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Universitätsstr. 150, D-44780 Bochum, Germany
E-Mail: guenther.meschke@sd.ruhr-uni-bochum.de

URL: www.sd.ruhr-uni-bochum.de

SUMMARY

This paper is concerned with an analysis of the mesh dependence of results from numerical failure anal-
yses using the Strong Discontinuity Approach (SDA) based on an analytical and numerical comparison
with a standard plasticity model, pertaining to the classical fracture energy based smeared crack concept
using a consistent characteristic length. The SDA is characterized by incorporating the kinematics of
fractured solids locally within the finite element. The resulting jumps in the displacement field are cap-
tured by their corresponding singularly distributed strains. For the analytical and numerical study of the
mesh dependence only mode I failure is considered. Analogies and differences of both finite element
formulations are investigated and evaluated.

1 Introduction

Despite considerable progress made in the numerical analysis of strain softening materials,
computational failure analysis of materials undergoing fracture processes such as cracking in
cementitious and other quasi-brittle materials or shear failure zones occurring in metallic mate-
rials and in soils, still remains an issue of intensive and controversial discussion in the scientific
community.

From the mathematical and numerical point of view, initiation of strain localization results
in the loss of ellipticity of the governing (static) equations and a lack of invariance of the com-
putational results with respect to the spatial discretization if softening continuum models are
employed, see, e.g. [11] for a more detailed account. In the last decade, various enhanced con-
stitutive models suitable for the regularization of ill-posed strain softening problems, such as
nonlocal models [5, 31], gradient-enhanced models [12, 23] and COSSERAT continua [10, 38],
have been proposed. These models eliminate the pathological influence of the discretization.
Moreover, as was show in [14], also the influence of the mesh orientation is reduced. Each of
the enhanced models makes use of an internal length parameter related to the specific mate-
rial. These approaches, however, require a sufficiently fine resolution of the localization zone to
guarantee mesh objectivity. Consequently, the required computational costs may be prohibitive
for large scale applications.
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Alternative approaches, in which the multiscale character of the underlying problem is taken
into account, have been proposed. One of the first publications on the incorporation of the fi-
nal failure kinematics into standard finite elements goes back to JOHNSON & SCOTT [16].
In addition to continuous shape functions, they employed discontinuous shape functions in
the respective finite element as well. A more detailed insight into the incorporation of strong
displacement discontinuities within classical local elasto-plastic and elasto-damage continuum
models was provided by SIMO, OLIVER & ARMERO [35]. This concept is based on a local
decomposition of the displacement field into a continuous and a discontinuous part without
enforcing C0 continuity of the field of the displacement discontinuities. In the Strong Disconti-
nuity Approach (SDA), suggested by SIMO, OLIVER & ARMERO [35] and further elaborated
by [2, 15, 22, 26, 32], among several others, the failure kinematics of solids, i.e. crack opening
in brittle materials or sliding along shear failure zones in metallic materials, is approximated by
means of discontinuous displacement fields locally embedded within the finite elements under-
going localization. Hence, no compatibility of the discontinuities across elements is required.
Applying the Enhanced Assumed Strain (EAS) concept [36, 37], only the (enhanced) strains
resulting from the discontinuous displacement field appear explicitly in the formulation (see
[29, 34, 35]). Since the small scale (characterized by discontinuous displacement fields) is in-
corporated into the large scale (characterized by a smooth, compatible displacement field), this
method is suitable for large scale structural applications. As far as the influence of the dis-
cretization on the computational results is concerned, numerical studies have been performed
by [2, 26, 32].

More recently, the concept of discontinuous displacements has been incorporated within
a finite element formulation based on the Partition of Unity concept [4]. In this approach,
referred to as the Extended Finite Element Method (X-FEM), the displacement discontinuities
are represented by means of additional degrees of freedom [18]. In case of crack analyses
based on linear elastic fracture mechanics, the crack path is represented independently of the
discretization. However, for cohesive crack models, a crucial issue relevant for the discretization
influence remains the accurate determination of the crack direction at the crack tip.

In the present paper, the incompatible, local enhancement of the displacement field sug-
gested by SIMO, OLIVER & ARMERO is analyzed with respect to mesh objectivity. More pre-
cisely, the influence of the mesh bias on numerical results from SDA based analyses is studied
numerically as well as analytically, Only mode-I fracture is considered. Comparative evalua-
tions are provided for rotating as well as for fixed discontinuities, using the specific formulation
proposed in [20, 22], in which no crack path continuity is enforced, and considering constant
strain elements. Since for constant strain elements, assuming fixed orientations of the cracks,
this specific formulation and existing EAS formulations of the SDA [2, 7, 15, 28, 34, 40] are
equivalent on the element level, the results obtained from the comparative evaluation at the ele-
ment level also hold for other existing SDA-based models. A standard plasticity based smeared
crack model without any nonlocal enhancements, using the consistent characteristic length ac-
cording to OLIVER [25], is taken as a means of comparison.

The paper is organized as follows: In Section 2 the governing equations of single surface
plasticity are summarized briefly. Section 3 is concerned with a fracture energy based regular-
ization technique applying the consistent characteristic length according to OLIVER [25]. The
strong discontinuity approach (SDA) is described in Section 4. Section 5 is concerned with an
analytical comparison between the SDA and the smeared crack model. Analogies and differ-
ences of both finite element formulations are investigated and evaluated. Detailed numerical
comparisons between both models are given in Section 6. The computations include the anal-
ysis of a notched concrete beam (Subsection 6.1) as well as the analysis of an L-shaped slab
(Subsection 6.2).
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2 Elasto-plastic modeling of mode-I failure
Rate-independent plasticity theory is used in this paper as a prototype model for mode-I failure
in brittle materials for the comparative assessment. The respective set of governing equations of
associative single surface plasticity for the geometrically linear theory is summarized in Fig. 1
(see e.g. [8, 17, 33]).

