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SUMMARY

A novel finite element formulation suitable for computing efficiently the stiffness distribution in
soft biological tissue is presented in this paper. For that purpose, the inverse problem of finite
strain hyperelasticity is considered and solved iteratively. In line with (Arnold et al. 2010 Phys.
Med. Biol. 55 2035), the computing time is effectively reduced by using adaptive finite element
methods. In sharp contrast to previous approaches, the novel mesh adaption relies on an r-
adaption (re-allocation of the nodes within the finite element triangulation). This method allows
to detect material interfaces between healthy and diseased tissue in a very effective manner.
The evolution of the nodal positions is canonically driven by the same minimization principle
characterizing the inverse problem of hyperelasticity. Consequently, the proposed mesh adaption
is variationally consistent. Furthermore, it guarantees that the quality of the numerical solution
is improved. Since the proposed r-adaption requires only a relatively coarse triangulation for
detecting material interfaces, the underlying finite element spaces are usually not rich enough for
predicting the deformation field sufficiently accurately (the forward problem). For this reason,
the novel variational r-refinement is combined with the variational h-adaption (Arnold et al.
2010 Phys. Med. Biol. 55 2035) to obtain a variational hr-refinement algorithm. The resulting
approach captures material interfaces well (by using r-adaption) and predicts a deformation
field in good agreement with that observed experimentally (by using h-adaption).

1 Introduction

Elasticity imaging also known as elastography is a non-invasive medical imaging tech-
nology allowing to visualize the stiffness distribution in biological tissue. It represents
an effective method for detecting pathologies, e.g., breast cancer or prostate tumors,
since diseased tissue is often stiffer than the surrounding material. This method dating
back, at least, to [31], is still an active and ongoing area of biomechanical research, cf.
[7, 14, 17, 18, 29, 33].

The underlying idea of elasticity imaging is the computation of the stiffness distribu-
tion in biological tissue by comparing experimentally measured data to their numerically
predicted counterparts. More precisely, the displacement field characterizing the investi-
gated biological tissue is determined first by using ultrasound or MRI signals, together
with filtering techniques, see [30, 32]. Subsequently, this displacement field serves as in-
put for computing the stiffness contribution. For that purpose, different methods can be

1



2 A. Arnold at al.
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Figure 1: Biological tissue with one hard lump: Comparison of two different adaptive finite
element methods applied to the inverse problem in elasticity (in h-adaption, the size of
the finite elements is reduced, while the nodes are re-allocated in case of r-adaption).
Both methods detect the material interface. However, the r-adaptive scheme requires
significantly less finite elements.

applied, cf. [7, 17, 29, 41, 42]. All of them are based on certain constitutive assumptions.
Since a material model taking also large strain effects into account is considered in the
present paper, only iterative methods can be employed. Conceptually, the error between
the measured displacement field and that predicted by a nonlinear forward problem de-
pending on the unknown stiffness distribution is minimized within such methods. The
high nonlinearity of the function to be minimized, the existence of several minima and
the data noise associated with the measured displacements require special attention, cf.
[7, 15, 17, 28, 29].

For computing the forward problem within the aforementioned iterative methods, the
finite element method is usually employed. Accordingly, the numerical costs necessary
for one iteration step as well as the quality of the solution depend crucially on the un-
derlying spatial discretization. An effective way for reducing the computing time, while
maintaining or improving the quality of the numerical solution is provided by adaptive
finite element meshes, cf. [1, 45]. A first prototype of such strategies suitable for the
inverse problem of hyperelasticity was recently proposed in [2]. It is based on the varia-
tional adaptive finite element methods as advocated in [24, 26, 27]. The underlying idea
of this method is a local h-refinement governed by a variationally consistent error indica-
tor. More precisely, only those elements are refined within this approach which lead to a
significant decrease in the function to be minimized. The finite element meshes as well as
the stiffness distribution resulting from the adaptive method [2] are sketched in figure 1.
As can be seen, the material interfaces are captured by the mesh adaption, i.e., the ele-
ments’ diameters are very small at material interfaces, while they are comparably coarse
in the remaining domain. However, the number of elements necessary for detecting such
interfaces is very large. For reducing this number and thus, for increasing the numerical
efficiency further, a novel variationally consistent r-adaptive scheme is elaborated within
the present paper. Conceptually, the nodal coordinates defining the finite element trian-
gulation are optimized, cf. figure 1. Such a method has already been successfully applied
to the forward problem discretized by standard displacement-driven finite elements, cf.
[3, 21, 25, 43] (see also [11, 23]). It is closely related to classical Eshelby mechanics in
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which the deformation of material defects such as internal interfaces is studied, see [9, 10].
In the present paper, the method originally advocated in [3, 21, 25, 43] is extended in two
directions. First, since quasi-incompressible biological tissue is considered, the r-adaption
is combined with a mixed finite element formulation. Secondly and equally importantly,
it is elaborated for the inverse problem.

Since the proposed r-adaption requires only a relatively coarse triangulation for detect-
ing material interfaces, the underlying finite element spaces are usually not rich enough
for predicting the deformation field sufficiently accurately (the forward problem). For this
reason, the novel variational r-refinement is combined with the variational h-adaption [2]
to obtain a variational hr-refinement algorithm. The resulting approach captures material
interfaces well (by using r-adaption) and predicts a deformation field in good agreement
with that observed experimentally (by using h-adaption).

The structure of the paper is as follows: In section 2, the forward problem of hypere-
lasticity, together with a constitutive model suitable for the analysis of biological tissue,
are briefly presented. The inverse problem of elasticity imaging and its numerical im-
plementation are addressed in section 3. Two effective adaptive finite element method
are elaborated in sections 4 and 5. While section 4 is concerned with the variationally
consistent h-adaption as published in [2], the novel r-adaptive strategy is elaborated in
section 5. Finally, the aforementioned combined hr-refinement algorithm is described in
6.

2 The forward problem of hyperelasticity

Before explaining the inverse problem of hyperelasticity, it is essential to introduce and
understand its underlying classical forward problem. Within this forward problem, the
boundary conditions (prescribed displacements or stresses) as well as the material’s re-
sponse are assumed to be known, while the resulting deformation of the considered me-
chanical system is unknown and thus, it is to be computed. First, the fundamentals of
the forward problem are briefly summarized in subsection 2.1. Subsequently, a standard
numerical implementation by means of a mixed finite element formulation is shown in
subsection 2.2. Further details on the nowadays well known forward problem can be
found elsewhere, e.g., in [22, 44, 46].

2.1 Fundamentals

In the present subsection, some fundamentals of continuum mechanics are briefly in-
troduced. Throughout the paper, a geometrically exact description is considered (large
strains and deformations). This is necessary, since the strains within the experiments and
those within the respective simulations are greater than 10%.

Following the most frequently used notations in continuum mechanics, the deformation
of a hyperelastic solid B occupying the domain B0 in its reference undeformed configu-
ration is described by the nonlinear deformation mapping ϕ(X). This function maps
the position of a material point in the reference configuration X ∈ B0 to its position in
the current deformed configuration x ∈ Bt. Alternatively and as usually done within a
geometrically linearized setting, the motion of a body can be characterized by the dis-
placement field u = ϕ(X)−X.

Clearly, both field variables ϕ and u are not convenient for constitutive modeling.
For that purpose, local measures of the (relative) deformation a more suitable. One such
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measure is given by the deformation gradient F = GRADϕ := ∂x/∂X which is the
basis for all strain tensors. Without loss of generality, the right Cauchy-Green tensor
C = F T · F is chosen in the present paper.

