ = 0
(cf. Subsection 4.3) the linearization of J with respect to T̄ , q and ∆λ results from dR = 0
(see Equation (83)). Evidently, the goal of this paragraph is to linearize J with respect to
the primary variable û. For that purpose, the standard procedure known from computational
plasticity theory is borrowed, cf. [40, 41].
By applying the chain rule
dT̄ =

∂ T̄ ∂ C̄ 
:
: dF̄
∂ C̄ ∂ F̄

+ dF̄
J=const

û=const



(89)

and inserting the linearization of J with respect to T̄ , q and ∆λ, together with AC := ∂ T̄ /∂ C̄,
T := ∂ C̄/∂ F̄ and AJ := −∂ T̄ /∂J according to Appendix A, Equation (89) is rewritten as
dT̄ = AC : T : A−1 : GRAD∆û − AJ · dJ

J
= AC : T : A−1 : GRAD∆
û
−
A
·
d∆λ ∂T̄ g + ∆λ ∂T̄2 ⊗T̄ g : dT̄
i
+∆λ ∂T̄2 ⊗q g : dq .

(90)

With the matrix A according to Equation (84), the increment of the stress vector T̄ and that of
the internal variables q are rewritten in matrix notation as
A

−1

∆=



AJ

−1

· AC : T : GRAD∆û
0



− d∆λ ∇M.

(91)
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Pre-multiplying Equation (91) by ∇φT A and considering dφ = ∇φT ∆ = 0, the linearization
of the plastic multiplier with respect to the primary variable û is obtained as
 J −1

A
· AC : T : GRAD∆û
T
∇φ A
0
d∆λ =
∇φT A ∇M
(92)


−1
∂T̄ φ · A[11] + ∂q φ · A[21] · AJ · AC : T
=
: GRAD∆û
∇φT A ∇M

where A[ij] denotes the submatrix ij of the hypermatrix A. Clearly, this equation is formally
identical to that of the standard return-mapping algorithm, cf. [40, 41].
Next, the linearizations of T̄ and q with respect to the primary variable û are computed.
By inserting Equation (92) into Equation (91) and pre-multiplying Equation (91) by A, these
linearizations are given as
−1

and

dT̄ = A[11] · AJ · AC : T : GRAD∆û


−1
∂T̄ φ · A[11] + ∂q φ · A[21] · AJ · AC : T
−
: GRAD∆û ∂T̄ g
∇φT A ∇M

(93)

−1

dq = A[21] · AJ · AC : T : GRAD∆û


−1
(94)
∂T̄ φ · A[11] + ∂q φ · A[21] · AJ · AC : T
: GRAD∆û ∂q h.
−
∇φT A ∇M
Finally, the linearization of J with respect to the primary variable û is obtained by inserting
Equations (92)-(94) into
This leads to

dJ = d∆λ ∂T̄ g + ∆λ ∂T̄2 ⊗T̄ g · dT̄ + ∆λ ∂T̄2 ⊗q g · dq.

(95)

dJ = J : GRAD∆û.

(96)

The third-oder tensor J is given in the Appendix B.
Now, the linearization of F̄ can be computed. With Equation (96), Equation (88) is rewritten
as



(97)
dF̄ = A−1 − A−1 · GRADϕ · F̄ · J : GRAD∆û.
{z
}
|
=: P
i
Hence, L is obtained as
l̄ = Li : GRAD∆ûn+1 ,

−1
,
with Liijkl = Pipkl F̄pj

cf. Equation (73). As a consequence, the geometric stiffness matrix results in
i
nele Z h
(2)
−1
IJ
GRADNi · F̄
· τ · Li · GRADNj dV
Kgeo = A
A
e=1

(99)

Ωe

and the material tangent is given as
i
nele Z h
−1 (2)
IJ
· c : Li · GRADNj dV
Kmat = A
GRADNi · F̄
A
e=1

(98)

Ωe

(compare Equations (99) and (100) to Equations (75) and (76)).

(100)
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Remark 6. In the case of a constant direction of the material displacement jump, that is, an
evolution equation of the type
J̇ = λ M ,

with Ṁ = 0,

(101)

together with an isotropic softening response, the algorithmic formulation presented can be
significantly simplified, cf. Appendix C.

