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Abstract

The description of the complex interplay between deformation-induced twinning and dislocation
slip, typical for metals showing an hcp structure such as magnesium, is of utmost importance
for understanding their deformation behavior. In the present paper, an incremental energy prin-
ciple is presented for that purpose. Within this principle, dislocation slip is modeled by crystal
plasticity theory, while the phase decomposition associated with twinning is considered by a
mixture theory. This mixture theory naturally avoids the decomposition of the twinning process
into so-called pseudo-dislocations followed by a reorientation of the total crystal. By way of con-
trast, the proposed model captures the transformation of the crystal lattice due to twinning in
a continuous fashion by simultaneously taking dislocation slip within both, possibly co-existent,
phases into account. The shear strain induced by twinning as well as the deformation history are
consistently included within the twinned domain by an enhanced multiplicative decomposition
of the deformation gradient. Kinematic compatibility between the different phases is enforced
by a Hadamard-type compatibility condition, while compatibility with respect to the boundary
conditions requires the introduction of a boundary layer. The evolution of all state variables such
as the twinning volume and the plastic strains associated with dislocation slip follow jointly and
conveniently from minimizing the stress power of the total crystal. This canonical variational
principle is closely related to the postulate of maximum dissipation and guarantees thermody-
namical consistency of the resulting model. Particularly, the second law of thermodynamics is
fulfilled. In contrast to previous models suitable for the analysis of the deformation systems
in magnesium, the Helmholtz energy of the twinning interfaces and that of the aforementioned
boundary layer are considered. Analogously, the energy due to twinning nucleation and that
related to twinning growth are accounted for by suitable dissipation functionals. By doing so,
the number of twinning laminates becomes an additional unknown within the minimization
principle and thus, the thickness of the lamellas can be computed. Interestingly, by interpreting
this thickness as the mean free path of dislocations, a size effect of Hall-Petch-type can naturally
be included within the novel model. The predictive capabilities of the resulting approach are
finally demonstrated by analyzing the channel die test. For that purpose, a certain rank-two
laminate structure is considered. However, it bears emphasis that the proposed framework is
very general and consequently, it can also be applied to other materials.
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1 Introduction

Due to the high specific strength and its relatively low price, magnesium represents one of
the most promising materials suitable for the design of light-weight structures, cf. Mordike
and Ebert (2001). The only problems associated with that metal are related to its high
corrosion activity and the comparably poor formability at room temperature. While the
corrosion resistance of magnesium can be effectively improved either by a proper surface
treatment or by alloying (see Blawert et al. (2008)), its formability is usually increased by
conducting the respective forming process at elevated temperatures, typically at approx-
imately 200◦ Celsius (see, e.g., Nebebe et al. (2009)). Clearly, from an economical point
of view, lowering this temperature is desired. One important step necessary for achieving
this goal is the understanding of the deformation systems in magnesium.

The deformation systems in magnesium are governed by its underlying hexagonal
close-packed (hcp) atomic structure, cf. Christian and Mahajan (1995). This structure,
combined with a lattice axial ratio of c/a=1.624, leads to a comparably small number of
energetically favorable dislocation systems. One way for increasing this number, which is
frequently observed in hcp metals such as magnesium (see Hauser et al. (1955); Lilleod-
den (2010); Obara et al. (1973); Reed-Hill and Robertson (1957); Roberts and Partridge
(1966); Tegart (1964); Wonsiewicz and Backofen (1967); Yoshinaga and Horiuchi (1963)
and Ando and Tonda (2000)), is given by deformation-induced twinning. This deformation
mode yields a reoriented crystal lattice characterized by energetically more favorable dis-
location systems. Accordingly, the overall mechanical response of magnesium is driven by
a complex interplay between dislocation slip and deformation-induced twinning. Though
some of the characteristic deformation modes in single crystal magnesium are reasonably
well understood such that the basal systems 〈112̄0〉{0001} (Miller-Bravais indexing sys-
tem for hcp lattices) and the prismatic systems 〈112̄0〉{1̄100} are mostly responsible for
plastic deformation, many questions are still open and controversially discussed in the
literature, see Lilleodden (2010); Obara et al. (1973).

An effective method for analyzing the complex deformation systems in magnesium is
provided by physically sound constitutive models. Such models have to capture deformation-
induced twinning as well as dislocation slip. The latter is frequently modeled by crystal
plasticity theory. This method was originally advocated in Rice (1971) and has been
significantly further elaborated since then. A comprehensive recent overview of this con-
stitutive description can be found, e.g., in Roters et al. (2010). Clearly, since crystal
plasticity theory in its classical form does not account for deformation-induced twinning,
the textures predicted by this theory are not in good agreement with those observed
experimentally for materials showing an hcp lattice structure, see Agnew and Duygulu
(2005); Khan et al. (2010).

Relatively straightforward approaches for incorporating deformation-induced twinning
into classical crystal plasticity theory were proposed in Graff et al. (2007); Kalidindi
(2001); Proust et al. (2009); Staroselsky and Anand (2003); Van Houtte (1978). Within
such models, the shear strain induced by twinning is modeled by a so-called pseudo dislo-
cation. If the respective strain reaches a certain threshold value, the crystal’s orientation
is rotated. Accordingly, the models proposed in the cited papers are based on a decom-
position of the twinning history. Thus, simultaneous dislocation slip in both the initial
phase and the twinning phase is not accounted for.

A general thermodynamically consistent framework for phase transformation has been
published in a series of papers by Levitas, cf. Levitas (1998, 2000a); Levitas and Ozsoy
(2009a,b). A respective numerical implementation can be found in Idesman et al. (1999,
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2000). Within such papers, the kinematics as well as the kinetics associated with phase
transformation were derived by considering a representative volume element. In the final
numerical model discussed in Idesman et al. (1999), the phase in the process of transfor-
mation from one state into another has been modeled similarly to phase field theory.

Alternatively, the kinematics of twinning can be modeled as a phase transformation
or rather as a phase decomposition without a phase field approximation (sharp trans-
formation interface with co-existing initial and product phase). Such models go back to
Ericksen (1979), see also James (1981); Kohn (1991). In sharp contrast to the approaches
presented in Graff et al. (2007); Kalidindi (2001); Proust et al. (2009); Staroselsky and
Anand (2003); Van Houtte (1978), this concept allows to consider the deformation sys-
tems in both phases simultaneously – as observed in experiments. Equally importantly,
the deformation in such phases can be different. For guaranteeing continuity of the total
deformation, Hadamard-like compatibility conditions are enforced, cf. Ball and James
(1987); Pitteri (1985). Mathematically speaking, the modeling of twinning as phase de-
composition can be interpreted as a certain rank-one convexification, cf. Carstensen et al.
(2002); Ortiz and Repetto (1999). While the aforementioned modeling approach has been
frequently applied to the martensitic phase transformation occurring in shape memory
alloys (see Aubry and Ortiz (2003); Ball and James (1987); Idesman et al. (2000); James
and Hane (2000); Mielke et al. (2002); Mueller (1999); Simha (1997)), it has only been
rarely considered for the description of deformation-induced twinning. Scarce counterex-
amples are given by Kochmann and Le (2008, 2009) and Homayonifar and Mosler (2010).
While in Kochmann and Le (2008, 2009) a very simple mechanical prototype model was
analyzed, the method advocated in Homayonifar and Mosler (2010) does capture the most
relevant deformation systems in magnesium. However, although the constitutive frame-
work discussed in Homayonifar and Mosler (2010) is motivated by the theory of phase
decomposition, the final model is again based on a decomposition of the twinning history
into pseudo-dislocations followed by a reorientation of the total crystal. Consequently,
simultaneous dislocation slip within both co-existent phases is not accounted for.