1. Elastic constitutive equations:

σ = C : (ε − εp) with:
C :=

∂σ

∂(ε − εp)
= const.

ε := ∇
su

(1)

2. Space of admissible stress states (single surface plasticity):

Eσ := {(σ, q) ∈ S × R | φ(σ, q) ≤ 0} (2)

3. associative flow rule:
ε̇p = λ

∂φ

∂σ
= λ ∂σφ (3)

4. associative hardening law:

q̇ = ∂αq α̇ = −H α̇ with: α̇ = −λ ∂qφ (4)

5. KUHN-TUCKER conditions

λ ≥ 0, φ(σ, q) ≤ 0, λ φ(σ, q) = 0 (5)

6. Consistency condition
λ φ̇ = 0 (6)

Figure 1: Classical rate-independent associative single surface plasticity with isotropic harden-
ing/softening

For the modeling of cracks, the RANKINE criterion represents a suitable choice of the failure
function φ. From the definition of the maximum principle stress σA

σA := max
1≤i≤3

σi, with σ =

3∑

i=1

σi ni ⊗ ni, (7)

together with the normalizing conditions ni · nj = δij, the RANKINE failure surface can be
recast in the form

φ(σ, α) = (nA ⊗ nA) : σ − q(α). (8)

In Eq. (8) nA ⊗ nA is the eigentensor corresponding to the eigenvalue σA.

3 Fracture energy concept
Without consideration of regularization techniques, results from finite element analyses based
upon standard strain softening continuum models show a considerable mesh dependence, see
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e.g. [11]. A simple, but nevertheless efficient concept to avoid the dependence of the results
with respect to the resolution of the spatial discretization goes back to PIETRUSZCZAK & MROZ
[30]. According to this model, the softening modulus H (see Eq. (4)) depends on the fracture
energy per unit of crack surface Gf and on the geometry of the respective finite element. From
this assumption, the relationship

Gf :=
E

As
=

E

V
︸︷︷︸

gf

lc =

αu∫

α=0

q(α) dα

︸ ︷︷ ︸

gf

lc (9)

between the fracture energy Gf and the fracture energy gf per unit of volume can be derived. In
Eq. (9) E represents the total dissipated energy in an element with the volume V required for
the formation of a macro crack with the area As. According to Eq. (9), the relation between Gf

and gf is provided by the characteristic length lc.
Various definitions of this numerical length scale lc have been proposed [9, 24, 25]. One

formulation for lc consistent with the chosen finite element discretization has been suggested
by OLIVER [25]. In this model, the orientation of the crack within a finite element is taken into
account. Considering two-dimensional finite elements, a crack corresponds to a jump in the
displacement field, which is obtained as the limiting case of two singular lines converging to
each other.

Introducing a singular line ∂sΩ within a domain Ω implies the disjunct decomposition of the
body

∂sΩ ∪ Ω+ ∪ Ω− = Ω and ∂sΩ ∩ Ω+ ∩ Ω− = ∅. (10)

With the definition of the normal vector n of the crack, which is assumed as a plane surface
within the element, the set Ω+ is specified as

Ω+ := {X ∈ Ω | A ∈ ∂sΩ, (X − A) · n > 0} . (11)

In what follows, all variables (•)+ are associated with points in Ω+. With these definitions, the
displacement field is assumed as

u = ū + [[u]] Hs. (12)

In Eq. (12) ū represents a smooth function (ū ∈ C∞(R3, R3)), [[u]] denotes the displacement
discontinuity in the point A defined by

[[u]] (A) := lim
X

+
→A

u(X+) − lim
X

−

→A
u(X−) ∀ A ∈ ∂sΩ (13)

and Hs is the HEAVISIDE function

Hs : R
3 → R

X 7→

{
1 if X ∈ Ω+

0 if X ∈ Ω− ∪ ∂sΩ.
(14)

Instead of the kinematic (12), OLIVER started with the approximation

[[u]] Hs ≈ [[u]] ϕ, with ϕ ∈ C∞(R3, R). (15)

The smooth ramp function ϕ was designed by means of the standard shape functions Ni(ξ) and
specified as

ϕ =

n
Ω+

∑

i=1

Ni(ξ). (16)
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Consequently, u ∈ C0(R3, R3). Since suppϕ = Ω, the displacement discontinuity [[u]] is
“smeared” over the domain Ω (“smeared crack” model). From the definition of the fracture
energy Gf , together with the GAUSS theorem, the total dissipated energy E was computed in
[25] for plane elements. The extension to the fully three-dimensional case yields [21], [19]

E =

∫

Ωe

Gf
∂ϕ

∂X
· n dV. (17)

Combining Eq. (17) with Eq. (9), results in

lc = (∇ϕ · n)−1, with ∇ϕ :=
1

V

∫

Ω

∇ϕ dV. (18)

For constant strain finite elements the identity ∇ϕ = ∇ϕ holds.
In Fig. 2b, the characteristic length lc according to Eq. (18) obtained from the equilateral

constant strain triangle (Fig. 2a) is plotted as a function of the crack orientation θ. From Fig. 2b
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Figure 2: Equilateral triangle (edge length 1.0): a) Geometry, node numbering, crack orientation
n and global coordinate system, b) characteristic length lc(n(θ)) according to OLIVER [25]

follows, that lc(θ) ∈ C0(2π, R+). In more general cases, i.e. for quadrilateral and higher order
elements, lc(θ) /∈ C0(2π, R+).

Remark 1: For stress based crack formulations in the framework of plasticity and damage
theory (see [22]), the topology of ∂sΩ is not fixed and depends on the stress tensor σ. As a
consequence, lc =lc(σ) has to be considered in the linearization in the context of the algorithmic
formulation.