4.5 Extension to higher order elements
In Subsections 4.2– 4.4, the numerical implementation associated with constant strain elements
has been presented. Now, the more general case is discussed. However, since the extensions
necessary for higher order elements are relatively straightforward, the respective modifications
of the algorithm are described in a brief manner. In the case of linearized kinematics, more
details can be found in [22].
According to Subsection 4.1, for non constant strain elements, the restriction imposed by
the weak form of traction continuity across ∂s Ω reads
φ(ave(T̄ ), q) ≤ 0.

(102)

Following the arguments as presented in Subsection 3.2, the evolution equations corresponding
to the traction-separation law are obtained as
J̇ = λ ∂ave(T̄ ) g
α̇ = λ ∂q h.

(103)

Analogously to the yield function, the two potentials g(ave(T̄ ), q) and h(ave(T̄ ), q) depend
now on the average stress vector ave(T̄ ), see [22]. Clearly, the identity
ave(T̄ ) = ave(C̄ · S) · N

(104)

holds.
Next, the modifications of the kinematics necessary for higher order elements are explained.
All finite element formulations based on the strong discontinuity approach are based on the
assumption ∂ [ u]] /∂X = 0, cf. [8, 15, 25, 31, 37, 55–57]. This condition is enforced for
higher order elements as well. Clearly, instead of describing the kinematics in terms of [ u]]
one can alternatively use its material counterpart J . In this case, it is canonical to enforce the
equivalent constraint ∂J /∂X = 0. Combining these assumptions and computing the push
forward of J in an average form, results in the transformation
[[u]] = ave(F̄ ) · J .

(105)

A similar argument leading to Equation (105) was recently proposed by C ALLARI & A RMERO
[35]. Using Equation (105), the trial state of the deformation gradient at time t n+1 is computed
as


tr
tr
(106)
F̄ n+1 = 1 + GRADûn+1 − ave F̄ n+1 · J n ⊗GRADϕ,
{z
}
|
[[u]]tr
n+1

compare to Equation (59). From the average counterpart of Equation (106), the average trial
deformation gradient is obtained as
−1
ave(F tr
: [1 + ave(GRADûn+1 )] ,
n+1 ) = ave(A)

(107)
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with ave(A) according to Equation (61) (ûn+1 and J n are known). By inserting Equation (107)
into Equation (106), the local trial deformation gradient can be computed. As a consequence,
tr
the local trial stresses and the discrete loading condition φ(ave(T̄ n+1 , q n ) are well defined. For
the considered hyperelastic material defined by Potential (23), the average M ANDEL stresses
are computed as
ave(C̄ · S) = λ



ave (J 2 ) − 1
1 + µ ave C̄ − 1 .
2

(108)

4.5.1 Elastic unloading
tr

Clearly, if φ(ave(T̄ n+1 , q n ) ≤ 0, the solution corresponding to the trial state is already the final
solution. In this case, the residuals RI according to Equation (56) can be computed directly.
With the exception of the regularly distributed part of the spatial velocity gradient l̄, all other
variables necessary to obtain the stiffness matrix are known, compare to Equation (68). Hence,
the linearization of F̄ with respect to û is required. By linearizing Equation (107) and inserting
the result into the linearization of Equation (106), the final solution reads


dF̄ n+1 = GRAD∆ûn+1 − ave(A)−1 : ave (GRAD∆ûn+1 ) · J n ⊗ GRADϕ.

(109)

4.5.2 Inelastic loading

tr

If an inelastic load step is signaled by φ(ave(T̄ n+1 , q n ) > 0, a backward-E ULER integration
is applied to Equations (103) and the solution of the resulting nonlinear set of algebraic Equations (82) is computed by means of N EWTON’s method. However, in contrast to constant strain
elements, the independent variables are now ave(T̄ ), q, ∆λ. Hence, all partial derivatives with
respect to T̄ in Subsection (4.3) have to be replaced by derivatives with respect to ave( T̄ ). Since
the potentials g and h and the yield function φ are formulated in terms of ave( T̄ ) (instead of the
local stress vector T̄ ), these derivatives can be computed easily.
The only significant difference between the return-mapping algorithm for constant strain
elements and that for higher order elements results from the linearization of the average traction
vector with respect to J (instead of dT̄ = −AJ : dJ , compare to Appendix A). However,
since
Z



1
d ave(T̄ ) = e
d C̄ · S · N dV,
(110)
V
Ωe



only the local linearization d C̄ · S is required. Hence, by applying the equations presented
in Appendix A, the identity

d C̄ · S · N = AC : T : dF̄ .