In the present paper, the concept of phase decomposition is combined with that of
crystal plasticity theory leading to a consistent description of the deformation systems in
magnesium. For that purpose and in line with Carstensen et al. (2002); Homayonifar and
Mosler (2010); Miehe and Lambrecht (2003); Mosler and Bruhns (2009b), a variational
principle is developed. This principle allows to compute all unknowns such as the plastic
slip associated with dislocations and the reorientation of the crystal lattice due to twinning
based on minimizing the stress power. In case of rate-independent plasticity theory, this
principle is equivalent to the postulate of maximum dissipation, cf. Hackl and Fischer
(2008). It also shares some similarities with the postulate of realizability advocated in
Levitas (1995); Mielke et al. (2002). Within this postulate it is assumed that the state
which leads to a certain transformation first will occur, provided the respective gain in
Gibb’s energy is greater than the corresponding dissipation.

In addition to its physical and mathematical elegance, this variational postulate of
minimum stress power shows several further advantages compared to conventional ap-
proaches, cf. Mosler and Bruhns (2009b). One of such advantages which is very impor-
tant here is that energy minimization leads to a natural coupling of deformation-induced
twinning and dislocation slip, i.e., that combination between such mechanisms is chosen
which is energetically most favorable. This feature has already been used for analyzing
the interplay between plastic deformation and wrinkling in membranes, cf. Mosler and
Cirak (2009). Equally importantly, the framework of energy optimization opens up the
possibility of studying also the subgrain microstructure of crystals such as that related
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to dislocations, see Carstensen et al. (2002); Hansen et al. (2010); Kochmann and Le
(2008); Ortiz and Repetto (1999). It is noteworthy that the evolution of the microstruc-
ture predicted by such models is in remarkably good agreement with that observed in
experiments, see Ortiz and Repetto (1999); Rasmussen and Pedersen (1980).

Similar to Carstensen et al. (2002); Hansen et al. (2010); Kochmann and Le (2008);
Ortiz and Repetto (1999), the subgrain microstructure in magnesium is approximated by
certain laminates in the present paper. Furthermore and analogously to Hansen et al.
(2010), a so-called boundary layer necessary for fulfilling the boundary conditions at the
microstructure is introduced. However, and in sharp contrast to Hansen et al. (2010)
where the subgrain dislocation structure in FCC metals has been investigated, a novel
constitutive model suitable for the analysis of magnesium is elaborated in the present
paper. For that purpose, a physically sound Helmholtz energy for the twinning interfaces
and an additional one for the aforementioned boundary layer are proposed. Analogously,
suitable dissipation functionals related to twinning nucleation and twinning growth are
elaborated. By doing so, the number of twinning laminates becomes an additional un-
known within the minimization principle and thus, the thickness of the lamellas can be
computed. Interestingly, by interpreting this thickness as the mean free path of disloca-
tions, a size effect of Hall-Petch-type can naturally be included within the novel model,
cf. Aubry and Ortiz (2003).

One question which is open and currently under debate in the scientific literature is
how a dislocation is altered when a twinning interface moves across it, cf. Kim et al.
(2009). This question is also important for the model advocated in the present paper.
Physically speaking, when twinning leads to a new phase, proper initial conditions for
the dislocation structure have to be chosen. One possible assumption would be that the
deformation history is completely reset by twinning. Alternatively, one could assume
that the dislocation structure is not at all affected by twinning. Recently, models lying in
between such limiting cases have been proposed, see Bartel et al. (2010). Regardless of the
respective assumption, this can be modeled by an enhanced multiplicative decomposition
of the deformation gradient, cf. Boyce et al. (1992); Idesman et al. (2000); Levitas (1998,
2000a,b); Levitas and Ozsoy (2009a,b); Lion (2000); Meggyes (2001). Among those works,
the papers Idesman et al. (2000); Levitas (1998, 2000b); Levitas and Ozsoy (2009a,b)
are related to the modeling of different types of phase transformation. The respective
kinematic framework is also adopted in the present paper. The respective kinematics
accounts consistently for the initial structure and the evolution of the dislocations within
the new phase, the deformation due to twinning as well as for the elastic lattice distortion.

The paper is organized as follows: Section 2 is concerned with the crystal plasticity
theory and its variationally consistent reformulation. Within the resulting model all un-
known slip rates follow naturally from minimizing the stress power. The probably most
important novel contributions can be found in Section 3. Within this section, a physi-
cally sound model suitable for the analysis of deformation-induced twinning is elaborated.
Starting from an approximation of the underlying kinematics based on lamination theory,
the constitutive assumptions are subsequently discussed. The predictive capabilities of
the novel model are finally demonstrated in Section 4. For that purpose, the channel die
test introduced in Kelley and Hosford (1968) is numerically analyzed.
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2 Variationally consistent crystal plasticity theory

This section is associated with the modeling of dislocation slip in magnesium resulting
from dislocations. Deformation-induced twinning is excluded here. For describing disloca-
tion slip, a model falling into the range of crystal plasticity theory is considered. Following
Ortiz and Stainier (1999), this model is recast into a variationally consistent format which
allows to compute all state variables, together with the unknown deformation, jointly and
conveniently by minimizing an incrementally defined energy functional. Although this ap-
proach has already been published in Homayonifar and Mosler (2010), this section cannot
be removed for two reasons. First, it serves for introducing the notations used within the
present paper. Secondly and equally importantly, the final novel model suitable for the
analysis of interacting dislocation slip and deformation-induced twinning relies, among
others, on precisely the aforementioned crystal plasticity framework. The present section
follows to a large extent Homayonifar and Mosler (2010). However, a more concise format
is chosen here.

2.1 Fundamentals of crystal plasticity theory – In a nutshell

The fundamentals of crystal plasticity theory are introduced here. Since they are nowa-
days well known, they are simply summarized in Tab. 1. The mechanical response implied
by such assumptions can be derived in standard manner. More precisely, applying the by
now classical Coleman & Noll procedure (see Coleman (1964)) to the dissipation inequality

D = P : Ḟ − Ψ̇ ≥ 0 (8)

and considering elastic processes, yields the second Piola-Kirchhoff stress tensor

S = 2
∂Ψ

∂C
= 2(F p)−1 · ∂Ψ

∂Ce · (F
p)−T (9)

and subsequently, the Mandel stresses Σ := 2Ce · ∂CeΨe, cf. (Mandel, 1972). In Eq. (8),
P denotes the first Piola-Kirchhoff stress tensor and thus, the product P : Ḟ is the stress
power. Focusing now on an inelastic deformation, inserting Eq. (9) into the dissipation
inequality (8), together with the degree-one positive homogeneity of the yield function,
results in the reduced dissipation inequality

D φa=0
=

n∑
a=1

ζ(a) Σ
(a)
0 ≥ 0. (10)

Since the initial yield stress is always positive (Σ
(a)
0 > 0) and the plastic multiplier is

non-negative (ζ(a) ≥ 0), the second law of thermodynamics is indeed fulfilled by the
constitutive framework summarized in Tab. 1. Equally importantly, Eq. (10) allows to

compute the dissipation in closed form. Furthermore, since Σ
(a)
0 = const, the dissipation

can be integrated analytically in time. This is particularly convenient for the variational
constitutive updates discussed next.

2.2 A variational reformulation of crystal plasticity theory

In this subsection, the crystal plasticity model addressed before is reformulated into a
variationally consistent framework. Within this framework all state variables, together
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� Multiplicative decomposition of the deformation gradient F

F = F e · F p with det(F e) > 0 and det(F p) > 0 (1)

Here, F e is associated with elastic and F p with plastic deformations, cf. Lee
(1969).