Having defined the strain measure C, the first Piola-Kirchhoff stress tensor P can be
computed. Since the mechanical response of biological tissue is to be approximated, a
hyperelastic material model is adopted. Accordingly, by introducing the Helmholtz stored
energy W = W (F ), standard thermodynamical arguments lead to

P =
∂W (F )

∂F
. (1)

Clearly, in addition to the constraints imposed by the considered biological tissue, the
stored energy functional has also to fulfill the principles of continuum mechanics such as
the principle of objectivity W = W (F ) = Ŵ (C) and certain growth conditions.

Biological tissue often shows a completely different mechanical response for volumetric
and isochoric deformations. This can be taken into account by applying a decomposition
of the Helmholtz energy of type

W (F ) = W (Ĉ, J) = W (Ĉ) + U(J), (2)

cf. [13]. In (2), W (Ĉ) denotes the part of the Helmholtz energy associated with isochoric
deformation, U(J) is its volumetric counterpart, J := detF represents the Jacobian
determinant and Ĉ is the isochoric right Cauchy-Green strain tensor, i.e.,

Ĉ := F̂
T · F̂ , with F̂ := J−1/3 F ⇒ det F̂ = 1 . (3)

In the present paper, the stored energies corresponding to deviatoric and volumetric
deformations are chosen as

W (Ĉ) :=
1

2
µ
(

tr(Ĉ)− 3
)

and U(J) :=
K

4

(
J2 − 1

)
− K

2
ln J. (4)

As a result, the first Piola-Kirchhoff stress tensor reads

P = P iso + P vol (5)

with

P iso =
∂W (Ĉ)

∂F
= µJ−

2
3

(
F − 1

3
tr (C)F−T

)
and (6)

P vol =
∂U

∂F
= pJF−T , with p :=

∂U

∂J
. (7)

As evident from (4), the material model is defined by means of two material parameters:
the shear modulus µ and the bulk modulus K.

Assuming quasi-static conservative loadings, the resulting mechanical system (the
boundary value problem) is characterized by a potential structure similar to that of the
local constitutive model. More precisely, denoting the stored elastic energy of the total
body as

Πint =

∫
B0

W (F ) dV (8)
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and the energy associated with externally applied forces as Πext(ϕ), the unknown defor-
mation ϕ follows naturally from minimizing the total potential energy Π = Πint + Πext

of the mechanical system, cf. [38]. Clearly, this minimization problem is constrained by
prescribed deformations ϕ̄ at the Dirichlet boundary ∂B0u. Consequently, the resulting
canonical optimization problem is given by

inf
ϕ∈U

Π, with U = {ϕ : B0 → Bt |ϕ = ϕ̄, ∀X ∈ ∂B0u}. (9)

Unfortunately, the physically and mathematically canonical and thus, very appealing
optimization principle (9) cannot be used within the present paper. Since soft tissue shows
an almost incompressible behavior, a straightforward discretization of inf Π(ϕ) by using
classical deformation-driven finite elements would lead to pathological numerical locking
effects, cf. [48]. For this reason and in line with [39, 40], a mixed finite element formu-
lation based on a Hu-Washizu principle is applied. Within this mixed formulation, the
deformation ϕ, the pressure p and the volumetric strain Θ are introduced as independent
variables. Following [46], the potential energy ΠHW reads

ΠHW(ϕ, p,Θ) =

∫
B0

(W (Ĉ) + U(Θ) + p(J −Θ)) dV + Πext (ϕ) . (10)

In contrast to the principle of minimum potential energy (9), the Hu-Washizu principle
represents a stationarity problem (saddle point). The necessary conditions for its extrema
are given by (cf. [38])

DΘΠHW γ =

∫
B0

γ

(
∂U(Θ)

∂Θ
− p
)

dV = 0 , (11)

DpΠ
HW q =

∫
B0

q (J −Θ) dV = 0 and (12)

DϕΠHW · η =

∫
B0

Gradη : (P iso + P vol) dV = 0 . (13)

For the sake of clarity, externally applied forces have been neglected here. In (11)–(13),
D(•)Π

HW denotes the partial derivative of ΠHW with respect to (•) and γ, q and η are the
variations of the volumetric strain Θ, the pressure p and the deformation ϕ, respectively.

2.2 Numerical implementation

A mixed finite element formulation based on the stationarity conditions (11)–(13) is briefly
sketched here. This section serves mostly for introducing the notations used within the
numerical implementations. Further details can be found, e.g., in [16, 48].

For discretizing the weak forms (11)–(13), a Bubnov-Galerkin discretization of the
type

xhe =

n1∑
I=1

Nϕ
I (ξ)xI ∈ P2 ηhe =

∑n1

I=1 N
ϕ
I (ξ)ηI ∈ P2 (14)

Θh
e =

n2∑
I=1

NΘ
I (ξ)ΘI ∈ P0 γhe =

∑n2

I=1N
Θ
I (ξ)γI ∈ P0 (15)

ph =

n3∑
I=1

Np
I (ξ)pI ∈ P0 qhe =

∑n3

I=1N
p
I (ξ)qI ∈ P0 (16)
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is employed. Here, the superscript I highlights variables associated with node I, N are
shape functions and Pi is the space containing all polynomials of order i. Following an
isoparametric concept, the undeformed configuration is approximated in the same manner
as its deformed counterpart, i.e.,

Xh
e =

n1∑
I=1

Nϕ
I (ξ)XI ∈ P2. (17)

Based on the weak forms (11)–(13), together with the interpolations (14)–(17), the
unknown deformation ϕ is computed from the discretized principle of virtual work (13).
Inserting (14) into (13), this principle is approximated by

ηI · rIe = 0 with rIe :=

∫
Be0

(P iso + P vol) ·
∂Nϕ

I

∂Xh
e

dVe . (18)

Evidently, (18) is associated with the contribution of node I to the residual force acting
at element e. The global counterpart [r] = 0 is obtained by applying a classical assem-
bling procedure. The resulting set of nonlinear equations is solved by means of a Newton
scheme. This scheme requires the linearization of (18). Although this linearization is
quite lengthy, since P depends on x, Θ as well as p, it can be computed in a straight-
forward manner. For that purpose, (11) and (12) have to be linearized first yielding the
sensitivities of Θ and p with respect to the deformation field x. Inserting these sensitiv-
ities into the linearization of (13) leads finally to a reduced stiffness relation of the type
[K∆x][∆x] = [r]. It is solved for [∆x] by means of the powerful solver PARDISO 3.2, cf.
[36, 37]. Here, [K∆x] denotes the global stiffness matrix, [r] the global vector of internal
forces and [x] the global vector of all nodal deformations. A detailed derivation of the
element stiffness matrices can be found, e.g., in [2].