4 Elasto-plastic crack models considering embedded
displacement discontinuities

In contrast to the formulation of lc according to [25], based on the limiting case of two singular
surfaces leading to jumps in the displacement field, the Strong Discontinuity Approach ([35],
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[28]) is directly based upon the additive decomposition of the displacement field u into a C0

smooth function ū and a discontinuous part û

u(X) = ū(X) + û(X), (19)

with
û(X) = [[u]] Ms(X), Ms(X) = Hs(X) − ϕ(X). (20)

The function Ms(X) is decomposed into a jump part, described by the Heaviside function
Hs(X) and the smooth function ϕ(X) necessary to prescribe the DIRICHLET boundary condi-
tions in terms of ū (see [35] for further details). Fig. 3 shows two possible modes of the function
Ms(X) = Hs(X) − ϕ(X) for a plane 4-node finite element [22]. Restricting the model to the

a) b)

Figure 3: Two possible modes of discontinuous shape function Ms(X)=Hs(X)− ϕ(X) based
on bi-linear functions for ϕ(X): a) A crack cuts two adjacent sides of the finite element, b) a
crack cuts two opposite sides of the finite element

geometrically linear theory, the strain tensor is obtained from Eq. (19) and (20) as

ε(u) = ∇
su = ∇

sū − ([[u]] ⊗ ∇ϕ)s

︸ ︷︷ ︸

ε̃

, ∀X ∈ Ω±, (21)

with
[[u̇]] = ζ̇ m. (22)

The assumption ∇ [[u]] = 0 implicitly assumed in Eq. (21) can be motivated by the finite
element implementation (see [3, 6, 22, 34]). Consequently, the amplitude of the displacement
jump ζ as well as its direction m are taken as constant with respect to a local neighborhood.
Since the RANKINE criterion is applied for the analysis of concrete cracking, m coincides with
nA.

Remark 2: The equivalence m = n = nA only holds for rotating crack approaches.
For fixed crack models (ṅ = 0), this restriction would lead to an unrealistic increase of the
shear component of the traction vector. Consequently, for fixed crack approaches an additional
restriction for the shear component has to be applied. For mode I failure, a SDA-based fixed
crack model is described in the Appendix.

Using the standard interpolation functions Ni for the design of the function ϕ(X), the gra-
dient ∇ϕ is given as

∇ϕ =

n
Ω+

∑

i=1

∂Ni

∂X
. (23)
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Since the additive decomposition (21) is formally identical to the standard Enhanced Assumed
Strain concept (EAS), see e.g. [36, 37], the original implementation was based on this concept
(see [29, 34, 35]). Hence, the stationarity condition of the respective two field functional reads

∫

Ω

∇η̄ : σ(∇sū, ε̃) dV =

∫

Ω

f · η̄ dV +

∫

Γσ

t∗ · η̄ dΓ
∫

Ω

γ̂ : σ dΩ = 0,
(24)

with

η̄ =

nnode∑

i=1

Ni η̄i. (25)

In Eq. (24)2 γ̂ represents the normalized variations of the enhanced strains, f denotes prescribed
body forces and t∗ the NEUMANN boundary conditions, respectively. Following a PETROV-
GALERKIN discretization of the enhanced strains, SIMO & OLIVER specified γ̂ as (see [34])

γ̂ = −
As

V
(m ⊗ n)sym + (m ⊗ n)sym δs, with δs n = ∇Hs. (26)

If constant strain elements are considered, Eq. (24)2 yields

(m ⊗ n) : σ = (m ⊗ n) : σ|∂sΩ. (27)

Hence, Eq. (24)2 represents the weak form of traction continuity between Ω± and ∂sΩ. Intro-
ducing the definition q(ζ) := (m⊗n) : σ|∂sΩ, the strong form of Eq. (24)2 is formally identical
to a failure condition

φ(σ, q) := (m ⊗ n) : σ − q(ζ) = 0. (28)

As a consequence, the algorithmic implementation can be restricted to the material point level
(see [6, 20, 22]). In contrast to classical continuum models, Eq. (28) has the physical interpre-
tation of a traction separation law connecting the component m · t of the traction vector t with
the amplitude ζ of the displacement discontinuity [[u]]. For the case of the RANKINE criterion,
Eq. (28) results in the traction separation law

φ(σ, ζ) = (nA ⊗ nA) : σ − q(ζ), (29)

which relates the normal component of the stress vector t to the normal component of the
displacement jump [[u]]. According to [35], the fracture energy can be computed as

Gf =

ζu∫

ζ=0

q(ζ) dζ. (30)

The amplitude of the displacement jump ζu corresponds to an open macro-crack.
Remark 3: For constant strain elements Eq. (24)2 is equivalent to Eq. (28). Consequently,

no differences between the EAS formulation proposed in [2, 7, 15, 26–28, 34, 40] and the
implementation suggested in [6, 20, 22] exist.
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5 Comparative study of embedded discontinuity approaches
and fracture energy based smeared crack models

This section contains a comparative study between the smeared crack and the embedded crack
model as described in Sections 3 and 4. Since different implementations of embedded disconti-
nuity approaches exist, the comparison is restricted to constant strain elements. Consequently,
no differences between SDA-implementations formulated on the element level and implemen-
tations formulated on the material point level exist (see Remark 3). In contrast to [2, 7, 15, 26–
28, 34, 40], a rotating crack approach (ṅ 6= 0) is followed [22]. Consequently, crack path
continuity cannot be enforced. Since the discontinuous displacement field is approximated in
an incompatible sense, the modeling of rotating discontinuities is admissible. As shown in
[22], a rotating crack approach reduces locking effects observed in numerical analyses based on
single fixed crack approaches.