� Additive decomposition of the Helmholtz energy Ψ

Ψ = Ψe(Ce) + Ψp(λ), with Ce := F eT · F e, λ = {λ(1), . . . , λ(n)} (2)

In Eq. (2), Ψe defines the mechanical response to fully reversible deformations,
while Ψp is related to plastic work. λ(a) is a strain-like internal variable govern-
ing isotropic hardening of slip system a.

� Additive decomposition of the Helmholtz energy into self and latent hardening

Ψp = Ψp
self + Ψp

lat (3)

� Definition of the space of admissible stresses Eσ

Eσ =
{

(Σ,Q) ∈ R9+n
∣∣ φ(a)(Σ, Q(a)) ≤ 0, a = 1, ..., n

}
(4)

by means of n convex yield functions φ(a) of Schmid-type, i.e.,

φ(a)(Σ,λ) = |Σ : N (a)| − (Σ
(a)
0 −Q(a)(λ)), Q(a) = −∂λ(a)Ψp (5)

Here, N (a) := (s(a) ⊗m(a)) is the Schmid tensor defined by the orthogonal

unit vectors m(a) and s(a), Σ is the Mandel stress tensor, Σ
(a)
0 is the initial

yield stress and the stress-like internal variable Q(a) conjugate to λ(a) governs
isotropic hardening of slip system a.

� Associative evolution equations (postulate of maximum dissipation, cf. Hill
(1972))

lp := Ḟ
p · F p−1 =

n∑
a=1

ζ(a) sign[Σ : N (a)] N (a) and λ̇(a) = ζ(a) ∂φ
(a)

∂Q(a)
= ζ(a)

(6)

Here, ζ(a) denotes the plastic multiplier related to slip system a and the super-
posed dot is the material time derivative.

� Karush-Kuhn-Tucker optimality conditions

ζ(a) ≥ 0 , ζ(a) φ̇(a) = 0 (7)

Table 1: Summary of the constitutive equations defining the crystal plasticity model used
within the present paper
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with the unknown deformation of the considered solid, follow jointly and conveniently from
minimizing an incrementally defined potential, cf. Carstensen et al. (2002); Miehe (2002);
Mosler and Bruhns (2009a,b); Ortiz and Stainier (1999). For rate-independent processes
which are the focus of attention, this potential turns out to be the stress power. In addition
to the mathematical and physical elegance, the aforementioned variational formulations
show several further advantages compared to conventional approaches, cf. Mosler and
Bruhns (2009b). The one which is probably most important within the present paper is
that energy principles provide a physically sound basis for coupling different models, cf.
Mosler and Cirak (2009), i.e., the energetically most favorable combination between the
respective models is considered. Such a canonical coupling is also proposed in the present
paper for combining dislocation slip and deformation-induced twinning.

As mentioned before, the stress power plays an important role within the variational
reformulation of crystal plasticity theory. Following Mosler and Bruhns (2009b); Ortiz
and Stainier (1999), it can be written as

E(ϕ̇, ζ(1), . . . , ζ(n)) = Ψ̇(ϕ̇, ζ(1), . . . , ζ(n)) +D(ζ(1), . . . , ζ(n)) (11)

for physically admissible states. Here, ϕ and ϕ̇ are the deformation mapping and its
correcponding rate. If energy minimization is the overriding principle, inadmissible states
can simply be excluded by considering the constrained functional

E =

{
Ψ̇(ϕ̇, ζ(1), . . . , ζ(n)) +D(ζ(1), . . . , ζ(n)) ∀ admissible states
∞ otherwise.

(12)

It bears emphasis that the associative flow rule (6)1 and the evolution equations (6)2 are
already included in Eqs. (11) and (12). As a consequence, the dissipation D is given by
Eq. (10). The interesting properties of functionals (11) or (12) become evident, if their
stationarity conditions are computed. By inserting Eq. (10) into Eq. (11) and considering
the identities

Ḟ
e
(Ḟ , Ḟ

p
)|Ḟ=0 = −

n∑
a=1

ζ(a) sign[Σ : N (a)] F e ·N (a), Ḟ
e
(Ḟ , Ḟ

p
)|Ḟ p

=0 = Ḟ · F p−1,

(13)

and

Ψ̇ =
∂Ψ

∂F e : Ḟ
e
∣∣∣
Ḟ

p
=0

+
∂Ψ

∂F e : Ḟ
e
∣∣∣
Ḟ=0

+
n∑
a=1

∂Ψ

∂λ(a)
ζ̇(a) (14)

together with the homogeneity of the yield function, the stress power E can finally be
re-written as

E=P : Ḟ −
n∑
a=1

ζ(a) |Σ : N (a)| −
n∑
a=1

ζ(a) Q(a) +
n∑
a=1

ζ(a) Σ
(a)
0

=P : Ḟ −
n∑
a=1

ζ(a)φ(a).

(15)

Since the plastic multiplier ζ(a) vanishes in case of elastic processes at slip plane a, while
the yield function fulfills φ(a) = 0 for a plastic deformation, the last sum in Eq. (15) is
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always zero and thus E is indeed the stress power. According to Eq. (15), stability of
Eq. (15) with respect to the plastic multiplier ζ(a) yields

∂E
∂ζ(a)

= −φ(a) ≥ 0. (16)

Thus, energy minimization of E predicts plastic multipliers fully equivalent to those of
the conventional plasticity model discussed in the previous subsection. As a result,

(ζ(1), . . . , ζ(n)) = arg inf E(ϕ̇, ζ(1), . . . , ζ(n))
∣∣
ϕ̇=const (17)

represents indeed a variationally consistent reformulation of the crystal plasticity model
summarized in Tab. 1. Furthermore, it defines the reduced potential

Ered = inf
ζ(1),...,ζ(n)

E(ϕ̇, ζ(1), . . . , ζ(n)). (18)

Taking the Karush-Kuhn-Tucker optimality conditions (7) into account, this reduced po-
tential is simply the stress power (see Eq. (15))

Ered = P : Ḟ . (19)

Consequently, Ered acts like a hyperelastic potential, i.e., the stresses are conveniently
derived from

P =
∂Ered

∂Ḟ
. (20)

Further details on variational constitutive updates are omitted here. They can be found,
e.g., in Carstensen et al. (2002); Miehe (2002); Mosler and Bruhns (2009a,b); Ortiz and
Stainier (1999).

Remark 1 In case of rate-independent plasticity theory, the dissipation is a positively
homogeneous function of degree one, cf. Hackl and Fischer (2008); Ortiz and Stainier
(1999) (see also Eq. (10)). In the present paper, it followed from a Legendre-Fenchel
transformation applied to the characteristic function of the space of admissible stresses,
see Homayonifar and Mosler (2010); Mosler and Bruhns (2009a). Thus, it depends on the
underlying yield function representing the primary assumption. By way of contrast, the
dissipation and the flow rule represent the primary variables in Ortiz and Repetto (1999);
Ortiz and Stainier (1999) and the yield function is derived from them. Both methods
are connected through a Legendre-Fenchel transformation. Therefore, they are essentially
equivalent for rate-independent processes. However, depending on the application, one of
these methods can be advantageous. For instance, the approach advocated in Ortiz and
Repetto (1999); Ortiz and Stainier (1999) will be chosen for elaborating the model suitable
for the analysis of deformation-induced twinning.