3 The inverse problem of hyperelasticity

While the boundary conditions and the material response are assumed as known for
the forward problem and the deformation mapping is the unknown to be computed,
the opposite holds for the inverse problem. More precisely, the boundary conditions,
together with the deformation mapping are known and the material response represents
the unknown. Clearly, such a problem is mathematically ill-posed. For this reason, the
space of admissible material responses is usually decreased by considering a suitable family
of constitutive laws. Within the present paper, this family is chosen as that spanned by the
hyperelastic model based on the volumetric-deviatoric decomposition (see subsection 2.1;
(1)–(4)). Consequently, the only unknowns are the shear modulus µ as well as the bulk
modulus K. Fortunately, since fluid-saturated biological tissues are quasi-incompressible,
K can be a priori chosen as sufficiently larger than µ and it can thus be fixed. As a result,
the only remaining unknown variable characterizing the inverse problem of hyperelasticity
is the spatial distribution of the shear modulus. The fundamentals of the inverse problem
are discussed in subsection 3.1, while a numerical implementation is briefly sketched in
subsection 3.2.
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3.1 Fundamentals

In line with [28, 29, 33], the inverse problem of hyperelasticity can be stated as an opti-
mization problem. For that purpose, the objective function

g(µ) =
1

2
‖P(ϕ(µ)−ϕg)‖2 +

α

2
‖µ− µ∗‖2 (19)

is introduced. In (19), ϕ = ϕ(µ) denotes the deformation as predicted by the previously
discussed mixed finite element formulation, ϕg is the measured deformation, P is a pro-
jection operator taking into account that only the vertical component of the displacement
field can be measured accurately (P(ϕ) = ϕ2), α is a regularization parameter and µ∗ is a
reference shear modulus. Accordingly, the first term in (19) defines the error between the
measured and the computed deformation as a function in µ. Consequently, minimizing
this term with respect to µ will lead to a shear modulus distribution complying well with
the observed deformation. The second term in (19) is a so-called Tikhonov-type regular-
ization, cf. [8]. It is required, since the inverse problem is usually highly ill-conditioned
and several minima exist. Having defined the objective function (the error), the inverse
problem of hyperelasticity is defined by the minimization problem

inf
µ
g(µ). (20)

It is solved by utilizing the L-BFGS-B algorithm, see [4, 47].

3.2 Numerical implementation

For computing an approximation solution of problem (20), the finite element method is
employed. For that purpose and in line with [16, 48], the functional g(µ) is decomposed
into its element contributions, i.e.,

g(µ) ≈ gh(µh) =
n∑
e=1

ghe (µ
h
e ) , (21)

with n being the number of elements within the considered triangulation. According to
(19), each element contribution is defined by

ghe (µ
h
e ) =

1

2

∫
B0e

(x2
h
e − xm

2
h
e )

2 dVe +
α

2

∫
B0e

(µhe − µ∗he )2 dVe , (22)

where x2
h
e depending the shear modulus distribution denotes the computed deformation

in axial direction, xm
2
h
e is its measured counterpart, µhe represents the unknown shear

modulus in element e and µ∗he is a reference shear modulus. Although not mandatory, it
is assumed that the shear modulus is constant within each finite element.

Minimization of functional (21) by means of the L-BFGS-B algorithm (see [4, 47])
requires the computation of g, together with its gradient. Considering element e, the
gradient of g with respect to the shear modulus can be written as

∆µhghe = Dµhg
h
e ·∆µhe

=

∫
B0e

(x2
h
e − xm

2
h
e )(∆

µhx2
h
e ) dVe + α

∫
B0e

(µhe − µ∗he )∆µhe dVe .
(23)
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According to (23), the sensitivity of the deformation with respect to the shear modulus
distribution ∆µhx2

h
e has to be determined. It can be computed by linearizing the weak

form of equilibrium (13). Finally, the gradient Dµg is derived by a classical assembling
procedure combined with the adjoint method proposed in [28, 29]. In line with the
forward problem, the resulting system of equations is solved by the solver PARDISO 3.2,
cf. [36, 37]. Further details are omitted here. They can be found in [2].

4 Fundamentals of variational h-adaption

In this subsection, a concise review of the variational h-adaption and the clustering tech-
nique as proposed in [2] is given. The purpose of this section is twofold. First, it provides
the preliminaries necessary for a better understanding of the novel variational r-adaption
discussed in section 5. Secondly, the previously published efficient variational h-adaption
and the novel r-adaptive scheme will finally be combined leading to a further speed-up in
computing time.

As already shown in [2], the numerical computation of the inverse problem as described
in the previous section is usually very time-consuming. An effective way for reducing the
computing time, while maintaining or improving the quality of the numerical solution
is provided by adaptive finite element meshes, cf. [1, 45], i.e., regions showing a nearly
constant shear modulus distribution should efficiently be approximated by a small number
of finite elements, while domains exhibiting strong gradients should be refined. Within
the adaptive h-adaption advocated in [2], the inverse problem of hyperelasticity is first
solved by using a relatively coarse finite element triangulation. Subsequently, regions of
interest are locally refined. For that purpose, Rivara’s algorithm based on the so-called
Longest-Edge-Propagation-Path (LEPP) is applied, cf. [34, 35]. An illustration of this
algorithm is depicted in figure 2.

The only critical step within the aforementioned adaptive scheme is the selection of
elements to be refined. The error indicator proposed in [2] relies directly on the variational
structure of the underlying mechanical problem. More precisely, denoting the spaces of
admissible shear modulus distributions associated with the two different finite element
triangulations T0 and T1 as V

hµ
0 and V

hµ
1 , mesh T1 is better than mesh T0 if and only if,

inequality

inf
µ∈V hµ1

g(µ) ≤ inf
µ∈V hµ0

g(µ) (24)

is fulfilled and thus, the error corresponding to discretization T1 is lower. Consequently,
if Ti is some initial mesh and Ti+1 is its local refinement generated by means of applying
Rivara’s LEPP algorithm to element j, a suitable error indicator can be defined as

∆gref
j = inf g(Ti)− inf g(Ti+1,e=j) with Ti ⊂ Ti+1,e=j . (25)

Accordingly, the error indicator ∆gref
j measures the influence of the local refinement of

element j on the function to be minimized. It bears emphasis that Rivara’s LEPP al-
gorithm yields a nested family of triangulations, i.e., Ti ⊂ Ti+1,e=j and thus, the error
indicator (25) is indeed non-negative.

A negative feature of the aforementioned mathematically and physically elegant error
indicator is its efficiency: For each element within the triangulation, a global optimization
problem has to be solved showing the same numerical complexity as the original inverse
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(a) LEEP = {1, 2, 3, 4}
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(c) LEEP = {1, 2}
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(b) LEEP = {1, 2, 3}

(d) LEEP = {}
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Figure 2: LEPP-algorithm according to Rivara, cf. [34, 35]: Suppose element 1 is to be
refined. In this case, the LEPP of element 1 is determined and the so-called terminate
triangle element (4) is subdivided by cutting its longest edge. This procedure is repeated
until element 1 is finally refined. Definition of LEPP: The LEPP of a triangle is the
ordered list of all triangles such that ti is the neighbor triangle of ti−1 by the longest side.

problem. For this reason, the conservative estimate

0 ≤ ∆ḡref
j := inf

µhi ∈V
hµ
i

gh(Ti)

− inf
µhi+1∈V

hµ
i+1,e=j

supp(µhi+1−µhi )=supp(V
hµ
i+1,e=j/V

hµ
i )

gh(Ti+1,e=j) ≤ ∆gref
j (26)

was introduced in [2]. In sharp contrast to error indicator (25), ∆ḡref
j compares the ob-

jective function of the initial discretization to a partially, locally relaxed solution. This
solution is obtained by re-computing the shear modulus distribution of the refined mesh
only within the refined elements. Evidently, this leads to an upper bound of the com-
pletely relaxed energy and hence, ∆ḡref

j ≤ ∆gref
j . Furthermore, since the number of newly

refined elements is significantly smaller than the total number of elements, the error indi-
cator (26) is very efficient. Equally importantly, the number of new elements as generated
by applying Rivara’s LEPP algorithm to a certain element is almost independent of the
original discretization and as a result, the numerical complexity of the overall algorithm
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is O(n).