The comparison is based on a single two-dimensional finite element as shown in Fig. 2
which is subjected to a state of plane stress characterized by

σ := σA n(θ) ⊗ n(θ) with nT (θ) = [cos θ, sin θ]. (31)

Hence, the vector nA corresponding to the maximum principle stress is given as

nA = n(θ). (32)

The stress state assumed in Eq. (31) is sufficient for the present studies, since only the maxi-
mum principle stress enters the RANKINE failure criterion (29). For the elastic response of the
material HOOKE’s law, characterized by a constant tensor of elastic stiffness

C =
E

1 + ν
I
sym +

E ν

1 − ν2
1 ⊗ 1, (33)

is adopted. In Eq. (33) Isym denotes the symmetric fourth order identity tensor and 1 represents
the second order identity tensor, respectively. In what follows, for the sake of simplicity, it is
assumed that the crack, characterized by the normal vector n, is located in the centroid of the
element. It should be noted, however, that the following study also holds for arbitrary locations
of the crack within an element.

The gradient of ϕ according to Eq. (23) is computed as

∇ϕ =







∀ θ ∈ (0◦, 60◦) ∇ϕT = [1.0, 0.57735]
∀ θ ∈ (60◦, 120◦) ∇ϕT = [0, 1.1547]
∀ θ ∈ (120◦, 180◦) ∇ϕT = [1.0, −0.57735].

(34)

According to Eq. (18), the characteristic length lc is obtained as

lc =







∀ θ ∈ (0◦, 60◦) lc = 1
cos θ+0.57735 sin θ

∀ θ ∈ (60◦, 120◦) lc = 1
1.1547 sin θ

∀ θ ∈ (120◦, 180◦) lc = 1
cos θ−0.57735 sin θ

(35)

(see Fig. 2b).
For both models a linear softening law is used. Enforcing that the energy dissipated along

the opening of a crack equals the fracture energy Gf , yields the softening modulus of the SDA-
model:

q(ζ) = ftu − Hζ ζ ⇒ Gf =
1

2

f 2
tu

Hζ

⇒ Hζ =
1

2

f 2
tu

Gf

, (36)
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with Hζ as the constant softening modulus governing the traction - crack opening relation. For
the smeared crack concept, the softening modulus is obtained as

q(α) = ftu − H(θ) α ⇒ Gf =
1

2

f 2
tu

H(θ)
lc(θ) ⇒ H = Hζ lc(θ). (37)

Hence, the softening modulus H depends on the orientation of the normal vector of the crack
surface via the characteristic length lc.

Next, a discrete loading step leading to an increment of crack opening ∆ζ and ∆εpl(θ) is
considered. Introducing a trial state (•)tr, characterized by a purely elastic response within the
considered increment ∆t = tn+1 − tn of the pseudo time t, together with an implicit backward
EULER integration, the stress state at tn+1 is obtained from the fracture energy based smeared
crack model (Eq. (1)) as

σn+1 = σtr
n+1 − C : (n(θ) ⊗ n(θ)) ∆λ, (38)

with the increment of the plastic multiplier ∆λ := λ ∆t. From the discrete yield condition
φn+1 = 0 the increment ∆λ is obtained as

∆λ(θ) =
φtr

(n(θ) ⊗ n(θ)) : C : (n(θ) ⊗ n(θ)) − Hζ lc(θ)
. (39)

Analogously, the rate of the amplitude of the displacement jump ∆ζ resulting from the embed-
ded crack model is obtained as

∆ζ(θ) =
φtr

(n(θ) ⊗ n(θ)) : C : (n(θ) ⊗ ∇ϕ) − Hζ

. (40)

From Eq. (39) the increment of the plastic strain tensor ∆εp and the corrector increment of the
stress tensor σ are computed for the smeared crack model as

∆εpl(θ) = (n(θ) ⊗ n(θ)) ∆λ(θ) and ∆σ(θ) = −C : ∆εpl(θ). (41)

Analogously, the increments of the enhanced strains and the corrector increment of the stress
tensor of the embedded crack model are given as

∆ε̃(θ) = (n(θ) ⊗ ∇ϕ)sym ∆ζ(θ) and ∆σ(θ) = −C : ∆ε̃(θ). (42)

For a graphical illustration of Eqs. (39) to (42), the material parameters contained in Tab. 1
are used. The trial stress is assumed as σtr

A = 1.5ftu.

E ν Gf ftu

1000 [kN/m2] 0.3 0.01 [kNm/m2] 1.0 [kN/m2]

Table 1: Comparative study between smeared and embedded crack models: Material parameters

Fig. 4 illustrates the dependence of the components of ∆ε̃ and ∆εp on the crack angle θ. A
comparison of ∆σ obtained from Eqs. (41) and (42), respectively, is illustrated in Fig. (5). Fig. 6
contains the rate of the amplitude of the displacement jump (40) vs. the plastic multiplier (39).

In contrast to the smeared crack model based on the characteristic length proposed in [25],
the diagrams obtained from the embedded crack model in Fig. 4 are not continuous at θ =
60◦ and θ = 120◦. The crack orientations θ = 60◦ and θ = 120◦ correspond to a crack
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Figure 4: Comparative study between smeared crack models (SCM) and embedded crack mod-
els (SDA): Comparison of components of plastic strain increment ∆εp (fracture energy based
smeared crack model) and increment of enhanced strain tensor ∆ε̃ (embedded crack model) for
a given loading step: a) ∆ε̃11 vs. ∆εp

11, b) ∆ε̃22 vs. ∆εp
22, c) ∆ε̃12 vs. ∆εp

12

crossing element node 1 and 3, respectively (see Fig. 2a). For θ = 60◦ and θ = 120◦ the
mapping ϕ has a discontinuity, which leads to non-smooth tensorial functions ∆ε̃(θ). For
θ = 30◦, θ = 90◦ and θ = 150◦ the results of the SDA and the fracture energy based smeared
crack model are equivalent. These orientation are characterized by cracks parallel to an edge
of the finite element. As a consequence, the vectors n and ∇ϕ are linearly dependent and the
PETROV-GALERKIN approximation of the enhanced strains degenerates to a GALERKIN type
approximation. Since an isotropic elastic material is considered, the tensors ∆ε̃ and ∆σ are
co-axial. Hence, the components of ∆σ as shown in Fig. 5 correspond to the components of
∆ε̃ (Fig. 4).