(111)



d ave(F̄ ) = −G̃ · dJ ,

(112)

is derived. Unfortunately, the linearization of F̄ with respect to J for constant strain elements
differs from that for higher order elements. However, linearizing the average counterpart of
Equation (106) with respect to J (for fixed û), leads to

with

G̃ = ave(A)−1 : P̃,

P̃ijk = ave(F̄ik ) ave(GRADϕj ),

(113)
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compare to Step 3 in Appendix A. Finally, the linearization of the local deformation gradient
with respect to J is obtained as


dF̄ = G̃ · dJ · J ⊗ GRADϕ − ave(F̄ ) · dJ ⊗ GRADϕ =: Ĝ · dJ .
(114)
As a consequence, Equation (110) yields
h
i


d ave(T̄ ) = ave AC : T : Ĝ · dJ .

(115)

Now, all linearizations necessary for the return-mapping algorithm have been derived.

Remark 7. The computation of the stiffness matrix for higher order elements is not presented
in detail in this paper. However, all linearizations necessary for that purpose have been given
in this subsection.
Remark 8. According to Equation (109), the linearization of a variable with respect to the
conforming displacement field û consists, in general, of two parts. One is associated with
the local displacement gradient and one corresponds to its average counterpart. Hence, the
resulting stiffness matrix shows a similar decomposition. For linearized kinematics, details can
be found in [21, 22].

5 NUMERICAL EXAMPLE
In this section, the applicability of the novel finite element formulation and its numerical performance are investigated. To the best knowledge of the author, two different benchmarks are
most frequently used for the analysis of strong discontinuity approaches at finite strains: the
uniaxial tension or compression test as studied in [25, 26, 28, 31, 36] or a mode-I type debinding problem, cf. [30, 34]. For the fully three-dimensional case, only one numerical analysis
based on the SDA at finite strains has been presented in [34] so far. Both numerical examples,
that is, the uniaxial tension/compression test as well as the mode-I type debinding problem are
relatively simple. However, they are reasonable and meaningful for the analysis of the respective numerical model. The reasons for this are manifold. First, even in the case of the uniaxial
compression or tension test, the stress field computed is inhomogeneous due to the initial imperfection set to activate localization. Thus, the localization surface ∂ s Ω does not form at once.
That is, an evolution of ∂s Ω during the numerical analysis can be observed. However, the most
important property of these benchmarks is that the topology of the localization surface can be
computed analytically. Furthermore, if an additional assumption concerning the activation of
∂s Ω is made, the complete structural response, i.e. the load-displacement curve, can be calculated analytically as well. Consequently, the results obtained numerically can be compared
to the analytical solution. Particularly, for the uniaxial tension/compression test the analytical
solution can be computed very easily. As a result, the applicability and the performance of the
finite element formulation proposed will be demonstrated by means of the uniaxial tension test.

5.1 Set of material parameters I
In this subsection, the applicability of the proposed finite element formulation is investigated
by means of shear band formation occurring in a steel made bar. The geometry and the material
parameters are illustrated in Figure 1. The bar is subjected to a prescribed displacement field u
at its face side. Other boundary conditions are chosen so that stresses occur only in one direction
(uniaxial tension test).
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F

material parameters

2.0
F, u
8.0

X2

E
ν
σy
H

=
=
=
=

20690 [kN/cm2 ]
0.29
45
[kN/cm2 ]
200 [kN/cm3 ]

2.0

X1
X3
Figure 1: Numerical study of the tension test: dimensions (in [cm]) and material parameters.
For the analysis of slip band formation in ductile materials, a VON M ISES type yield function


φ(T̄ , q) = ||T̄ m ||2 − q(α), with T̄ m := T̄ − T̄ · N N
(116)

is adopted. That is, only the shear stresses T̄ m govern the evolution of the slip sliding displacements. Following the postulate of maximum dissipation, associative evolution equations
are assumed. According to Equation (116), the softening response characterized by the internal
variable q is modeled as isotropic. Following [25, 26, 31], a linear evolution of q of the type
q(α) = σy − H α