Remark 4.1 It is important to note that classical error estimates such as those described
in [1, 45] cannot be used for the inverse problem of hyperelasticity, since they require
linearity of the underlying Hilbert space, cf. [5]. Clearly, this condition is not met here.
However, it should also be noted that the refinement criterion used in the present paper
and originally proposed in [2] is mathematically speaking not an error estimate, but only
an error indicator. Although not being an error estimate, the variational error indicator
guarantees indeed that only those elements are refined which lead to an improvement of
the solution. This is in sharp contrast to other error indicators which are purely heuristic
in nature. Furthermore, if the objective function to be minimized was quadratic as for the
forward problem of linearized elasticity theory, the variational error indicator would be an
estimate. Further details on the mathematical properties of the variational mesh adaption
can be found in [25, 26].

Remark 4.2 In [2], the aforementioned variational h-adaption was combined with a clus-
tering technique similar to that used in digital image compression. Since this clustering
will also be applied within the present paper, it will be briefly discussed here. Its funda-
mental idea is the arranging of the elements’ shear moduli into m intervals. Within each
of these intervals, the same shear modulus is assigned to all elements. Consequently, if m
is chosen as significantly less than the total number of elements, the procedure is indeed
a compression and thus, it reduces the number of degrees of freedom and increases the
efficiency of the resulting numerical scheme. Further details on the clustering technique
can be found in [2].

5 Variational r-adaption

A careful analysis of the h-adaption reveals that, although it is very promising for enrich-
ing the finite element space, it is not the most efficient method for detecting interfaces
within the material (see figure 1). For that purpose, a novel variationally consistent r-
adaptive scheme is elaborated here. Conceptually, the nodal coordinates defining the
finite element triangulation are optimized. Such a method has already been successfully
applied to the forward problem discretized by standard displacement-driven finite ele-
ments, cf. [3, 21, 25, 43] (see also [11, 23]). It is closely related to classical Eshelby
mechanics in which the deformation of material defects such as internal interfaces is stud-
ied, see [9, 10]. In the present paper, the method originally advocated in [3, 21, 25, 43]
is extended in two directions. First, since quasi-incompressible materials are considered,
the r-adaption has to be combined with a mixed finite element formulation. Secondly and
equally importantly, it is elaborated for the inverse problem.

5.1 Fundamentals

The underlying idea of the novel variationally consistent r-adaption is very natural: Since
the function to be minimized (19) depends implicitly on a finite element discretization,
which in turn, depends on the nodal coordinates Xh = Xh(XI) of the undeformed
configuration, it is canonical to optimize (19) with respect to both the shear moduli µh

and the nodal coordinates Xh(XI). More precisely, the slightly modified function

hh(µh,Xh) = gh(µh,Xh) + α̃ hgeo(Xh) (27)
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is minimized. While the first term in (27) has already been extensively discussed in
section 3, the term hgeo(Xh) is associated with the shape of the finite elements within
the triangulation. More precisely, it defines a geometrical shape measure according to
[12, 19, 20] attaining its minimum, if all finite elements show an almost ideal shape (angles
between elements’ edges are 60◦), while for degenerating elements (one angle between
elements’ edges converges to 0◦) it approaches infinity. Consequently, a minimization of
hgeo(Xh) will lead to a triangulation having elements with relatively small aspect ratios.
It is noteworthy that this criterion is equivalent to minimizing the interpolation error.
Further details can be found in B (see also Remark 5.1). Clearly, the variational r-
adaption should result in a finite element mesh capturing material interfaces well. The
geometrical shape measure is only introduced for avoiding degenerated elements. Thus,
the scalar weighting coefficient α̃ has to be chosen as small as possible.

In line with the implementation of the inverse problem of elasticity imaging (see sec-
tion 3), the L-BFGS-B algorithm is also utilized for solving Problem (27). Since the
gradient of the objective function with respect to the elements’ shear moduli has already
been given in section 3 (see (23)), only the sensitivity of hh(µh,Xh) with respect to the
reference configuration Xh (more precisely, the nodal coordinates XI) remains to be
derived, i.e., DXhhh(µh,Xh). By applying the finite element method leading to

hh(µh,Xh) =
ne∑
e=1

hhe (µ
h
e ,X

h
e ) (28)

with

hhe (µ
h
e ,X

h
e ) =

1

2

∫
B0e

(
x2

h
e − xm

2
h
e

)2
dVe +

α

2

∫
B0e

(µhe − µ∗he )2 dVe + α̃ hgeoe (29)

this linearization follows from the assembly of the elements’ sensitivities. Based on (29)
they are obtained as

∆Xh

hhe (µ
h
e ,X

h
e ) =

∫
B0e

(
x2

h
e − xm

2
h
e

) (
∆Xh

x2
h
e −∆Xh

xm
2
h
e

)
dVe

+
1

2

∫
Bξ

(
x2

h
e − xm

2
h
e

)2
DXh (detF Φ̂) ·∆Xh

e dVξ

+α

∫
B0e

(µhe − µ∗he )∆Xh

µhe dVe + α̃
[
DXh

(
hgeoe

)
·∆Xh

e

]
.

(30)

Here, the dependence of x2
h
e on the reference configuration has already been considered

(xh = xh(Xh) = xh(XI)). For the derivation of (30), it is convenient to distinguish
strictly between the undeformed B0 and the deformed configuration Bt and to introduce
the additional so-called reference domain Bξ parametrized in terms of the natural coordi-
nates ξ. This third domain, although usually implicitly used in finite element methods,
is often not explicitly highlighted. The connections between the three aforementioned
configurations is shown in figure 3. Accordingly, two independent mappings are neces-
sary: While Φ̂ connects points within the reference domain Bξ to their counterparts in
the material configuration B0, Φ̄ relates the reference domain Bξ to the deformed config-
uration Bt. Thus, the physical deformation ϕ can be understood as a composition of the

type ϕ = Φ̄◦ Φ̂−1
and the deformation gradient resulting from the chain rule decomposes
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X ∈ B0

configuration

material

x ∈ Bt

configuration

deformed

ξ ∈ Bξ

domain

reference

F = FΦ̄ · F−1

Φ̂

FΦ̂ FΦ̄

Φ̂ Φ̄

ϕ

Figure 3: Different configurations and mappings characterizing Arbitrary Lagrangian Eu-
lerian formulations (ALE) kinematics

multiplicatively, i.e.,

F = F Φ̄ · F−1

Φ̂
with F Φ̄ =

∂Φ̄

∂ξ
and F Φ̂ =

∂Φ̂

∂ξ
. (31)

Analogously to standard finite elements, the mappings Φ̄ and Φ̂ are approximated by
standard shape functions, i.e., by (14). According to figure 3, the arbitrary Lagrangian-
Eulerian (ALE) kinematics is formally identical to that of finite strain plasticity theory
and the deformation mapping ϕ depends on the nodal variables xI as well as on XI ,
i.e., ϕ(xI ,XI). Having in mind that xh and Xh are interpolated by the nodal quantities
xI and XI , ϕ will be sometimes written as ϕ = ϕ(xh,Xh). Although this notation is
strictly speaking not completely correct, since xh is also the approximation of ϕ, it is is
more compact. If at a certain point danger of confusion exists, additional comments will
be added.