The dependence of the scalar variables ∆λ and ∆ζ on the crack angle θ is illustrated in
Fig.6. Both functions ∆λ(θ) and ∆ζ(θ) agree qualitatively. However, since both variables ∆λ
and ∆ζ have a different physical relevance (λ = equivalent cracking strain, ζ = crack width),
the amplitudes are, except of the singular points θ = 0◦, 60◦ and 120◦, different from each
other.

Both stress-like softening variables q(∆λ) used in the smeared crack model and q(∆ζ) used
in the SDA based crack model represent the residual tensile strength. In Fig. 7, the increments
of q(∆λ) and q(∆ζ) are plotted as functions of the crack angle θ. The distributions of q obtained
from the two models are identical. Although the resulting stresses are not necessarily identical
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Figure 5: Comparative study between smeared crack models (SCM) and embedded crack mod-
els (SDA): Comparison of components of increment of stress tensor ∆σ for a given loading
step: a) ∆σ11, b) ∆σ22, c) ∆σ12
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Figure 6: Comparative study between smeared crack models (SCM)and embedded crack mod-
els (SDA): Rate of the amplitude of the displacement jump ∆ζ vs. plastic multiplier ∆λ

(see Fig. 5), the equivalent softening response for both models at the onset of localization, as
shown above, is an analytical indicator for a similar performance in structural failure analyses.
In fact, as will be shown in Section 6 an almost identical dependence of the numerical results
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Figure 7: Comparative study between smeared crack models (SCM) and embedded crack mod-
els (SDA): ∆q(∆ζ) vs. ∆q(∆λ)

on the mesh bias is obtained from both models.
So far the comparative study was based on triangular finite elements as illustrated in Fig. 2a.

In what follows, it will be shown that the results also hold for arbitrary positions of the crack as
well as for general three-dimensional cases. For this purpose, the three-dimensional HOOKE’s
law, characterized by the free energy

Ψ(ε) =
1

2

E

1 + ν
ε : ε +

1

2

E ν

(1 + ν)(1 − 2ν)
tr2ε (43)

is considered.
In what follows, it will be shown that ∆q(∆ζ) = ∆q(∆λ). Linearization of the internal

stress-like variable q reads

−Hζ ∆ζ = ∆q(∆ζ) and ∆q(∆λ) = −H(lc) ∆λ, (44)

respectively. Eqs. (44), considering Eq. (39) and (40), yields

∆q(∆ζ) = −φtr
[
(n ⊗ n) : C : (n ⊗ ∇ϕ) H−1

ζ − 1
]−1

∆q(∆λ) = −φtr
[
(n ⊗ n) : C : (n ⊗ n) H−1

ζ l−1
c − 1

]−1
.

(45)

Consequently, for the identity ∆q(∆ζ) = ∆q(∆λ),

(n ⊗ n) : C : (n ⊗ ∇ϕ)
!
= (n ⊗ n) : C : (n ⊗ n) l−1

c . (46)

By inserting the linear elastic material law (43) into the left hand side of Eq. (46), the identity
∆q(∆ζ) = ∆q(∆λ) is shown:

(n ⊗ n) : C : (n ⊗ ∇ϕ)

=

[
E

1 + ν
(n ⊗ n) +

E ν

(1 + ν)(1 − 2ν)
1

]

: (n ⊗ ∇ϕ)

=
E

1 + ν
n · ∇ϕ +

E ν

(1 + ν)(1 − 2ν)
n · ∇ϕ

=
E (1 − ν)

(1 + ν)(1 − 2ν)
n · ∇ϕ = C1111 l−1

c

= (n ⊗ n) : C : (n ⊗ n) l−1
c 2

(47)
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The last identity in Eq. (47) follows from the restriction to isotropy

(n ⊗ n) : C : (n ⊗ n) = const ∀n ∈ R
3 with ||n||2 = 1. (48)

Note, that Eq. (47) does not imply

(n ⊗ ∇ϕ)sym = (n ⊗ n) l−1
c . (49)

Since the left hand side of Eq. (49) defines the directions of the enhanced strains and the right
hand side of Eq. (49) defines the directions of the plastic strains, respectively, ε̃ 6= εp. From
Eq. (44) and (47) follows the equivalence

∆ζ = lc ∆λ. (50)

Eq. (50) relates the plastic multiplier according to the smeared crack concept with the ampli-
tude of the displacement jump. Hence, ∆λ represents an equivalent crack strain obtained from
homogenization of the increment of the displacement jump amplitude ζ .

It should be noted, that the characteristic length concept according to OLIVER is based
on a modification of the softening modulus via the scalar valued variable lc and consequently,
this approach is restricted to isotropy. In contrast, the embedded displacement discontinuity
approach is based on the tensor of enhanced strains ε̃ which, which allows its application also
for the analyses of anisotropic materials. Hence, the identical evolution of softening is restricted
to isotropic materials.

Remark 4: In most of the existing SDA formulations a crack path continuity is enforced [3,
13, 15, 28]. However, 3D formulations of the SDA without enforcing crack path continuity also
have been proposed [22, 39, 40]. A comparison between finite element formulations with crack
path continuity and without crack path continuity can be found in [1, 15]. In these references
the influence of the crack path continuity on the computations is demonstrated. However, for
CST-elements, crack path continuity can also be enforced for the fracture energy model based
on the characteristic length according to OLIVER [25].

Remark 5: In this section, the equivalence of the softening evolution has been shown for
rotating crack approaches. The Appendix of this paper contains an analytical comparison be-
tween the smeared crack model and the embedded displacement discontinuity approach for a
fixed crack concept (ṅ = 0).