(117)

is chosen. In the case of linearized kinematics, the three-dimensional VON M ISES type model
described was proposed in [22]. In this reference, further details concerning this specific model
are available.
The bulk material is modeled by applying a hyperelastic material law. The respective free
energy functional is given in Equation (23). The material parameters E, ν, σ y and H, used for
the numerical analysis are assumed according to [26], see Figure 1.
The model is completed by a criterion necessary for the computation of the normal vector
N of the localization surface. For that purpose, it assumed that the angle between the vector
N and the direction of the maximum principle stress at the time of localization is about 45 ◦ .
This represents a widely accepted criterion, cf. [25, 26]. In the case of linearized kinematics,
it follows from a bifurcation analysis according to [7]. Clearly, the normal vector n in the
−1
deformed configuration transforms as n = F̄ · N . In contrast to the localization condition
proposed in [7], the shear band is assumed to propagate when the condition φ n+1 > 0 is fulfilled
(i.e. a loading step), cf. [22]. Of course, other criteria can be easily applied as well. For an
overview concerning these approaches, refer to [21]. The adopted criterion shows an important
advantage compared to other models. According to [22], in the case of small displacements, the
load displacement curve can be computed analytically. More precisely, the maximum loading
is calculated as
16.0 σy
Fmax = 8.0 σy at u =
(118)
E
and the ultimate displacement (q = 0, a completely softened material) as
1 σy
u= √
.
2H

(119)

For further details, refer to [22].
For the assessment of mesh dependence of the results computed numerically, three different discretizations are used. The unstructured meshes II, III and IV contain 454, 1405 and
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Figure 2: Numerical study of the tension test: finite element discretizations; mesh I, II, III and
IV contain 6, 454, 1405 and 3361 constant strain tetrahedral elements.
3361 constant strain tetrahedral elements, respectively, see Figure 2. Localization is induced by
slightly reducing the initial yield stress σy of one element. Since an infinite number of possible
slip band orientation exists,
√ the
√normal vector of the first localized element is explicitly prescribed as N T = [0; 1/ 2; 1/ 2]. The numerical analyses are performed with enforcing slip
band path continuity. For that purpose, the following algorithm is applied: When localization
is detected, the normal vector N of a new slip band is computed first. If no neighboring finite
elements are localized, ∂s Ω is assumed to cross the centroid of the respective element. On the
other side, if a slip band has already formed in one of the neighboring elements, the new band
∂s Ω is connected with the existing one. It should be mentioned that the discontinuous displacement field is modeled in an incompatible fashion (according to the EAS concept). Hence, the
enforcement of a continuous slip band path does not guarantee that the displacement jump itself
is continuous across the edge of two neighboring finite elements. For further details, refer to
[22]
Additional to meshes II-IV, another discretization is considered for the sake of comparison.
In contrast to the numerical analyses based on mesh II-IV, no imperfection has to be prepared
for mesh I. As a result, the localization surface forms at once. Furthermore, the orientation of
∂s Ω is accounted for a priori. That is, opposed to the numerical analyses based on mesh II-IV,
the computation performed by means of mesh I is semi numerical.
Figure 3 contains the distribution of the internal variable α representing the relative shear
sliding displacement as obtained from the proposed finite element formulation. As expected,
independent of the respective discretization, a mode-II failure is observed. Analogously to the
analytical solution, the angle between the normal vector of the predicted shear band and that of
the maximum principle stress direction is about 45◦ .
The resulting load-displacement diagrams are shown in Figure 4. For the purpose of comparison, the structural response computed from the geometrically linearized model as presented
in [22] is illustrated as well. As shown in Figure 4, the results obtained from the finite strain
model are independent with respect to the spatial discretization. Furthermore, since the maximum displacement is relatively small (u = 0.159099 cm), the load-displacement diagrams
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mesh I

mesh II

mesh III

mesh IV

Figure 3: Numerical study of the tension test: distribution of the internal variable α representing
the relative shear sliding displacement as obtained from the proposed finite element formulation (1-fold magnification of the displacements); solution corresponding to the final stage of
deformation (q(α) = 0).