Since a staggered solution scheme is employed in what follows, i.e., the computation
of the shear modulus distribution and the optimization of the nodal coordinates are not
performed simultaneously but one after another, the Tikhonov-type regularization is not
required within the r-adaption step. Consequently and for the sake of efficiency, the next
to last term in (30) will not be considered anymore. However, it could be taken into ac-
count in a straightforward manner. For this reason, the linearization (30) of the objective
function requires only three terms. The first of those is associated with the sensitivities
of the numerically predicted deformation ∆Xh

x2
h
e and its measured counterpart ∆Xh

xm
2
h
e .

The second term is related to the change in volume due to a variation of the nodal coor-
dinates defining the undeformed configuration. The final term corresponds to the penalty
function ggeoe. It can be found in B.

The sensitivity ∆Xh
x2

h
e is computed by linearizing the weak form of equilibrium (12)

with respect to Xh. Considering element e leads to

ηIx ·K∆x
e

IJ ·∆XJ

x+ ηIx ·K∆X
e

IJ ·∆XJ = 0 , (32)

where K∆x
e

IJ
is the classical element stiffness matrix, see [2]. The second stiffness matrix

K∆X
e

IJ
is not standard. It describes the sensitivities of the vector of residual forces with

respect to the coordinates Xh of the underlying discretization. A compact summary of
its derivation is presented in A. The assembling of (32) yields finally

[∆Xx] = −[K∆x]−1[K∆X ][∆X] = [S][∆X] (33)
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or equivalently

[K∆x][S] = −[K∆X ]. (34)

Analogously to the algorithm for the inverse problem of elasticity imaging and in line with
[28, 29], the adjoint method is used for reducing the numerical costs corresponding to the

computation of [∆Xh
x], i.e., (34) is not solved directly. More precisely, the notations

T1e
I =

∫
Be0

(
x2

h
e − xm

2
h
e

)
Nϕ
I dVe and (35)

T2e
I
i =

1

2

∫
Be0

(
x2

h
e − xm

2
h
e

)2
FΦ̂
−1
ji

∂Nϕ
I

∂ξj
dVe , (36)

together with their assembled global counterparts [T 1] and [T 2],

[w] := −[K∆x]−1[T 1] (37)

are introduced instead. Clearly, computing [w] is significantly more efficient than solv-
ing (34) for [S]. Inserting (35)–(37) into the assembled version of (30) and considering
the Schwarz’s theorem, the gradient of the objective function with respect to the nodal
coordinates is obtained as

[∆Xh

h] =
(
[w][K∆X ]− [T 1][Sm] + [T 2] + [DXhhgeo]

)
[∆Xh] . (38)

The sensitivity ∆Xh
xm

2
h
e describing the change of the measured deformation depending

on a variation applied to the nodal coordinates of the undeformed configuration, is given
by

∆Xk

xm
2
h = DX

(
xm

2
h
k

)
·∆Xk = Sm

k ·∆Xk . (39)

A relatively straightforward computation yields the node contribution

Sm
k =

∂Nϕ
J

∂ξ
· F Φ̂

−1xgTm2 J (40)

which can be assembled to the global matrix [Sm]. Here, xgTm2 J is the deformation field at
node J within the grid defining the measured data. Note that [Sm] shows a pronounced
diagonal structure.

Remark 5.1 Function (27) to be optimized depends on two terms. As already mentioned,
the first of those is related to the error between measured and numerically computed defor-
mation, while the second corresponds to a geometrical shape measure and avoids degener-
ated elements (large aspect ratios). Interestingly, considered hyperelastic material model
shows already an intrinsic geometrical shape measure. For showing this, an element which
degenerates is considered. In this case, continuity implies detF Φ̂ → 0, and consequently,
detF → 0. Accordingly, U(J) → ∞ (see (4)) and thus, the total potential energy con-
verges to infinity as well. As a result, if minimization is the overriding principle (as in
the advocated approach), degenerated elements are energetically not favorable and cannot
occur. However, since the geometrical shape measure ggeoe stabilizes the numerical method
additionally, it is nevertheless employed.
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Remark 5.2 The advocated scheme is a staggered method, i.e., a minimization with re-
spect to the shear moduli is considered first. Subsequently, the nodal positions defining
the finite element triangulations are optimized. However, by combining the gradients with
respect to the shear moduli and those related to nodal positions, a monolithic scheme can
be derived in a straightforward manner. The proposed scheme has been chosen, since it
allows using the same subroutines originally developed for the standard inverse problem.

Remark 5.3 The proposed r-adaptive algorithm is based on an L-BFGS-B algorithm.
The stability and convergence properties of this algorithm can be found, e.g., in [4, 47].
However, convergence of the numerical scheme can be easily verified directly: Each of the
two steps defining the staggered scheme decreases the function to be minimized. Hence,
combing both steps leads to a monotonically decreasing sequence. Furthermore, the func-
tion to be minimized is bounded below by zero. It is well known that any monotonically
decreasing sequence which is bounded below converges.

Remark 5.4 As mentioned before, the parameter ᾱ is required for avoiding degenerated
finite elements. However, if this parameter is too large, elements showing edges with the
same length will be preferred and thus, the nodes do not move according to the distribution
of the shear modulus. Therefore, this parameter has to be chosen as small as possible.
Within the numerical examples, ᾱ has been determined by hand. More precisely, the
convergence rate of the L-BFGS-B algorithm during the first iteration steps was monitored.
Starting with zero, ᾱ was successively increased until a good convergence rate has been
observed. Alternatively, a mathematically more rigorous definition of ᾱ can be derived
based on the Hessian matrix of the function to be minimized. According to [24], ᾱ has to
be chosen such that the Hessian is positive definite.

5.2 Numerical example

For analyzing the performance of the novel variationally consistent r-adaption, two differ-
ent examples are considered. The first of those is depicted in figure 4. It is characterized
by one inclusion embedded within a softer matrix. The shear modulus of the inclusion is
set to µinc = 50 kPa and that of the surrounding material to µmat = 10 kPa. Incompress-
ibility is approximated by setting the Poisson’s ratio to ν = 0.48.

The initial discretization of the variational r-adaption is shown in figure 5(a). Ac-
cordingly, this triangulation is significantly coarser than that characterizing the forward
problem (see figure 4). Furthermore, the edges of the finite elements are not aligned with
the boundary of the inclusion. Consequently, the initially assumed shape of the inclu-
sion is different to that of the forward problem. For showing exclusively the effect of the
proposed r-adaption, the shear moduli within the inclusion and the surrounding material
are kept fixed. Such moduli are chosen in line with the forward problem. Thus, only the
nodal positions are unknowns. By doing so, the effect of the standard inverse algorithm
for computing the shear moduli can be excluded.

The results predicted by the proposed r-adaptive algorithm are illustrated in figure 5.
The parameter ᾱ used for enforcing small aspect ratios of the finite elements is set to
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x2

10 cm

10
cm

ū = 1.0 cm

µ[kPa] u2[cm]

x1

Figure 4: Numerical compression test of biological tissue with one hard lump: (a) geom-
etry, distribution of the shear modulus and boundary conditions, (b) computed displace-
ment field (forward problem). Within the computation, the strain energy defined by (2)
and (4) has been adopted.

α̃ = 2 · 10−9, cf. (27). According to figure 5, the topology of the inclusion is detected
efficiently by the novel algorithm. Already after five iteration steps, the topology of
the inclusion is well reproduced by moving the nodes of the underlying finite element
discretization. In summary and as expected, the interfaces between different materials
can be effectively captured by r-adaption – particularly, compared to h-adaption. More
precisely, a significantly finer discretization would have been required for getting similar
results by using the h-adaptive method. However it bears emphasis that even if the
material interfaces are capture qualitatively by small elements, an alignment between the
elements’ edges and the material interface can never be guaranteed by h-adaptivity. This
is a fundamental difference compared to r-adaptivity.