6 Numerical assessment of mesh dependence

In this section the mesh dependence of the SDA is analyzed numerically. For this purpose,
two different examples are computed by means of the embedded crack model. The results are
compared with the classical fracture energy based smeared crack model using the consistent
characteristic length according to OLIVER. For a detailed description of the specific imple-
mentation of the rotating embedded crack model, we refer to [22].

In Subsection 6.1 a notched concrete beam is analyzed numerically. According to Remark 3,
the applied implementation of the SDA model proposed in [22] is equivalent to the originally
suggested algorithmic formulation in [2, 7, 15, 26–28, 34, 40] for triangular or tetrahedral ele-
ments using static condensation. Consequently, 3 node CST elements are used in this numerical
study. For the purpose of comparison, a re-analysis is performed using 4 node quadrilateral
elements. Subsection 6.2 contains a numerical analysis of an L-shaped slab.
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Figure 8: Finite element analysis of a notched concrete beam: Dimensions (in [cm]); thickness
of the beam 0.127 m

Table 2: Finite element analysis of a notched concrete beam: Material parameters
Young modulus E 4.36 · 103 kN/cm2

Poisson ratio ν 0.2 -
tensile strength ftu 0.4 kN/cm2

Fracture energy Gf 1.195 · 10−3 kN cm/cm2

6.1 Notched concrete beam
The geometry together with the loading and the DIRICHLET boundary conditions of the notched
concrete beam are contained in Figure 8. The material parameters are contained in Table 2.
Loading on top of the beam was applied by incrementally increasing nodal displacements along
the width of the loading platen. The softening behavior of the RANKINE-type failure surface
after onset of cracking is assumed to follow the exponential law

q(α) = ftu exp

[

−α
ftu

Gf

]

, (51)

where Gf denotes the specific fracture energy of concrete in tension and ftu is the uniaxial tensile
strength of concrete. Convergence is checked according to the criterion

||ri − re||∞
||re||∞

< 10−6, (52)

where ri (re) is the vector of internal (external) forces. For the analysis of the mesh dependence,
6 different discretizations are considered (see Fig. 9). Starting with the finite element mesh 0◦,
whose element edges are aligned with the analytical solution of the crack topology, the mesh
bias is changed up to 10◦ in steps of 2◦. The finite element discretizations used for the triangular
elements were generated by subdividing each quadrilateral element into two triangles.

Remark 6: As shown in [22], a numerical analysis of the notched concrete beam by means
of a fixed crack SDA-based finite element formulation (single crack) leads to a misprediction
of the crack orientation resulting in locking effects. These drawbacks are eliminated using a
rotating crack approach.

Figure 10 contains the distribution of the internal variable |ζ|, which reflects the crack width,
obtained from the embedded displacement discontinuity model using 3 node CST elements.
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1mesh 0◦ 1mesh 2◦

1mesh 4◦ 1mesh 6◦

1mesh 8◦ 1mesh 10◦

Figure 9: Finite element analysis of a notched concrete beam: Finite element discretizations

For the discretizations with a 2◦ and 4◦ bias, a straight crack path following one row of (skew)
elements is observed. If the mesh bias is increased (meshes 6◦ to 10◦), the computed crack path
follows more than one row of elements. In all cases, a slight mesh dependence of the computed
crack path is observed.

In Figure 11 the distribution of the internal variable α representing the state of cracking
obtained from the classical fracture energy based smeared crack model using a consistent char-
acteristic length according to OLIVER is illustrated. From comparing Figures 11 and 10 it is
concluded, that both finite element formulations lead to almost identical results. To demon-
strate the influence of the mesh bias on the numerical results, the load-displacement diagrams
are shown in Fig. 12. Although the results obtained from the SDA-based crack model (Fig. 12a)
show a slightly smaller scatter for different meshes compared to the standard smeared crack ap-
proach, the results from both finite element formulations are influenced by the mesh bias. Con-
sequently, the influence of the mesh bias is not eliminated completely by means of embedded
discontinuity models without enforcing crack path continuity..

Next, a re-analysis of the notched beam using 4 node quadrilateral elements is performed.
Fig. 13 shows the distribution of the crack width |ζ| obtained from the embedded displacement
discontinuity model. The results are similar to those computed by means of triangular elements
(Fig. 10).

In Fig. 14 the distribution of the internal variable α representing the cracking state obtained
from the smeared crack model is illustrated. Similar to the results computed by means of tri-
angular elements, both cracking models predict an almost identical crack path. To estimate the
influence of the mesh bias quantitatively, the load-displacement diagrams are shown in Fig. 15.
The results obtained from the quadrilateral elements are in good agreement compared to those
of the triangular discretizations. The results from both models are not independent with respect
to the mesh bias.
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mesh 0◦ mesh 2◦

mesh 4◦ mesh 6◦

mesh 8◦ mesh 10◦

Figure 10: Finite element analysis of a notched concrete beam: Distribution of the internal
variable |ζ| representing the crack width obtained from the SDA-based crack model
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Figure 11: Finite element analysis of a notched concrete beam: Distribution of the internal
variable α obtained from the fracture energy based smeared crack model using a consistent
characteristic length according to OLIVER
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Figure 12: Finite element analysis of a notched concrete beam (CST elements): a) Load-
displacement diagram obtained from the SDA-based model; b) Load-displacement diagram
obtained from the fracture energy based smeared crack model using a consistent characteristic
length according to OLIVER

6.2 L-shaped slab

This subsection is concerned with comparative numerical analyses of an L-shaped slab by
means of the embedded crack and the fracture energy based smeared crack model. The ge-
ometry of the slab and material parameters used in the analyses are contained in Figure 16. The
RANKINE model is used for the modeling of crack opening. The post-peak response is con-
trolled by an exponential softening law q(α) = ftu exp[−α/αu] with a fracture energy assumed
as Gf=0.1 kN/m2. In contrast to the numerical analyses of the notched concrete beam, only
quadrilateral elements are used.