2.3 Numerical implementation - Variational constitutive updates

An additional advantage of the variationally consistent formulation of crystal plasticity
concisely summarized in the previous subsection, is its naturally implied numerical imple-
mentation, cf. Carstensen et al. (2002); Miehe (2002); Mosler and Bruhns (2009a,b); Ortiz
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and Stainier (1999). More specifically, by considering a time integration over the inter-
val t ∈ [tn; tn+1], the continuously defined potential (11) is transformed into the discrete
counterpart

Iinc =

tn+1∫
tn

E dt = Ψn+1 −Ψn +
n∑
a=1

∆ζ(a) Σ
(a)
0 , ∆ζ(a) :=

tn+1∫
tn

ζ(a) dt. (21)

Since the dissipation depends linearly in the scalar-valued plastic multipliers ζ(a), it can
be integrated analytically. The same holds for the internal variables (λ

(a)
n+1 = λ

(a)
n +∆ζ(a)).

By way of contrast, the highly nonlinear Helmholtz energy requires an approximation of
the time integration. Here, an exponential integration scheme is adopted for the plastic
part of the deformation gradient, i.e.,

F p
n+1 = exp

[
n∑
a=1

∆ζ(a) sign[Σ : N (a)] N (a)

]
· F p

n (22)

Inserting this approximation into Eq. (21), yields finally

Iinc = Iinc(F n+1,∆ζ
(1), . . . ,∆ζ(n)). (23)

Fully analogously to the continuous case, the slip rates can be computed from this poten-
tial according to

(∆ζ(1), . . . ,∆ζ(n)) = arg inf
∆ζ(1),...,∆ζ(n)

Iinc|Fn+1 (24)

and finally, the stresses are derived from

P = ∂Fn+1 inf
∆ζ(1),...,∆ζ(n)

Iinc, (25)

cf. Homayonifar and Mosler (2010).

Remark 2 Evidently, potential Iinc depends on the underlying time integration for F p.
Therefore, the discrete solution, i.e., ∆ζ(1), . . . ,∆ζ(n), depends on this integration scheme
as well. However, it can be proved in a straightforward manner, that any consistent time
integration scheme fulfilling

lim
∆t→0

F p
n+1 − F p

n = 0, lim
∆t→0

F p
n+1 − F p

n

tn+1 − tn
= Ḟ

p
(26)

results in a consistent approximation of the continuous optimization problem, i.e.,

(ζ(1), . . . , ζ(n)) = lim
∆t→0

arg inf
∆ζ(1),...,∆ζ(n)

Iinc|Fn+1

tn+1 − tn

 . (27)

Further details are omitted here. They can be found, e.g., in Mosler and Bruhns (2009a,b).
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2.4 Numerical analysis of the channel die test for a sample show-
ing only pyramidal slip

The material parameters of the crystal plasticity model discussed before are calibrated
here. For that purpose, an experiment is considered in which deformation-induced twin-
ning is not observed. One such experiment is the channel die test, cf. Kelley and Hosford
(1968) (see also Graff et al. (2007); Homayonifar and Mosler (2010)). For this experiment,
the sample labeled as “A” in Kelley and Hosford (1968), is chosen. For this orientation,
only pyramidal dislocations ({[21̄1̄3̄](21̄1̄2), [21̄1̄3](2̄112)}) can form. Since these disloca-
tions are energetically equivalent and symmetric, their induced plastic deformation is a
pure stretch (no macroscopic shear).

The macroscopic deformation characterizing the channel die test can be conveniently
approximated by a plane strain field of the type

F = I − ε(e3 ⊗ e3) + ε̃(e1 ⊗ e1). (28)

Here, ε and ε̃ are the compression and extension strain in the punching direction (e3) and
in the channel direction (e1). Due to elastic deformation, the macroscopic deformation is
usually not purely isochoric. Accordingly, ε̃ is not necessarily identical to 1/ε.

Although the elastic deformation can be considered as small, a Helmholtz energy
suitable for large strain effects is chosen. It is given by

Ψe(Ce) =
λE

2
(ln(Je))2 − µ ln(Je) +

µ

2
(tr(Ce)− 3). (29)

In Eq. (29), Je is the determinant of the elastic deformation gradient and {λE, µ} are
the Lamé constants. Since, the macroscopic elastic anisotropy of magnesium is not very
pronounced, an isotropic model such as that defined by Eq. (29) represents a suitable
choice. However, a more complex anisotropic model could also be applied. It would not
require any significant modification of the proposed framework.

The Helmholtz energy is completed by choosing a suitable hardening model. According
to Kelley and Hosford (1968), the mechanical response of pyramidal slip systems can be
reasonably approximated by an exponential hardening law. For this reason,

Q
(a)
self = −∂Ψp

self

∂λ(a)
= Σ∞(1− exp(−h0λ

(a)/Σ∞)) (30)

is considered with h0 and Σ∞ being material parameters. By way of contrast, less infor-
mation is available for latent hardening. Consequently, a linear model characterized by a
quadratic energy

Ψp
lat =

1

2
λ · l · λ. (31)

is employed. Hence, the resulting hardening moduli

lab :=
∂2Ψp

lat

∂λ(a)∂λ(b)
(32)

are constant.
The parameters of the presented constitutive model were computed by comparing

the experimentally observed mechanical response (see Kelley and Hosford (1968)) to its
numerical counterpart. The results are shown in Fig. 1. Accordingly, the stress-strain
response predicted by the crystal plasticity model combined with the material parameters
in Fig. 1 shows a good agreement with the experimentally observed data.
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Figure 1: Channel die test: left: comparison between experimentally measured stress-
strain response (see Kelley and Hosford (1968); sample A) and numerical simulation;
right: material parameters used within the computation

3 Modeling deformation-induced twinning

The crystal plasticity model introduced before captures the mechanical response asso-
ciated with dislocation slip in magnesium. However, that model does not capture the
important effects of deformation-induced twinning frequently observed in metals showing
an hcp lattice structure such as magnesium. For this reason, a novel model suitable for the
analysis of this deformation mode is elaborated here and finally combined with the crystal
plasticity model. Following the previous section, a variationally consistent framework is
advocated, i.e., every single aspect of the proposed model is governed by energy mini-
mization. First the kinematics associated with twinning is discussed in Subsection 3.1.
Subsequently, the constitutive equations are addressed in Subsection 3.2. The resulting
model is presented in Subsection 3.3.

3.1 Kinematics of twinning

In this section, the kinematics associated with deformation-induced twinning is described.
In line with James (1981), the deformation between the initial phase and the twinning
phase is coupled by a Hadamard-type compatibility condition, i.e., twinning is consid-
ered as a certain rank-one convexification (Carstensen et al., 2002; Ortiz and Repetto,
1999). The presented framework is very general and applies also to higher-order lami-
nates. As a matter of fact, second-order laminate structures will be analyzed within the
numerical examples. Within each phase showing the original lattice structure, a standard
multiplicative decomposition of the deformation gradient is adopted, while an extended
decomposition is elaborated for the twinning phase. This extended decomposition ac-
counts for the lattice re-orientation, the shear strain induced by twinning as well as for
the deformation history prior to twinning. Since the total deformation associated with the
aforementioned laminate structure does not fulfill the Hadamard compatibility condition,
an additional boundary layer is introduced. By doing so, a compatible deformation field
can be constructed.
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3.1.1 Deformation within the initial phase and the twinning phase

Analogously to the crystal plasticity model discussed in Section 2, a multiplicative de-
composition of the deformation is adopted. Accordingly, for the deformation of the initial
phase without twinning which is highlighted by the superscript (+) in what follows, the
standard split

F+ = F e+ · F p+ (33)

is used. By way of contrast, additional deformation modes have to be taken into account
in the twinning phase. The first of those is the twinning-induced shear strain a.k.a.
intrinsic phase distortion, see e.g., Aubry et al. (2003); James (1981); Mueller (1999).
The respective deformation gradient reads