Next, the performance of the fully coupled r-adaptive algorithm is analyzed. Thus
and in contrast to the example considered before, the nodal positions of the underlying
finite element discretization as well as the shear moduli within the finite elements are
optimized. For analyzing the coupled r-adaptive scheme, the deformation field predicted
by the forward problem in figure 6 is utilized as artificial experiment data. The ratio
of the inclusion’s shear modulus to that of the surrounding material is µinc/µmat = 5/1.
Starting from a uniform finite element mesh and assuming a spatially constant shear mod-
ulus, the inverse problem of hyperelasticity is subsequently solved numerically. Finally,
the proposed r-adaption is applied. For reducing the numerical costs associated with this
algorithm, the triangulation corresponding to the undeformed configuration is interpo-
lated in an elementwise linear fashion (in contrast to the deformed configuration which
is interpolated piecewise quadratically). Within all computations, the weighting factor α̃
was set to α̃ = 2 · 10−9.

The results (relative stiffness distributions) computed for different uniform finite ele-
ment triangulations are illustrated in figure 7 left. As expected and as already presented
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(a) initial mesh, given stiffness distribution (b) 5th iteration step

(c) 10th iteration step (d) 25th iteration step

Figure 5: Results of the variational r-adaption (compare to the underlying the forward
problem illustrated in figure 4): mesh and shear modulus distribution for different iter-
ation steps. The shear moduli have been fixed within all computations. Thus, only the
nodal positions of the finite element triangulation have been computed.

x2

10 cm

10
cm

ū = 1.0 cm

µ[kPa] u2[cm]

x1

Figure 6: Numerical compression test of biological tissue with one hard lump: (a) geom-
etry, distribution of the shear modulus and boundary conditions, (b) computed displace-
ment field (forward problem). Within the computation, the strain energy defined by (2)
and (4) has been adopted.
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mesh (a): initial mesh and stiffness distribution mesh (a): result variational r-adaption

mesh (b): initial mesh and stiffness distribution mesh (b): result variational r-adaption

mesh (c): initial mesh and stiffness distribution mesh (c): result variational r-adaption

Figure 7: Stiffness distributions as predicted by the inverse problem of hyperelasticity for
different triangulations (compare to the underlying forward problem in figure 6): Left:
homogeneous discretizations. Right: After applying the proposed r-adaption to the ho-
mogeneous meshes on the left side
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Figure 8: Evolution of displacement and shear modulus errors for the variational r-
adaption depending on the iteration step within the optimization algorithm (compare
to figure 7)

in [2], the accuracy of the solution increases with an increasing number of elements. The
same holds for the novel r-adaption (see figure 7 right). Furthermore and even more im-
portantly, the r-adaption indeed captures the material interface significantly better and
thus, leads to an improved solution. The small numerical artefacts in figure 7 could be
further reduced by using a smaller tolerance within the L-BFGS-B algorithm and by ap-
plying a smoothing procedure to the distribution of the shear moduli. However, it bears
emphasis that the exact solution cannot be expected, since the underlying mesh of the
r-adaption is significantly coarser than that defining the forward problem.

The improvement of the solution due to r-adaption can be seen better by analyzing
the errors

εu = ‖u2 − um
2 ‖ and εµ = ‖µ− µm‖/‖µm‖. (41)

Both of them are based on the L2 norm. According to figure 8, the proposed adaptive
finite element method indeed leads to more accurate results. More precisely, it can be seen
that both errors converge monotonically. This is a direct consequence of the variational
consistency of the method.

6 hr-adaption in elasticity imaging

The variationally consistent r-adaption discussed in the previous section requires only a
relatively coarse triangulation for detecting material interfaces. As a consequence, the
resulting approach is numerically very efficient. However, a coarse mesh also implies that
the underlying finite element spaces associated with the deformation mapping are rela-
tively small and thus, they are usually not rich enough for predicting the deformation
field sufficiently accurately (the forward problem). For this reason, the novel variational
r-refinement is combined with the variational h-adaption [2] to obtain a variational hr-
refinement algorithm. The resulting approach captures material interfaces well (by using
r-adaption) and predicts a deformation field in good agreement with that observed ex-
perimentally (by using h-adaption).
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6.1 Numerical example

In this subsection, the performance of the novel hr-adaptive finite element formulation
is highlighted by means of numerical analyses of the forward problem shown in figure 6.
More precisely, the deformation field as predicted by the forward problem in figure 6
serves again as an artificial experiment. The respective data are used within the inverse
problem of hyperelasticity, which in turn, is solved by applying the novel hr-adaption.
Since the deformation mapping corresponding to the forward problem is relatively smooth
compared to measured data containing some noise, different noise levels are considered as
well (0.5% and 2.0%; normal distribution).

As evident, the variationally consistent r-adaption and the respective h-refinement
can be combined in several manners. In this subsection, the following two choices will be
analyzed:

• hr-adaption: First, the h-refinement is applied and subsequently, the r-adaptive
scheme is used.

• rh-adaption: First, the r-refinement is applied and subsequently, the h-adaptive
scheme is used.

Within all computations, the stiffness distribution is determined first by solving the
inverse problem of elasticity imaging with a comparably coarse and uniform finite el-
ement discretization (8x8 mesh). Analogously to the examples presented previously,
convergence within the respective optimization algorithms is checked by the criteria
(g(µi)− g(µi−5))/(g(µi−5)) < 0.01 and g(µi) < 1.0× 10−18. Having computed the stiff-
ness distribution associated with the coarse mesh, the adaptive algorithms are subse-
quently employed. While the r-adaptive step is uniquely defined, the h-refinement requires
some further explanations. Here, 15% of the elements showing the largest variational er-
ror indicator (26), are refined by means of Rivara’s LEPP algorithm. The number of
intervals utilized within the clustering technique is set to n = 30 (see Remark 4.2). In
contrast to the classical L2 norm, the objective function is computed by the modified
norm ||f ||norm := 1/V

∫
V
fdV , cf. [2].

The results of the variational hr-adaptive scheme are illustrated in figure 9. The
predicted meshes and the shear modulus distributions associated with the h-refinement
step are shown for different noise levels on the left hand side in figure 9. As expected, the
accuracy of the scheme decreases with an increasing noise level. However, for all noise
levels, the adaptive scheme improves the quality of the solution and captures the hard
lump better. This can also be seen in figure 10. Accordingly, both errors (deformation
and shear modulus distribution) decrease. The results of the subsequent r-adaption are
presented on the right hand side in figure 9. Compared to the initial h-refinement step,
they lead to a further improvement of the results. Again, the influence of the noise
on the predicted shear modulus distribution is obvious. In line with the h-adaption,
the variational consistency of the r-adaptive scheme guarantees and improvement of the
results, see figure 10. A more careful analysis of figure 10 reveals that the impact of
the h-adaption on the errors is significantly larger than that of the r-refinement method.
However, it bears emphasis that the numerical costs of the h-adaptive scheme are also
higher. Therefore, a reasonable comparison should take the runtime of the algorithms
into account. Such a comparison will thus be presented at the end of this subsection.