Reaction force F [kN]

400

geom. lin.
mesh I
mesh II
mesh III
mesh IV

200

0

0

0.04
0.08
0.12
Displacement u [cm]

0.16

Figure 4: Numerical study of the tension test: load-displacement diagram as obtained from the
proposed finite element formulation; material parameters according to Figure 1.
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computed from the geometrically nonlinear model are almost identical to that predicted by the
linearized finite element formulation. In summary, all results obtained numerically are identical
to the small strain analytical solution as defined by means of Equations (118) and (119).
The convergence profiles for the global N EWTON type iteration are shown in Table 1. The
Iteration i
1
2
3
4
5

Relative error of the residuals RI
mesh II
mesh III
mesh IV
7.074E+00 1.561E+00 1.922E+00
2.041E+00 3.738E-02 2.002E-01
1.947E-02 4.318E-07 1.125E-05
1.471E-06 1.168E-12 2.594E-12
4.979E-12

Table 1: Numerical study of the tension test: convergence profile of the global N EWTON type
iteration; magnitude of the load step u = 0.01 cm; relative error of the residuals in the maximum
norm; convergence tolerance for all computations tol = 10−8 .
load step considered corresponds to a displacement of the face side of u = 0.1527 cm. Although
the prescribed increment of the nodal displacement ∆u = 0.01 cm is relatively large, a rapid
rate of the convergence is observed. The asymptotically quadratic convergence shows the exact
linearization of the finite element formulation presented.

5.2 Set of material parameters II
In the previous subsection, the applicability as well as the efficiency of the proposed finite
element model has been demonstrated. However, the material parameters which have been
chosen according to [26] lead to a maximum displacement of the front size of the bar of
u = 0.159099 cm. Hence, only relatively small strains occur and consequently, geometrical
nonlinearities do not play an important role.
In this subsection, a re-analysis of the tension test as analyzed in the previous subsection
is performed. In contrast to Subsection 5.1 the material parameters according to Table 2 are
assumed.
E
2069 [kN/cm2 ]

ν
0.29 [-]

σy
300 [kN/cm2 ]

H
20 [kN/cm3 ]

Table 2: Numerical study of the tension test: material parameters.
Of course, the direction of the slip band, that is, the vector N is not influenced by the change
of the material parameters. Only the vector n is affected.
The computed load-displacement diagram is illustrated in Figure 5. Even before localization
occurs, the elastic response as predicted from the linearized model using H OOKE’s law differs
from that obtained by means of the energy functional (23).
The deviation of the maximum load computed from the linearized model to that associated
with the fully nonlinear algorithmic formulation is relatively large. With an ultimate load of
1891 kN (geometrically nonlinear) and 2400 kN (geometrically linearized), the relative difference follows to 27%. That is, the results obtained from the SDA model based on the assumption
of small strains are clearly non conservative.
After the shear band has formed completely, a global softening response is observed. However, although a linear softening evolution of the type (117) has been adopted, a non-linear
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geom. lin.
geom. nonlin.

2000

1000

0

0

2.5
5
7.5
Displacement u [cm]

10

Figure 5: Numerical study of the tension test: load-displacement diagram as obtained from the
proposed finite element formulation; material parameters: E = 2.069 · 10 3 kN/cm2 , ν = 0.29,
σy = 300 kN/cm2 , H = 20 kN/cm3 .

load-displacement diagram is computed. It is obvious that these nonlinearities result from the
finite strain kinematics. In summary, the structural response as obtained by assuming small
displacements (and strains) differs significantly from that associated with the finite strain SDA
finite element formulation as presented in this paper.
It is interesting to note that the face side displacement u corresponding to a completely
softened bar is independent of geometrically nonlinear kinematics. However, this is quite evident. According to Equation (117), αmax = σy /H. Hence, at the time when √
the structure
fails
√
(q = 0), the material displacement jump J is computed as J = σy /H [0; 1/ 2; 1/ 2]. Since
a stress free, completely softened bar is locally characterized by S = 0 ⇐⇒ F̄ = 1, the
displacement jump [ u]] is equivalent to its material counterpart J , i.e. [ u]] = J (in general,
[ u]] = F̄ · J ). As a consequence,
√the maximum displacement in the direction of the axis of the
bar is computed as [[[u]]]3 = 1/ 2 σy /H. Clearly, this result is identical to that predicted by
the geometrically linearized model.