For the assessment of mesh dependence, 4 different discretizations are used. Four displace-
ment controlled analyses are performed by means of 48, 114, 261 and 642 4 node plane stress
elements (Fig. 17). Each of the finite element meshes is analyzed by employing both the SDA
based and the smeared crack formulation. Loading was applied by prescribing vertical displace-
ments at all nodes along the right edge of the slab. Convergence is checked according to the
criterion (52) setting tol = 1.0 · 10−8.

Figure 18 shows the distribution of the crack width |ζ| and the internal variable α obtained
from the SDA formulation and the classical smeared crack model, respectively. Both models
result in a straight crack path for the discretizations I, II and III. For a more refined discretization
(mesh IV), a slightly curved crack, which starts at the corner of the slab, is predicted. While the
results for meshes I, II and III are identical for both models, a slightly more curved crack path
is obtained from the SDA based crack model in the vicinity of the corner for mesh IV.

In Figure 19 the structural response obtained from the SDA based and the smeared crack
approach is illustrated for mesh 4. In both analyses the ultimate load is approximately predicted
as 7.1 kN. In the post-peak regime the differences between the load-displacement diagrams
from both investigated crack models are minimal.

In conclusion, both formulations show more or less the same dependence of the crack path
from the mesh bias, as was anticipated in Subsection 6.1.
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Figure 13: Finite element analysis of a notched concrete beam: Distribution of the internal
variable |ζ| representing the crack width obtained from the SDA-based crack model
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Figure 14: Finite element analysis of a notched concrete beam: Distribution of the internal
variable α obtained from the fracture energy based smeared crack model using a consistent
characteristic length according to OLIVER
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Figure 15: Finite element analysis of a notched concrete beam (4 node elements): a) Load-
displacement diagram obtained from the SDA-based crack model; b) Load-displacement dia-
gram obtained from the fracture energy based smeared crack model using a consistent charac-
teristic length according to OLIVER
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Dimensions:
L = 0.5 [m]
t = 0.2 [m]

Material parameters:
E = 1.0 · 107 [kN/m2]
ν = 0.2
ftu = 1000 [kN/m2]
Gf = 0.1 [kN/m2]

Figure 16: Finite element analyses of an L-shaped slab: Dimensions and material parameters
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mesh I mesh II

mesh III mesh IV

Figure 17: Finite element analyses of an L-shaped slab: Finite element discretizations using 48,
114, 261 and 642 bi-linear 4 node plane stress elements
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mesh I: Smeared crack model Embedded crack model

mesh II: Smeared crack model Embedded crack model

mesh III: Smeared crack model Embedded crack model

mesh IV: Smeared crack model Embedded crack model

Figure 18: Finite element analyses of an L-shaped slab. Left hand side: Distribution of the
displacement jump |ζ| obtained from the embedded crack model, right hand side: Distribu-
tion of the internal variable α obtained from the standard smeared crack model based on the
characteristic length according to OLIVER



24 J. Mosler and G. Meschke

0 0.0005 0.001 0.0015
displacement u [m]

0

2

4

6

8

Fo
rc

e 
F 

[k
N

] SDA
Oliver

Figure 19: Finite element analyses of an L-shaped slab: Load-displacement diagram obtained
from mesh 4

7 Conclusions
An analytical and numerical comparison of embedded strong discontinuity approaches (SDA)
without enforcing crack path continuity with fracture energy based smeared crack models (SCM)
has been performed in the paper. Particularly, the influence of the mesh bias of the finite ele-
ment discretization on the numerically computed results obtained from both models has been
investigated.

A comparison of the SDA employing a rotating crack formulation according to [22] with
fracture energy smeared crack models based on the characteristic length suggested by OLIVER

[25] has shown, that for constant strain finite elements, the softening response is identical for
both models at the onset of localization independent of the crack direction and crack path conti-
nuity. For fixed crack formulations, it was shown analytically, that the softening response from
both models are closely related. This result also holds for other existing (EAS-) formulations
of the SDA [2, 7, 15, 28, 34, 40], since for constant strain elements, assuming fixed orientations
of the cracks, the formulation according to [22] and the existing EAS formulations of the SDA
are completely equivalent on the element level. Although the resulting stresses obtained from
single finite element analyses are not necessarily identical, the equivalent softening response
for both models at the onset of localization is an analytical indicator for a similar performance
in structural failure analyses.

To demonstrate this equivalence in structural computations, two ultimate load analyses using
different finite element discretizations by means of plane stress 3 node CST elements as well as
4 node quadrilateral elements have been performed. From these analyses, it is concluded that
the concept of embedded displacement discontinuities without enforcing crack path continuity
is not completely independent with respect to the mesh orientation. The mesh bias of the SDA
(without crack path continuity) and the mesh bias of the fracture energy based smeared crack
model using the characteristic length according to OLIVER [25] is almost identical.

The similar evolution of softening response is restricted to isotropic materials. The charac-
teristic length concept according to OLIVER is based on a modification of the softening modu-
lus via the scalar valued variable lc and consequently, this approach is restricted to isotropy. In
contrast, the embedded displacement discontinuity approach is based on a tensor of enhanced
strains, which allows its application also for analyses of anisotropic materials.
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8 Appendix
This Appendix contains an analytical comparison between the SDA and a fracture energy based
smeared crack model using the consistent characteristic length according to OLIVER. In con-
trast to Section 5, attention is restricted to fixed crack approaches. Consequently, the normal
vector of the crack surface is assumed as constant (ṅ = 0). For the sake of simplicity, a plane
stress state is considered. However, the extension to the threedimensional case follows identical
lines.