F Twin = I + (a⊗ n) (34)

with n (||n|| = 1) and a being two vectors corresponding to the twinning plane and the
shear direction. The amplitude of twinning ||a|| is related to the type of crystal lattice.
In the case of hcp metals, it is dictated by the crystal axial ratio, i.e., ||a|| = f(c/a),
see Christian and Mahajan (1995). The second deformation mode which has also to be
considered within the twinning phase is the deformation history, e.g., the phase could have
already experienced dislocation slip before twinning. Such deformations are represented
by the deformation gradient F Hist. Combining the aforementioned deformation modes,
the deformation gradients of the different phases are decomposed according to (see Levitas
(1998, 2000a))

Initial phase before twinning ( + ) : F+ = F e+ · F p+ (35)

New phase after twinning (− ) : F− = F e− · F p− · F Twin · F Hist. (36)

Analogously to classical crystal plasticity theory, the ordering of the different gradients
in Eq. (36) has been chosen in line with the deformation chronology. Clearly, even with
such a motivation, many questions regarding the multiplicative decomposition of F are
still open and controversially discussed in the literature, see, e.g., Xiao et al. (2006) and
references cited therein. However, they are far beyond the scope of the present paper.
In any case, decompositions of the type (36) have already been successfully applied to
a broad variety of different mechanical problems, cf. Boyce et al. (1992); Idesman et al.
(2000); Levitas (1998, 2000b); Levitas and Ozsoy (2009a,b); Meggyes (2001); Mosler and
Bruhns (2009b). Among those papers, the works Idesman et al. (2000); Levitas (1998,
2000b); Levitas and Ozsoy (2009a,b) are related to the modeling of phase transformation.

A closer look at Eq. (35) and Eq. (36) reveals that the model has not been completely
defined yet. More precisely, the deformation gradient F His needs further explanation.
This variable is strongly related to the interaction between already existing dislocations
and twinning. Unfortunately, only little experimental information is available, cf. Kim
et al. (2009). Therefore, certain assumptions are required. One such assumption is that
the deformation history is completely reset by twinning. In this case, F His = 1 and
consequently,

F− = F e− · F p− · F Twin. (37)

Alternatively, one could assume that the dislocation structures is not at all affected by
twinning. This implies F His = F p+ and thus,

F− = F e− · F p− · F Twin · F p+. (38)



Modeling microstructure evolution in magnesium by energy minimization 13

During deformation of the twinning phase, F His = F p+ remains constant in this case, cf.
Levitas (1998) and also Hansen et al. (2010).

Remark 3 Clearly, the constitutive assumption concerning the deformation gradient F His

does affect the mechanical response as prediced by the model. Accordingly, results obtained
by enforcing Eq. (37) are usually different compared to those based on Eq. (38). However,
within the numerical examples presented next, this assumption is fortunately not relevant.
Due to the orientation of the crystal and the boundary conditions, the deformation before
twinning is purely elastic. Thus and regardless of the assumption, F His = 1. Clearly,
such simplifications are usually not fulfilled. Therefore, future work will focus on precisely
this transition. More details concerning the choice of F His can be found in Bartel et al.
(2010).

Remark 4 Since twinning transforms the lattice of the initial phase to a new configura-
tion, it can also affect the elastic properties. However, the elastic anisotropy of magne-
sium is not very pronounced and the elastic deformation is comparably small. Thus, an
isotropic constitutive model is adopted. As a result, the elastic material parameters have
been assumed as twinning invariant.

3.1.2 Compatibility of deformation between the different phases

In the previous section, the deformation within each phase has been decomposed into the
physically most relevant parts. However, the deformation gradients in such phases are
evidently not completely independent, but they have to fulfill the compatibility condition

F− − F+ = (a⊗ n). (39)

of Hadamard-type, cf. James (1981). Furthermore, the volume average of both gradients
has to be identical to their macroscopic counterpart, i.e.,

F = (1− 1ξ) F
+ + 1ξ F

−. (40)

Here, 1ξ = vol(Ω−)/vol(Ω) ∈ [0; 1] is the relative twinning volume and Ω := Ω− ∪ Ω+.
A graphical interpretation of the resulting deformation implied by Eqs. (39) and (40) is
shown in Fig. 2. While in the upper part of Fig. 2 a periodic rank-one laminate is illus-
trated, a second-order laminate is depicted below that figure. Interestingly, such laminates
have been observed in many materials, particularly in metals, cf. Kohn (1991); Mueller
(1999); Ortiz and Repetto (1999); Ortiz et al. (2000); Pedregal (1993) and references cited
therein. According to Fig. 2, twinning can be described by a binary tree structure con-
sisting of leaves and branch joints. Each node of the tree corresponds to the deformation
of one laminate (F+; F−), while the deformation at the joint of two branches is associ-
ated with the volumetric average of the leaves’ deformations. The number of branching
sequences defines the level of a laminate.

Remark 5 In general, deformation-induced twinning can occur successively by several
twinning variants. In this case, the aforementioned phase decomposition model has to be
considered several times, see Fig. 2. For highlighting the laminate level, left subscripts
will be used (2ξ

−). Alternatively, the number of superscripts of F shows this level as

well. Hence, F+− is a second-order laminate. In this connection, the nth index of F
corresponds to the nth phase decomposition.
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Figure 2: Schematic illustration of sequential laminates and their representative graph of
deformation: top: rank-one laminates; middle: rank-two laminates; bottom left: magni-
fication of the boundary layer which is necessary for a continuous deformation; bottom
right: approximated boundary layer

3.1.3 Deformation within the boundary layer

The Hadamard compatibility conditions (39) and (40) ensure that the deformation gra-
dients associated with a rank-one laminate results from a continuous deformation. As a
consequence and as shown in Fig. 2, the respective laminates fit perfectly together. It
is well known that such a compatibility cannot be guaranteed anymore for higher-order
laminates. Even if each phase decomposition fulfills the Hadamard compatibility condi-
tions, the resulting deformation is usually not rank-one compatible. This incompatibility
gives rise to the formation of boundary layers, i.e., misfits. Following Ortiz et al. (2000),
the deformation gradient within such layers can be computed as

F±BL = F± + a± ⊗ n±BL (41)
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with

n∓BL = (2ξ
∓)
n∓ · r∓+

|r∓+|2
r∓

+ − (1− 2ξ
∓)
n∓ · r∓−

|r∓−|2
r∓
−
. (42)

In the present paper and following (Aubry et al., 2003; Kochmann and Le, 2009; Petryk
et al., 2003; Stupkiewicz and Petryk, 2002), the deformation gradient (41) within the
boundary layer is approximated by

F±BL = F±. (43)

Accordingly, the wedge-shaped boundary layer (exact solution) is approximated by a
parallelepiped. Evidently, Eq. (43) does not satisfy the Hadamard compatibility condition
between the boundary layer and the adjacent leaves. However, if the number of laminates
is sufficiently large, the difference between Eq. (41) and Eq. (43) is negligible, i.e., both
gradients converge to one another. Experimental confirmation of thin boundary layers
in microstructures showing twinning can be found, e.g., in (Appel and Wagner, 1998;
Stupkiewicz and Petryk, 2002), see Fig. (3).