6 CONCLUSION
An algorithmic formulation for the numerical modeling of strong discontinuities at finite strains
has been presented. The proposed finite element model has been embedded into a fully threedimensional framework. Assuming inelastic deformations to be localized, the material response
has been described by means of a traction-separation law connecting the traction vector at the
internal surface of strong discontinuities to the displacement jump. Referring to the yield function and the evolution equations defining the traction-separation law, no special assumption
has to be made. As a consequence, the finite element formulation presented can be applied to
any plasticity based interface law including isotropic and kinematic hardening, associative and
non-associative evolution equations and arbitrary symmetry groups describing the anisotropic
elastic or inelastic material response. Furthermore, interface laws taking stiffness degradation
into account by means of damage induced displacements can be used as well.
Instead of enforcing an ad hoc traction-separation law, this law has been derived thermodynamically consistently from potentials. In the case of associative evolution equations, the
interface model is defined by the space of admissible stresses and the postulate of maximum
dissipation. It is interesting to note that the structure of the (discrete) cohesive material model
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is formally identical to that of standard (continuous) finite strain plasticity theory. More precisely, if the dissipation is computed with respect to the intermediate configuration defined by
an unloaded state (locally), this inequality is equivalent to that of nowadays classical plasticity
theory. Hence, it is canonical to formulate the space of admissible stresses in terms of M ANDEL
stresses.
Based on the fact that the structure of the class of interface models proposed is identical
to that of standard computational plasticity, an efficient algorithmic framework has been presented. Borrowing the ideas of classical computational plasticity, a return-mapping algorithm
is applied. That is, in contrast to most other models based on strong discontinuities, a staggered
solution strategy is employed. In the first step, the continuous displacement field is computed
by assuming a fully elastic load step. Subsequently, if inelastic loading is signaled, a corrector
step is computed. Analogously to the theoretical part of the paper, the presented numerical
model is formally identical to that of its continuous counterpart. However, instead of defining
the yield function and the evolution equations in terms of the M ANDEL stress tensor, the stress
vector is chosen. By this procedure, the number of unknowns is reduced leading to an increase
in the efficiency.
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A Derivation of formula: dT̄ = −AJ · dJ; Equation (85)

The goal of this section is to derive the moduli AJ connecting the material displacement jump
J to the traction vector T̄ for a fixed conforming displacement field û. With the identity T̄ =
C̄ · S · N , the linearization

dT̄ = d C̄ · S · N
(120)
is computed in three steps.
Step 1: Linearization of T̄ with respect to the right C AUCHY-G REEN tensor C̄. Applying the
identity T̄ = C̄ · S · N , linearization yields



1
sym
d C̄ij Sjk Nk =
Iijpl Sjk Nk + C̄ij Cjkpl Nk dC̄pl
2
{z
}
|
C
(121)
=: Aipl




(2) 
1
=
N · S · Isym + N · C̄ · C : dC̄
2
i

or alternatively, in tensor notation


d C̄ · S · N = AC : dC̄.

(122)
T

Step 2: Linearization of C̄ with respect to F̄ . Differentiating of C̄ = F̄ · F̄ results in


dC ij = d F̄ikT F̄kj = Ikilp F̄kj + Ikjlp F̄ki dF̄lp
(123)
{z
}
|
=: Tijlp

or equivalently,

dC̄ = T : dF̄ .

(124)
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Step 3: Linearization of F̄ with respect to J (for fixed û). From
F̄ n+1 = 1 + GRADûn+1 − F̄ n+1 · J n+1 ⊗ GRADϕ.

(125)



dF̄ij = −d F̄ik Jk GRADϕj = − Iiklp Jk dF̄lp + F̄ik dJk GRADϕj

(126)


(Iijlp + Iiklp Jk GRADϕj ) dF̄lp = − F̄ik GRADϕj dJk .
|
{z
}
|
{z
}
=: Aijlp
=: Pijk

(127)

dF̄ = −G · dJ ,

(128)

G = A−1 : P.

(129)

AJ = AC : T : G.