For both models, the space of admissible stresses after the onset of cracking is postulated
by means of

Eσ = {(σ, q) | φ = (n ⊗ n) : σ − q ≤ 0 ∧ (n ⊗ m) : σ = 0} , (53)

with the unit normal vector n of the crack surface and a unit tangential vector m (m · n = 0).
In addition to the failure surface φ governing the normal component of the crack opening, the
restriction (n ⊗ m) : σ = 0 equivalent to a shear retention factor set to zero is enforced [22].
Hence, shear components of the traction vector vanish.

In the following, the first inelastic load step of a finite element analysis is considered. Ac-
cording to the spectral decomposition theorem, the stress tensor is written in the format

σtr = σtr
(n) (n ⊗ n) + σtr

(m) (m ⊗ m) . (54)

Assuming associative evolution equations, the increment of the plastic strains for the smeared
crack model is obtained as

∆εp = (n ⊗ n) ∆λ(n) + (m ⊗ n)sym ∆λ(m). (55)

In Eq. (55) λ(n) represents a plastic multiplier associated with the crack opening and λ(m)

denotes a plastic multiplier corresponding to shear sliding, respectively. Inserting the evolu-
tion (55), together with Eq. (54) into the discrete yield condition φ = 0 yields

φ = (n ⊗ n) : σtr − (n ⊗ n) : C : (n ⊗ n)
︸ ︷︷ ︸

g11

∆λ(n)

− (n ⊗ n) : C : (m ⊗ n)
︸ ︷︷ ︸

g12

∆λ(m) − q(∆λ(n)) = 0
(56)

Analogously, the condition of the shear traction component (m ⊗ n) : σ = 0 results in

(m ⊗ n) : C : (n ⊗ n)
︸ ︷︷ ︸

g21

∆λ(n) + (m ⊗ n) : C : (m ⊗ n)
︸ ︷︷ ︸

g22

∆λ(m) = 0. (57)

In Eq. (56) and (57) gij denote the components of the metric tensor of ∂Eσ assuming perfect
plasticity. For the considered material model m · n = 0 holds, resulting in g12 = g21 = 0. As
a consequence, Eqs. (56) and (57) are uncoupled. Hence, the softening response depends only
on Eq. (56). With g12 = 0, Eq. (56) is rewritten as

(n ⊗ n) : σtr − g11 ∆λ(n) − q(∆λ(n)) = 0. (58)

In analogy to Section 5, a linear softening response of the format q(∆λ(n)) = ftu−Hζ lc ∆λ(n)

is adopted. The closed form solution of the plastic multiplier yields

∆λ(n) =
φtr

g11 − Hζ lc
with φtr = (n ⊗ n) : σtr − ftu. (59)
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Next, the SDA-based cracking model is investigated [22]. Similar to Section 5, the crack
opening width ζ (n) is governed by the conjugated stress σ : (n ⊗ n). Since an additional
restriction for the shear component σ : (m ⊗ n) has been postulated, the energy conjugated
displacement jump ζ (m) has to be introduced. Consequently, the displacement jump is obtained
as

[[u]] = ζ (n) n + ζ (m) m (60)

and the regularly distributed enhanced strains result in

∆ε̃ = (n ⊗ ∇ϕ)sym ∆ζ(n) + (m ⊗ ∇ϕ)sym ∆ζ(m). (61)

Inserting Eqs. (54) and (61) into the yield surfaces (53), together with a linear softening response
of the format q(ζ (n)) = ftu − Hζ ζ(n) yields

φtr−g11 ∆ζ(n) − g12 ∆ζ(m) + Hζ ∆ζ(n)= 0

g21 ∆ζ(n) + g22 ∆ζ(m) = 0,
(62)

with the coefficients

g11 = (n ⊗ n) : C : (n ⊗ ∇ϕ) g12 = (n ⊗ n) : C : (m ⊗ ∇ϕ)
g21 = (m ⊗ n) : C : (n ⊗ ∇ϕ) g22 = (m ⊗ n) : C : (m ⊗ ∇ϕ).

(63)

In contrast to the smeared crack model, g12 6= 0 in general. Eliminating ζ (m), Eqs. (62) results
in

φtr −
[

g11 −
g12 g21

g22
︸ ︷︷ ︸

g̃11

]

∆ζ(n) + Hζ ∆ζ(n) = 0, (64)

and

∆ζ(n) =
φtr

(g11 − g̃11) − Hζ

, (65)

respectively. From a comparison of Eq. (65) and (59), it is concluded that the difference between
the softening evolution of the smeared crack model and the SDA-based approach depends on
the coefficient g̃11. For the case of HOOKE’s law, the components gij are obtained as

g11 = C1111 (n · ∇ϕ) g12 =
E

1 − ν2
(m · ∇ϕ)

g21 =
1

2

E

1 + ν
(m · ∇ϕ) g22 =

1

2

E

1 + ν
(n · ∇ϕ)

(66)

and consequently, the ratio between g11 and g̃11 is computed as

g̃11

g11

= ν

(
m · ∇ϕ

n · ∇ϕ

)2

. (67)

According to Eq. (67), this ratio depends on the POISSON’s ratio ν as well as on a geometrical
factor. For equilateral triangle elements the estimate

(
m · ∇ϕ

n · ∇ϕ

)2

≤
1

3
(68)

holds. Since for concrete ν is approximately equal to 0.2, the final estimate

g̃11

g11
≤

1

15
(69)

is obtained. Consequently, the softening response of the smeared crack model is closely related
to that of the SDA-based cracking model, also if a fixed crack approach is adopted.
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[12] R. De Borst and H.B. Mühlhaus. Gradient-dependent plasticity: Formulation and algorith-
mic aspects. International Journal for Numerical Methods in Engineering, 35:521–539,
1992.

[13] K. Garikipati. On strong discontinuities in inelastic solids and their numerical simulation.
PhD thesis, Stanford University, 1996.
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