Figure 3: Twinning microstructure in Ti-Al alloy; see Appel and Wagner (1998) (reprint
with permission)

3.1.4 Example: Kinematics associated with the channel die test (sample E)

In this section, the kinematics discussed before is specified for the channel die test, cf.
Kelley and Hosford (1968). More precisely, the sample labeled as “E” is considered. For
this sample, the twinning systems {[011̄1](01̄12), [01̄11](011̄2)} have been observed in the
respective experiments. Furthermore, since the Schmid factor of the basal system is zero
and the activation energies of prismatic and pyramidal slip are much higher than that of
tensile twinning, only tensile twinning is expected to be active. However, twinning reori-
ents the parent crystal lattice about 90 degrees. As a result, it leads to different Schmid
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factors. For this reason, pyramidal dislocations of the type {[112̄3̄](112̄2), [1̄2̄1̄3̄](1̄2̄1̄2),
[1̄1̄23̄](1̄1̄22), [12̄13̄](12̄12)} become active within the twinning phase.

Fig. (4) shows the aforementioned microstructure associated with sample “E”. Accordingly,

{011̄2}
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−

F ++

F−
+

F +−

{01̄12}
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y

x
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F−
+

F− − 2ξ
−(a− ⊗ n−)

Figure 4: Left: schematic illustration of rank-one twinning laminates in a cubic single
crystal sample; right: graph (tree) of the laminates’ deformations

it corresponds to a second-order laminate. As discussed before, the second level of such
laminates is due to twinning and consequently, the vectors n and a follow directly from
crystallographic information, i.e., they are known in advance. By way of contrast, the
amplitude of deformation cannot be determined a priori for the laminates of first order.
Thus ||a|| represents an unknown in this case, see Remark 6.

By combining the second-order laminate structure shown in Fig. 4 with the dislocation
activities, the deformations within the different phases can be decomposed as

F++
= F e++

= F+ − 2ξ
+(a+ ⊗ n+) and F−

+
= F e−+

= F− − 2ξ
−(a− ⊗ n−), (44)

F+− = F e+− · F p+− · F Twin〈011̄1〉{01̄12}= F+ + (1− 2ξ
+)(a+ ⊗ n+) (45)

and

F−
−

= F e−− · F p−− · F Twin〈01̄11〉{011̄2}= F− + (1− 2ξ
−)(a− ⊗ n−). (46)

It should be noted that the decompositions (44)-(46) are related to the deformation within
the different phases, while Fig. 4 is associated with the decomposition of the macro-
scopic strain and the respective Hadamard-type compatibility conditions. According to
Eqs. (44)-(46) and in line with the experimental observations made by Kelley and Hosford
(1968), a plastic deformation (dislocations) may only occur within the twinning phase.
By way of contrast, the initial crystal is fully elastic for sample “E”.

For describing nonlocal effects related to the energy of the twinning interface, the
number of such interfaces is defined. Neglecting other size effects, the thickness of the
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laminates is defined by

level 0 l =: Thickness of the sample (47)

level 1 1l
+ = (1− 1ξ)l , 1l

− = (1ξ)l (48)

level 2 2l
++

= (1− 2ξ
+)

1l
+

2n+
, 2l

+− = (2ξ
+)

1l
+

2n+
(49)

level 2 2l
−+

= (1− 2ξ
−)

1l
−

2n−
, 2l

−− = (2ξ
−)

1l
−

2n−
(50)

where 2n
+ and 2n

− indicate the number of laminates of the second level. With such
definitions, the thickness of the boundary layer is obtained by using the shear distortion
of the twinning laminate (see Fig. 5), i.e.,

2l
+
BL =

1

2
2ξ

+ λTwin 2l
+−

2l
−
BL =

1

2
2ξ
− λTwin 2l

−−
(51)

and the volume fraction of the boundary layer can thus be described as a function of the
twinning volume fraction, i.e.,

2ξ
±
BL = f(2ξ

±) =
1

2
2ξ
± λTwin sin(θ)

(
2l
±−
)2 w

vol(Ω)
. (52)

Here, w and θ are the width of the respective sample and the angle between the twinning
interface and the rank-one laminate. According to Fig. (5), a boundary layer has only
been considered at the center of the specimen, cf. Kochmann and Le (2009).

Remark 6 In general, the microstructure (order of laminate and its orientations), to-
gether with its induced deformation, is intrinsically unknown and thus, it has to be com-
puted. As shown in the next section, it follows from minimizing the stress power of the
respective solids, i.e., the energetically most favorable microstructures will form. Fortu-
nately, due to the relatively simple boundary conditions and experimental observations,
many variables can be a priori determined for sample “E“ (see also Aubry et al. (2003)).
For an overview, the variables defining the microstructure are summarized in Tab. 2.

Table 2: List of microstructure related variables. The definitions of the vectors a, n, a±

and n± are given in Fig. 4, while the lengths l, 1l
± and 2l

±± and the volume fractions 1ξ,

2ξ
± and 2ξ

±
BL are explained in Fig. 5. 2n

±
int are the numbers of second order laminates.

1ξ 2ξ
+ = 2ξ

−
2ξ

+
BL = 2ξ

−
BL 2n

+
int = 2n

−
int l 1l

+ = 1l
−

2l
++

= 2l
−+

2l
+− = 2l

−−

0.5 unknown Eq. (52) unknown 12.7 mm l/2 unknown unknown

a n a+ n+ a− n−

direction 〈1̄010〉 {0001̄} 〈011̄1〉 {01̄12} 〈01̄11〉 {011̄2}
amplitude unknown 1 0.35 1 0.35 1
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Figure 5: Schematic illustration of twinning evolution by means of rank-one laminates for
monotonic loading (strain amplitudes: ε1 < ε2 < ε3): Due to the misfit between higher-
order laminates, wedge-shaped boundary layers are necessary for a continuous deformation
(upper figure). They are approximated by a straight boundary layer (bottom figure).

3.2 Constitutive equations

Having discussed the kinematics associated with dislocation slip and deformation-induced
twinning, focus is now on the constitutive equations. First, the Helmholtz energy is elab-
orated in Subsection 3.2.1. Subsequently, the dissipation related to twinning is addressed
in Subsection 3.2.2. The final model is summarized in Subsection 3.3 and numerical as-
pects concerning its implementation are also given. In line with the crystal plasticity
model shown in Section 2, it is uniquely driven by energy minimization.
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3.2.1 Helmholtz energy

Helmholtz energy within the different phases Within each phase, the deformation
may be purely elastic or elastoplastic as a result of dislocations. Accordingly and following
Section 2, a Helmholtz energy of the type

Ψ = Ψe(Ce) + Ψp(λ) (53)

represents a suitable choice. As in the previous section, the elastic response is approxi-
mated by the neo-Hooke-type model (29), while the stored energy due to plastic work is
again decomposed into self hardening and latent hardening effects, i.e.,

Ψp = Ψp(λ) = Ψp
self(λ) + Ψp

lat(λ). (54)

A size-dependence of the hardening parameters can be accounted for by assuming that
Ψp depends also on the mean free path of dislocations, cf. Aubry et al. (2003); Hansen
et al. (2010), i.e.,

Ψp = Ψp(λ,h) (55)

with h = {h(1), . . . h(n)} containing the mean free path of the n different dislocation
systems. However, due to lack of experimental observation, such an enhanced model will
not be used within the numerical examples presented in the next section. A size-effect of
Hall-Petch-type will nevertheless be implemented by relating the yield limit Σ

(a)
0 to the

mean free path of dislocations, cf. Eq. (60).

Helmholtz energy associated with the twinning interface According to experi-
mental measurements, the energy of twinning interfaces is relatively small compared to the
elastic energy stored within the bulk, see Ball and James (1987); Morris et al. (2005). For
instance, the interface energy reported in Morris et al. (2005) is about k = 0.140 mJ/m2.
Based on this measurement, the total energy of nint interfaces showing a cross sectional
area of Aint each is computed as

Ψmix(nint, Aini) = knintAint. (56)

Clearly, a constant area specific energy is a comparably simple assumption. However,
due to lack of experimental information, it seems to be appropriate. Furthermore and
equally importantly, the presented constitutive framework is very general and allows also
the incorporation of more complicated interface models.