(130)

the identity

is obtained. Equation (126) can be rewritten as

Hence, finally, linearization of F̄ with respect to J yields

with
By Combining Steps 1-3, the desired linearization is computed by means of the chain rule as

B Derivation of the third-order tensor J ; Equation (96)

At a converged state of the return-mapping algorithm characterized by R = 0 and φ = 0 (cf.
Subsection 4.3), the linearization of J with respect to T̄ , q and ∆λ is given as
dJ = d∆λ ∂T̄ g + ∆λ ∂T̄2 ⊗T̄ g · dT̄ + ∆λ ∂T̄2 ⊗q g · dq,

(131)

cf. Equation (83). Finally, inserting Equations (92)-(94) yields
dJ = J : GRAD∆û,
with

h

∂T̄2 ⊗T̄ g

∂T̄2 ⊗q

(132)
i

−1

· A[21] · AJ · AC : T
· A[11] +
J = ∆λ
h
i
2
− ∆λ ∂T̄ g · ∂T̄2 ⊗T̄ g + ∆λ ∂q h · ∂q⊗
g
−
∂
g
T̄
T̄
"
#

J −1
C
∂T̄ φ · A[11] + ∂q φ · A[21] · A
·A :T
⊗
.
∇φT A ∇M

(133)

C A simplified return-mapping algorithm for models based
on a time invariant direction of the displacement jump
(Ṁ = 0)
In this section, an evolution of the displacement discontinuity of the type
J̇ = λ M ,

with Ṁ = 0.

(134)
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is considered. That is, the direction of the material jump J is assumed as time invariant. Furthermore, a yield function according to
φ(T̄ , q) ≤ 0,

with φ = Teq (T̄ ) − q(α)

(135)

is assumed. In Equation (135), Teq represents an equivalent stress measure defining the space
of admissible stresses. Clearly, the assumptions (134) and (135) are very restrictive. However,
for two-dimensional problems, they are reasonable in many cases. For instance, in [25, 36]
the formation of slip bands is analyzed numerically by means of a SDA based finite element
formulation. In these references, the respective models comply with the restrictions (134) and
(135).
Since the evolution equations for J and α depend only on ∆λ, the return-mapping algorithm
reduces to a single scalar valued equation, i.e.
φ(T̄ n+1 , qn+1 ) = 0

⇒

(136)

∆λn+1 .

For the model considered, the linearization of φ necessary for a N EWTON type iteration reads
∂(C̄ · S) ∂ C̄
:
: dF̄ − ∂α q sign[d∆λ] d∆λ.
∂ C̄
∂ F̄
By applying the identity (û = const during the N EWTON iteration)

dF̄ = −d∆λ A−1 : F̄ · M ⊗ GRADϕ ,
dφ = (∂T̄ φ ⊗ N ) :

Equation (137) is rewritten as
h

∂(C̄ · S) ∂ C̄
:
: A−1 : F̄ · M ⊗ GRADϕ
dφ = − (∂T̄ φ ⊗ N ) :
∂ C̄
∂ F̄
i
+∂α q sign[d∆λ] d∆λ =: F d∆λ.

(137)

(138)

(139)

As a consequence, the resulting iterative solution scheme is obtained as
φn + Fn d∆λ = 0

⇒

∆λn+1 = ∆λn + d∆λ

⇒

J n+1 , αn+1 .

(140)

Based on J n+1 the updated A−1 (J n+1 ) and subsequently, F̄ n+1 is computed, cf. Equation (61).
As a consequence, the state variables at step n + 1 are completely known and the next iteration
step can be calculated.
Next, the algorithmic tangent will be derived. For that purpose, the linearization of F̄ with
respect to the conforming displacement field û has to be computed, cf. Subsection 4.4 and
Equation (97). At a converged state, that is, φn = 0, the linearization of F̄ reads


dF̄ = A−1 : GRAD∆û − d∆λ F̄ · M ⊗ GRADϕ .
(141)
Inserting Equation (141) into Equation (137), the identity
d∆λ =

1
W : GRAD∆ū,
F

with

(142)

∂(C̄ · S) ∂ C̄
:
: A−1
(143)
∂ C̄
∂ F̄
is obtained. Finally, by combing Equation (142) with Equation (141), the desired linearization
can be computed. It results in


1
−1
(144)
dF̄ = A : I − F̄ · M ⊗ GRADϕ ⊗ W : GRAD∆û.
F
W = (∂T̄ φ ⊗ N ) :
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