The results as obtained from the rh-adaptive finite element formulation are summa-
rized in figures 11 and 12. They are in good agreement with those of the hr-refinement
scheme. More precisely, it can be seen that this method leads also to an improvement
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(a) ∆ = 0.0%, h-adaption and clustering (b) ∆ = 0.0%, r-adaption

(c) ∆ = 0.5%, h-adaption and clustering (d) ∆ = 0.5%, r-adaption

(e) ∆ = 2.0%, h-adaption and clustering (f) ∆ = 2.0%, r-adaption

Figure 9: Compression test of biological tissue with one hard lump, cf. figure 6: Computed
discretizations and shear modulus distributions: Left hand side: Results based on the
variational h-adaption combined with the clustering technique; right hand side: Results
of the subsequent variational r-adaption (The noise-level is denoted as ∆)

 0

 0.02

 0.04

 0.06

 0.08

 0.12

 0  5

 0.1

h- r-adaption

1 2;0 10 15

iteration step i

∆ = 0.0%
∆ = 0.5%
∆ = 2.0%

‖u
2
−
u
m 2
‖ B

[c
m

]

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0  1 2;0 5 10 15

h- r-adaption

‖µ
−
µ
m
‖ B
/
‖µ

m
‖ B

iteration step i

∆ = 0.0%
∆ = 0.5%
∆ = 2.0%

Figure 10: Compression test of biological tissue with one hard lump, cf. figure 6: Perfor-
mance and accuracy of the variational hr-adaption. Left: Error in the displacement field;
right: Error in the shear modulus distribution
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(a) ∆ = 0.0%, r-adaption (b) ∆ = 0.0%, h-adaption and clustering

(c) ∆ = 0.5%, r-adaption (d) ∆ = 0.5%, h-adaption and clustering

(e) ∆ = 2.0%, r-adaption (f) ∆ = 2.0%, h-adaption and clustering

Figure 11: Compression test of biological tissue with one hard lump, cf. figure 6: Dis-
cretization and computed shear modulus distribution; Left hand side: Results based on the
variational r-adaption; right hand side: Results of the subsequent variational h-adaption
combined with the clustering technique; The noise-level is denoted as ∆.
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Figure 12: Compression test of biological tissue with one hard lump, cf. figure 6: Perfor-
mance and accuracy of the variational rh-adaption. Left: Error in the displacement field;
right: Error in the shear modulus distribution

Method Noise level Reg. parameter α ‖u2 − um
2 ‖ ‖µ− µm‖/‖µm‖ ∆t [%]

Standard ∆ = 0.0% 0.0 0.0143 0.2051 -
hr-adaptiv ∆ = 0.0% 0.0 0.0146 0.1404 32
rh-adaptiv ∆ = 0.0% 0.0 0.0134 0.1426 30
Standard ∆ = 0.5% 7.5 · 10−8 0.0311 0.2157 -
hr-adaptiv ∆ = 0.5% 7.5 · 10−8 0.0318 0.1730 14
rh-adaptiv ∆ = 0.5% 7.5 · 10−8 0.0327 0.1832 27
Standard ∆ = 2.0% 7.5 · 10−7 0.1076 0.24845 -
hr-adaptiv ∆ = 2.0% 7.5 · 10−7 0.1139 0.2217 -5
rh-adaptiv ∆ = 2.0% 7.5 · 10−7 0.1133 0.2312 17

Table 1: Compression test of biological tissue with one hard lump, cf. figure 6: Per-
formance and accuracy of the proposed variationally consistent adaptive finite element
methods (For the Standard method, a 20x20 uniform discretization has been used.)

of the numerical solution. Furthermore, the influence of the data noise on the predicted
stiffness distribution is again obvious. It bears emphasis that the not monotonically de-
creasing shear modulus error in figure 12 does not contradict the variational consistency of
the algorithm, since consistency does only apply to the shear modulus error (the function
to be minimized is based on the displacement error).

For comparing the performance of both variationally consistent adaptive finite element
methods, their induced errors, together with their computing times, are summarized in
table 1. The results corresponding to a uniformly refined mesh are also included in that
table. Within the comparison, the number of mesh refinement steps has been chosen such
that the adaptive schemes show, at least, the same accuracy as the standard approach.
Therefore, only the computing times are important in what follows. As can be seen from
table 1, with only one exception, the adaptive schemes are significantly more efficient than
the conventional approach and thus, they require less computing time. This effect would
be even more pronounced on multi processor computers, since the proposed adaptive
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scheme can efficiently be implemented in parallel with a linear scalability. By comparing
the results obtained from both adaptive schemes to one another, the rh-adaption seems to
be more efficient. Accordingly, an effective algorithm should detect the material interfaces
first yielding a qualitatively good result. Subsequently, the accuracy should be improved
by enriching the underlying finite element space.

Remark 6.1 According to the results discussed in the present subsection, data noise af-
fects the results of the proposed algorithm. This is not very surprising, since the algo-
rithm cannot distinguish between displacement fluctuations caused by material inclusions
and those related to noise. Fortunately and as already mentioned in [2], an effective filter
reducing the data noise can be developed. Although such a filter is beyond the scope of
the present paper, the underlying idea will be briefly sketched. The displacement fluctua-
tions associated with data noise induce a certain oscillation in the predicted shear modulus
distribution. However, the respective wave length of this oscillation is several orders of
magnitude smaller than the diameter of typical inclusions. Thus, if a predicted inclusion
is smaller than a tolerance, it is an artifact. Based on this idea, filters can be designed.

7 Conclusions

In the present paper, a novel finite element formulation suitable for computing efficiently
the stiffness distribution in soft biological tissue has been presented. Starting from the
numerical implementation of the inverse problem of finite strain hyperelasticity, the com-
puting time was effectively reduced by using variationally consistent adaptive finite el-
ement methods. More precisely, a combined variational hr-refinement algorithm was
advocated. While the h-adaption step as published in [2] enriches effectively the finite
element space of admissible deformations and thus, it improves the solution quality of the
forward problem, the novel variational r-adaption detects efficiently material interfaces
such as those between healthy and diseased biological tissue. In sharp contrast to previous
approaches, the nodal positions of the finite element triangulation were optimized within
the r-adaption by considering the same minimization principle as that characterizing the
inverse problem of hyperelasticity. Consequently, the proposed method is variationally
consistent and it guarantees that the quality of the numerical solution is improved. Since
quasi-incompressible biological tissue was considered, the r-adaption was combined with
a mixed finite element formulation. Numerical analyses confirmed that the proposed
hr-refinement algorithm is very promising for the inverse problem of finite strain hyper-
elasticity. Furthermore, it turned out that an r-refinement followed by an h-enrichment
is more efficient than the other way around. Accordingly, an effective algorithm should
detect the material interfaces first yielding a qualitatively good result and subsequently,
the accuracy should be improved by enriching the underlying finite element space.