Helmholtz energy associated with the boundary layer Unfortunately, even less
information is available about the boundary layer. More precisely, only the respective
deformation gradient is known (see Eq. (41)). For this reason, a fully elastic response is
assumed, i.e.,

ΨBL = ΨBL(C). (57)

In the numerical examples, the neo-Hooke-type model (29) is adopted. However, it bears
emphasis that any elastoplastic model can easily be included as well.
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Total Helmholtz energy By summarizing the different Helmholtz energies introduced
before, the total stored energy of a first-order laminate can be computed as

Ψ = (1− ξBL)
(
(1− ξ)Ψ+(C+,λ+) + ξ Ψ−(C−,λ−)

)
+ ξBL ΨBL(CBL) + Ψmix(nint, Aint).

(58)

Since the Helmholtz energy is an extensive variable, it decomposes additively. Although
the Helmholtz energy has been specified here only for a first-order laminate, it can be
generalized in a straightforward manner to the more general case. For that purpose,
Eq. (58) has to be applied recursively. Further details are omitted here. However, they
will be discussed in Subsection 3.3.

3.2.2 Dissipation and kinetics

Dissipation due to plastic deformation – dislocations within the different
phases Analogously to Section 2, dissipation due to plastic deformation is modeled by a
functional being positively homogeneous of degree one. Consequently and fully identical
to Section 2,

D =
n∑
a=1

ζ(a) Σ
(a)
0 ≥ 0. (59)

is considered. However and in sharp contrast to Section 2, a size-effect of Hall-Petch-type
is accounted for. For this reason, the critical effective resolved shear stress Σ̃0 is related
to the mean free path of dislocations according to

Σ̃0 = Σ0 +
T

bh
(60)

with h being the length of this path, b and T denoting material parameters (amplitude
of the Burgers’ vector and line tension) and Σ0 representing the resolved shear stress of
the local model (without Hall-Petch effect). Thus, the smaller this length, the higher
the resolved shear stress Σ0. Within the numerical simulations, the thickness of the
laminates is taken as h. Accordingly, since the yield function depends on the size of
the twinning lamellae, a strong coupling between dislocation plasticity and deformation
induced twinning exists. Physically, it could be interpreted as a modified plastic zone in
the vicinity of the twinning interface, cf. Levitas et al. (2002).

Dissipation due to twinning nucleation Analogously to dislocation slip, initiation of
twinning lenticulars is also accommodated by elementary dislocations, see Christian and
Mahajan (1995). Thus, a dissipation functional similar to Eq. (59) represents a suitable
choice. Considering one active slip system and neglecting hardening effects, Eq. (59) can
be re-written as

ζ(a) Σ
(a)
0 = ζ(a) |Σ :

(
s(a) ⊗m(a)

)
|. (61)

As a result, a dissipation potential of the type

Dint = µ ε̂ ṅint (Σ : (a⊗ n)) , (62)

seems to be well suited for describing the kinetics associated with twinning nucleation.
Here, ε̂ is a material parameter. It bears emphasis that twinning is a polar deformation
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system and thus, twinning initiation requires a positive resolved shear stress, see Chris-
tian and Mahajan (1995). Therefore and in contrast to Eq. (61), the sign of the driving
force (Σ : (a⊗n)) is important. For instance, already existing twinning laminates can be
annihilated under negative resolved shear stress (ṅ < 0). This is called de-twinning. Ac-
cordingly, n is not necessarily monotonically increasing and thus, the physical constraint
n ≥ 0 has to be carefully checked.

Dissipation due to propagation of twinning interfaces Similarly to twinning ini-
tiation, zonal dislocations are again the underling physical mechanism associated with
twinning propagation, see Christian and Mahajan (1995). Thus, the evolution equation
governing such phenomena can be derived in line with those of ideal dislocation slip. Ac-
cordingly, the rate of twinning growth is assumed to be proportional to zonal dislocation
slip, i.e.,

ξ ∝ nzd

n̂zd

(63)

where nzd and n̂zd are the current number of zonal dislocations and the total number of
zonal dislocations required for transforming the volume of the initial phase completely into
the reoriented twinning phase. As a result, the total energy dissipation due to twinning
propagation denoted as Dξ can be formally written as

tn+1∫
tn

Dξ dt ∝ ∆ξ ∝ ∆nzd. (64)

Hence, the analogy between twinning propagation caused by zonal dislocations and dislo-
cation slip suggests to use a dissipation functional being positively homogeneous of degree
one in ξ. Summarizing this similarity and having in mind that the twinning volume can
also decrease, a dissipation functional of the type

Dξ = µ ε ξ̇ (Σ : (a⊗ n)) (65)

represents a physically sound choice. In Eq. (65), µ and ε are the elastic shear modulus
and an additional material parameter, see Kochmann and Le (2009); Levitas and Ozsoy
(2009a). Analogously to twinning initiation, twinning propagation does also depend on
the loading direction. More precisely, Eq. (65), together with the dissipation inequality
Dξ ≥ 0, leads to twinning or de-twinning depending on the sign of the driving force
Σ : (a⊗ n).

Total dissipation By combining the different dissipative mechanisms analyzed within
the previous paragraphs and accounting for the extensivity of energy, the total dissipation
reads thus

Dtotal = (1− ξBL)
(
(1− ξ)D+ + ξ D−

)︸ ︷︷ ︸
=: Ddis

+Dξ +Dint. (66)

Accordingly, it consists of a term related to dislocation slip (Ddis), a term associated with
twinning initiation (Dint) and a dissipation corresponding to twinning propagation (Dξ).
Note that Ddis has the same structure as the Helmholtz energy of the bulk (compare Ddis

to the first line in Eq. (58)).
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3.3 The resulting non-local model for deformation-induced twin-
ning – variational constitutive updates

In Section 2, standard crystal plasticity theory was recast into an equivalent variational
principle. The key idea was the minimization of the stress power. The same method is
also applied here. For that purpose, the stress power

E = Ψ̇ +Dtotal (67)

is integrated over the time interval [tn; tn+1] yielding the incrementally defined potential

Iinc =

tn+1∫
tn

{Ψ̇ +D} dt = Iinc(F ,λ
−,λ+, ξ, ξBL(ξ), nint,a,n). (68)

Here, a first-order laminate has been considered for the sake of simplicity. According to
Eq. (68) and analogously to crystal plasticity, the functional depends on the macroscopic
strains through F and on the internal variables related to dislocation slip (λ±). However,
it is also affected by the microstructure (ξ, ξBL(ξ), nint,a,n). As mentioned in Remark 6,
some of the microstructural parameters can be a priori computed for certain boundary
value problems (e.g., due to symmetry). Based on Eq. (68), the unknowns are computed
from the optimization problem

(λ−,λ+, ξ, ξBL(ξ), nint,a,n) = arg inf
λ±,ξ,ξBL(ξ),nint,a,n

Iinc (69)

and the stresses follow subsequently from

P = ∂F

(
inf

λ±,ξ,ξBL(ξ),nint,a,n
Iinc

)
. (70)

A careful analysis of Eqs. (67) and (68), together with the Helmholtz energy (58) and the
dissipation functional (66), reveals that minimization principle (69) is indeed physically
sound. More explicitly, stationarity of Iinc with respect to the internal variables λ± is
equivalent to enforcing the yield functions, i.e., φ(a) ≤ 0. This can be seen by noticing
that the structure of the dissipation (66) and that of the Helmholtz energy (58) is identical
for all terms involving λ±. As a result, except for a factor c, this stationarity condition
is equivalent to that of standard crystal plasticity, i.e.,

∂λ+Iinc = ∂λ+

{
(1− ξBL) ξ︸ ︷︷ ︸

=c

[
Ψ+
n+1 +

n∑
a=1

∆ζ(a) Σ
(a)
0

]
︸ ︷︷ ︸

crystal plasticity

}
. (71)

Furthermore and as already pointed out in Ortiz et al. (2000), stability of Iinc with re-
spect to the microstructural parameters a, ξ and n is equivalent to traction equilibrium,
configurational torque equilibrium and configurational force equilibrium at the internal
interfaces, respectively. The final stationarity condition with respect to the number of
laminates can be physically interpreted as a balance condition between surface and bulk
energies.

Based on recursively applying Eq. (68), the incrementally defined potential Iinc can also
be derived for higher-order laminates. For instance, the second-order laminate analyzed
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within the next section is given by

Iinc = (1− 1ξBL)
[
(1− 1ξ)I

+
inc + 1ξ I

−
inc

]
+ (1− 1ξBL)

tn+1∫
tn

1 {Dξ +Dint} dt+

tn+1∫
tn

1ξBL ΨBL dt.

(72)

Here, the first term is simply the volume average of the energies related to the first-order
laminates, the second one is associated with dissipation due to twinning and the third
terms corresponds to the boundary layer. Focusing on second-order laminates the energies
I±inc are given by Eq. (68).

Remark 7 For computing the incrementally defined potential Iinc (see Eq. (68)) a fully
implicit time integration scheme is applied. While a classical backward Euler scheme is
adopted for the scalar-value variables, the exponential mapping is used for integrating the
flow rule, see Eq. (22).

4 Numerical results and discussion

In this section, the novel model suitable for the prediction of the microstructure in mag-
nesium is carefully analyzed by comparing experimental observations to numerically ob-
tained results. For that purpose, the channel die test with the crystal orientation labeled
as ”E“ is considered. A detailed description of the test and the induced mechanisms has
already been given in Subsection 3.1.4. According to Subsection 3.1.4, the resulting de-
formation is approximated by a second-order laminate. The a priori known as well as the
unknown parameters describing the respective microstructure are summarized in Tab. 2.
For highlighting the features of the model advocated in the present paper, three different
constitutive models are adopted. They are summarized below.

� Local model: size effects are excluded by neglecting the boundary layer and by fixing
the number of laminates for each phase, i.e.,

2ξ
±
BL = 0, 2n

± = 1. (73)

� Non-local, dislocation-free model: dislocations within the different phases are com-
pletely neglected, i.e.,

2λ
± = 0, F±

±
= F e±±, F p±± = I. (74)

� Fully non-local model including dislocation slip

The material parameters used within the different models are given in Tab. 3. By compar-
ing Tab. 3 to Fig. 1, one can see that the parameters describing the elastoplastic response
of the respective solids have not been changed.

The stress response as predicted by the different models, together with the experimen-
tally measured data (see Kelley and Hosford (1968)), is shown in Fig. 6. While the left
figure covers the whole loading range, a zoom in of the first loading stage is depicted on the
right hand side. This magnification reveals that the difference between the models is only
minor until the twinning phase becomes more dominant. More precisely, the mechanical
response is predicted as slightly stiffer, if the boundary layer and the interface energy are
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Figure 6: Channel die experiment (see Kelley and Hosford (1968)): comparison between
experimentally measured data and computed stress-strain response. The right figure
represents a zoom in of that on the left hand side. Within the diagrams, the true stress
vs. the true strain has been plotted.
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Table 3: Material parameters used in the numerical analysis

Elastic Properties λE = 34(GPa) µ =17 (GPa)
Hardening parameters: Pyramidal system

Σ0 (MPa) h0 (MPa) Σ∞ (MPa) lab b (nm)
25 7100 105 25 6

Twinning related material parameters
λTwin ε ε̂ k (mJ/m2) T (N)
0.35 2× 10−4 2× 10−4 0.140 0.03× 10−9

taken into account. The small increase in stiffness is due to the relatively low area specific
energy k. The evolution of the twinning volume fractions {1,2}ξ

± is illustrated in Fig. 7.
Accordingly, the first loading stage is associated with a transformation of the initial phase
to the twinning phase. When the twinning process is completed, the new phase becomes
active, resulting in a significant macroscopic hardening effect (see ε > 0.06 in Fig. 6). As
evident in Fig. 6, all models capture this transition very well. However, the non-local
disclocation-free model overpredicts the stiffness of the twinning phase. Contrariwise, the
solid is predicted as too weak, if the crystal is allowed to further relax by neglecting the
boundary layer. The best stress-strain response is obtained for the fully non-local model
taking also dislocation-related hardening effects into account.

It bears emphasis that the analyzed example is relatively simple, e.g., monotonic,
radial loading. Consequently, unrealistic elastic unloading as predicted by the non-local
model without dislocation slip cannot be seen. Furthermore, since only one specimen size
is investigated in Kelley and Hosford (1968) and the interface energy is relatively low,
the difference between the local model and its non-local extension is relatively small. A
key difference between the local model and its non-local extension can nevertheless be
seen in Fig. 8. This figure shows the number of laminates during loading. Clearly, this
number cannot be computed by means of a purely local theory. According to Fig. 8,
the total number of laminates (2n

+ + 2n
−) reaches 7000 at εzz = 0.06. Considering the

initial size of the single crystal (see Kelley and Hosford (1968)) as well as the evolution of
the twinning volume fractions {1,2}ξ

±, the thickness of such laminates can be computed,
see Fig. 8. As evident from Fig. 8, the model leads to thick laminates during the early
stages of deformation. For the analyzed example, this thickness decreases monotonically.
Beyond ε = 0.06, the microstructure consists of very fine laminates (< 3µm) and more
than 97% of the volume has been transformed to the twinning phase, cf. Fig. 7. Similar
trends were also reported, e.g., in Hansen et al. (2010).

5 Conclusion

In the present paper, an incremental energy principle suitable for the analysis of the de-
formation systems in hcp metals such as magnesium has been presented. Based on lam-
ination theory, the proposed method naturally avoids the decomposition of the twinning
history into so-called pseudo-dislocations followed by a reorientation of the total crystal.
By way of contrast, the proposed model captures the transformation of the crystal lattice
due to twinning in a continuous fashion by simultaneously taking dislocation slip within
both, possibly co-existent, phases into account – as observed in experiments. The shear
strain imposed by twinning as well as the deformation history were consistently included
within the twinned domain by an enhanced multiplicative decomposition of the defor-
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mation gradient. Furthermore and in sharp contrast to previous models suitable for the
analysis of the deformation systems in magnesium, the Helmholtz energy of the twinning
interfaces and that of the boundary layer necessary for fulfilling the boundary conditions
were explicitly considered. Analogously, the energy due to twinning nucleation and that
related to twinning growth were also accounted for by suitable dissipation functionals.
By doing so, the plastic deformation due to dislocations, the total volume of the twinning
phase as well as the number of twin lammellas represented the unknowns to be computed
within the resulting energy principle. Consequently, the thickness of the lamellas can be
computed as well. By interpreting this thickness as the mean free path of dislocations,
a size effect of Hall-Petch-type was naturally included within the novel model. Although
the predictive capabilities of the final approach were only demonstrated for magnesium
by analyzing the channel die test, the presented approach is very general and thus, it can
also be applied to other materials showing twin lamellas, e.g., titanium aluminides.
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