A Computation of K∆X
e

IJ
– Sensitivities of the prin-

ciple of virtual work with respect to the nodal co-

ordinates Xh

Here, the sensitivities of the principle of virtual work with respect to the nodal coordinates
XI will be derived. For that purpose, (11)–(13) are considered and the pressure p as well
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as the volume ratio Θ are re-written as functions depending on xh andXh (more precisely,
they depend on the nodal variables xI and XI). Furthermore, a variation with respect
to XI (or Xh) will also result in a change in xI (or xh). Therefore, a variation of the
principle of virtual work (12) with respect to the reference configuration Xh reads

Dx

(
DxΠHW · ηx

)
·∆Xh

x+ DX

(
DxΠHW · ηx

)
·∆Xh = 0 (42)

or equivalently in matrix notation

ηIx ·K∆x
e

IJ ·∆XJ

x+ ηIx ·K∆X
e

IJ ·∆XJ = 0 . (43)

Here, only the contribution of one element has been considered and K∆x
e

IJ
denotes the

standard stiffness matrix of the underlying mixed finite element formulation, cf. [2].
According to

∆XDxΠHW =

∫
B

(
DX (Gradηx) ·∆Xh

)
: P dV

+

∫
B

Gradηx :
(
DX (P ) ·∆Xh

)
dV

+

∫
Bξ

(Gradηx : P )
(
DX (detF Φ̂) ·∆Xh

)
dVξ ,

(44)

the matrix K∆X
e

IJ
representing the sensitivities of the residual forces with respect to the

nodal coordinates Xh (XI) can be decomposed into three terms, i.e.,

ηIx ·K∆X
e

IJ ·∆XJ = ηIx ·
(
K∆X

1e

IJ
+K∆X

2e

IJ
+K∆X

3e

IJ
)
·∆XJ . (45)

By further extending the first term∫
B

(
DX (Gradηx) ·∆Xh

)
: P dV =

∫
B

(
∂ηx
∂ξ
·
(
∂F−1

Φ̂

∂F Φ̂

:
∂∆Xh

∂ξ

))
: P dV

(46)

as well as the third term∫
Bξ

(Gradηx : P ) DX (detF Φ̂) ·∆Xh dVξ =

∫
B

((
∂ηx
∂ξ
· F Φ̂

−1

)
: P

)
F−T

Φ̂
· ∂∆Xh

∂ξ
dV

(47)

in Eq. (44), the matrices K∆X
1e

IJ
and K∆X

3e

IJ
are computed as

K∆X
1e

IJ

ij =

∫
Be0

−∂N
ϕ
I

∂ξl
FΦ̂
−1
lj FΦ̂

−1
mkPik

∂Nϕ
J

∂ξm
dVe (48)

K∆X
3e

IJ

ij =

∫
Be0

∂Nϕ
I

∂ξl
FΦ̂
−1
lk PikFΦ̂

−1
mj

∂Nϕ
J

∂ξm
dVe . (49)
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The only stiffness matrix that remains to be computed is related to the second term in
Eq. (44). For its derivation, the linearization of the first Piola-Kirchhoff stress tensor
P (ϕ, p,Θ) for fixed spatial coordinates xh resulting in∫

B

Gradηx :
(
DX (P (ϕ, p,Θ)) ·∆Xh

)
dV =

∫
B

Gradηx :
(

DXP ·∆Xh + DpP ·∆Xh

p+ DΘP ·∆Xh

Θ
)

dV .

(50)

represents the starting point. Having in mind that P 6= P (Θ), Eq. (50) can formally be
re-written as

ηIx ·K∆X
2e

IJ ·∆XJ =

ηIx ·
(
K∆X

∆Xe

IJ ·∆XJ +K∆X
∆Xpe

IJ ·∆XJ

p
)
.

(51)

By using the constitutive equations (6) and (7), together with the notation A = ∂P /∂F ,

the matrices K∆X
∆Xe

IJ
and K∆X

∆Xpe

IJ
in Eq. (51) are obtained as

K∆X
∆Xe

IJ

ij =

∫
Be0

−∂N
ϕ
I

∂ξl
FΦ̂
−1
lk AikmnFmjFΦ̂

−1
on

∂Nϕ
J

∂ξo
dVe and (52)

K∆X
∆Xpe

IJ

ij
=

∫
Be0

∂Nϕ
I

∂ξl
FΦ̂
−1
lk JF

−1
ki N

p
J dVe . (53)

Finally, the sensitivity ∆XJ
p is derived by linearizing the weak forms (11) and (12) for

fixed xh. A lengthy, but nevertheless straightforward, computation yields

∆XJ

p =
1

Ve

∫
B

∂2U(Θ)

∂Θ2
dV ∆XJ

Θ

+

∫
B

(
∂U(Θ)

∂Θ
− p
)
F Φ̂

−T · ∂N
ϕ
J

∂ξ
dV

 ·∆XJ

(54)

and

∆XJ

Θ =
1

Ve

(
M∆XΘ

∆X1

J
+M∆XΘ

∆X2

J
)
·∆XJ (55)

with

M1
∆XΘ
∆X

J

j =

∫
B

−JF−1
lk FkjFΦ̂

−1
ml

∂Nϕ
J

∂ξm
dV and (56)

M2
∆XΘ
∆X

J

j =

∫
B

(J −Θ)FΦ̂
−1
kj

∂Nϕ
J

∂ξk
dV . (57)

By combining Eqs. (51)–(57), the stiffness matrix K∆X
2e

IJ
can be computed.
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JW−1

W J

ideal element element in physical coordinates

reference element

Be
ideal

Be
ξ

Be
0

Figure 13: Different configurations of a simplex element

B A triangle shape measure

In this appendix, the simplex shape measure as advocated in [12, 19, 20], together with
its linearization, is summarized. This shape measure is based on the condition number
of the mapping connecting an element e to its ideal counterpart (all edges have the same
length). Clearly, this mapping measures the deviation of the physical to the ideal simplex.
According to Fig. 13, it is given by B ∈ L(R2,R2) with B : ξ 7→ J ·W−1 · ξ. In what
follows and without loss of generality, the reference element

ΩM = span{0; e1; e2} (58)

an its ideal counterpart

Ωideal = span{0; e1; (1/2,
√

3/2)} (59)

are considered. Consequently, the mapping connecting ΩM to Ωideal is characterized by
the matrix

W =

(
1 0.5

0
√

3/2

)
, (60)

where J is the classical Jacobian matrix. It can be shown that

g(J) = κmin/κ(J ·W−1) (61)

is a shape measure for simplex elements with κ being the condition number of the respec-
tive element and κmin denoting the condition number of an ideal element. Furthermore, g
fulfills the following criteria defining a mathematically sound simplex shape measure, cf.
[6]:

• g is continuous

• g = 0 ⇐⇒ e is degenerated

• g = 1 ⇐⇒ e is ideal (all edges have the same length)

• g is invariant with respect to translations, rotations and the size of the considered
element.
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Consequently, the shape of two simplex elements can be compared to one another simply
by evaluating the function g, i. e.,

g(J (1)) > g(J (2)) ⇐⇒ the shape of element 1 is better. (62)

Evidently, this maximum principle is equivalent to

κ(J (1) W−1) < κ(J (2) W−1) ⇐⇒ the shape of element 1 is better. (63)

It is noteworthy that criterion (63) is equivalent to minimizing the interpolation error, cf.
[24].

Based on criterion (63) a given initial triangulation can be improved (with respect to
the aspect rations and thus, the interpolation error) by applying the optimization strategy

inf
Xh

hgeo with hgeo =

nele∑
i=1

(f(J i))
p and f(J) = κ(J ·W−1). (64)

In what follows, the condition number based on the Frobenius norm is used, i. e.,
f(A) = (A : A) (A−1 : A−1) with A := J ·W−1. The linearization of h (more precisely,
that of f) necessary for a gradient-type optimization such as the L-BFGS-B algorithm
can be computed in a straightforward manner. Combining

∂f

∂Xz

=
∂f

∂Aoj
W−T
jp

∂Jop
∂Xz

. (65)

with

J =

[
X

(2)
1 −X(1)

1 X
(3)
1 −X(1)

1

X
(2)
2 −X(1)

2 X
(3)
2 −X(1)

2

]
, (66)

results finally in
∂f

∂X(i)
=

∂f

∂A
·W−T · n(i), (67)

with
n(1) = (−1;−1) n(2) = (1; 0) n(3) = (0; 1) . (68)

The second derivatives of f necessary for a Newton-type iteration can be found in [24].
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