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Abstract Global mean sea level (GMSL) has been rising since (at least) the nineteenth century and the
rate of rise may be increasing. Several studies that attempt to explain the long-term trend of GMSL during
the instrumental record share the common assumption that this trend is deterministic in nature and differ-
ent from natural variations. Here we show that the trend can alternatively be explained, at least in part, as
being caused by random variations within the coupled ocean-atmosphere-cryosphere system, and hence
not having a deterministic origin. These random trends, which add to externally forced changes (e.g.,
through anthropogenic climate change), are a consequence of the integrated character of GMSL, which is
the cumulative addition of temporal contributions that exhibit random character, and whose integration
results in GMSL variations with persistence on decadal-centennial time scales. The generation of trends by
integration of random stationary noise (i.e., even in a constant climate) is a robust and fundamental feature
of stochastically forced systems with memory. The integrated character of GMSL results in an intrinsic diffi-
culty in distinguishing internal from externally forced trends.

1. Introduction

Sea level and its evolution in time are of great interest for at least two reasons: the potential impact on
coastal populations and ecosystems is large [e.g., Nicholls et al., 2007, and the references therein] and the
imprint of the physical climate system on sea level may make it an indicator of climate change (see the
Intergovernmental Panel on Climate Change Fifth Assessment Report, in the following IPCC-AR5) [Stocker
et al., 2013]. In this study, we investigate the degree to which GMSL rise may be explained by random natu-
ral variations in addition to deterministic processes.

GMSL exhibits variability on time scales of months to millennia. On a centennial time scale, which is the
main focus of this study, there is broad consensus that GMSL has increased by �0.2 m since the nineteenth
century, with interannual to interdecadal variations around the long-term trend [e.g., Hay et al., 2015; Church
and White, 2006, 2011; Jevrejeva et al., 2008, chapters 3 and 13 of the IPCC-AR5]. It has been proposed that
GMSL has been nearly constant over the last 2–3 kyr BP [e.g., Lambeck et al., 2004, 2010; Nicholls and
Cazenave, 2010], even though there is extensive evidence of multidecadal to centennial GMSL variability
from proxi-based reconstructions [e.g., Cronin, 2011, 2012; Schaefer et al., 2009; Kemp et al., 2011; Marzeion
et al., 2014], AOGCM simulations [e.g., Gonzalez-Rouco et al., 2006; Gregory et al., 2006], and semiempirical
models [e.g., Grinsted et al., 2010; Vermeer and Rahmstorf, 2009]. Averaged over the last 2 kyr, IPCC-AR5 esti-
mates that the rate of sea level rise has been in the range of a few tenths of a mm/yr and gives an upper
limit to changes in sea level of 60.25 m on time scales of a few hundred years (cf. �0.20 m in a time period
of 150–200 years from the instrumental record). GMSL changes of similar and larger magnitude might not
have been unusual in the past [Rohling et al., 2008; Grant et al., 2012; Kopp et al., 2013, chapter 5 of IPCC-
AR5], with average rates of sea level rise of 0.4–1.6 m per century (around 2–10 times larger than present
rates of change) during the last interglacial around 120 kyr before present (this period is often used as an
analog for present-day climatic conditions) [Otto-Bliesner et al., 2013]. The question naturally arises whether
the observed GMSL rise in the instrumental record can be distinguished from variations that are not
induced by external deterministic forcing factors (e.g., anthropogenic climate change or millennial changes
in solar energy reaching the earth’s surface), but rather are a consequence of the integration by the ocean-
cryosphere system of random changes in energy and fresh water fluxes in the ocean.
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Fluctuations of GMSL are driven by changes in the energy flux through the ocean surface and fresh water
flux from land ice masses. In this study, we consider random fluctuations of these fluxes that have zero
mean and are stationary but may have persistence in time, causing periods of nonzero sample mean and
local trends. We define natural variability of GMSL as caused by the integration of these random fluctua-
tions. This definition of ‘‘natural’’ variability is not equivalent to the standard definition of ‘‘internal’’ variabili-
ty (understood as caused by the exchanges among atmosphere, ocean, and cryosphere seen as a closed
system with no changes in fluxes external to them) of the atmosphere-ocean system, since it includes forc-
ings that are external to the ocean but not deterministic in nature, like the energy imbalances caused by
volcanic eruptions.

At each time t, GMSL anomaly, h, with respect to a given reference level, is the integral of the past contribu-
tions up to that moment

hðtÞ5
ðt

t0

ð _hT 1 _hEÞdt5
ðt

t0

ðf ðFÞ1gðMÞÞdt (1)

where hT is the thermosteric sea level change, due to the expansion of the water column following
exchanges of heat between the ocean and the atmosphere (F). hE is the barystatic sea level change [Gregory
et al., 2013], due to the changes in the mass balance of glaciers/ice caps, Antarctica and Greenland (M).
Other contributions such as the heat exchange with the lithosphere, changes in volume associated with hal-
ine contraction, terrestrial water storage, and net imbalances in precipitation minus evaporation over the
oceans, are of smaller magnitude [e.g., Antonov et al., 2002; Church and White, 2011; Munk, 2002] and can be
neglected as a first approximation. The origin t0 is an arbitrary time origin that sets the GMSL reference
level.

The form of the functions f(F) and g(M) can be determined from basic physical principles (see Appendix A),
and equation (1) can be readily discretized to yield

hðt1DtÞ5hðtÞ1kFðtÞDt1bMðtÞDt (2)

where to zeroth order approximation, the heat and fresh water fluxes into the ocean are independent of
current sea level h(t). Parameters k and b are respectively the ‘‘expansion efficiency of heat’’ [Russell et al.,
2000] and a simple conversion factor from units of mass of water to equivalent volume height (in mm). We
follow the approximation that F(t) and M(t) are independent physical processes, even though they may be
correlated if they are driven by the same random forcing. Both the linear approximation for f(F) and g(M)
and their independence follow from the approximation of constant density and heat capacity of sea water,
and the fact that the addition of fresh water and energy from land ice melting is small compared to the vol-
ume of the ocean.

Equation (2) has the form of a stochastic process in which the ocean integrates random variations (and
other external forcings, possibly deterministic, that may be present in F and M), creating variability that is
not only due to an external deterministic forcing. The theoretical foundations of stochastic climate proc-
esses have been studied [e.g., Hasselmann, 1976] and the existence of climate and oceanic phenomena that
can be characterized as integrated processes has long been recognized [e.g., Frankignoul and Hasselmann,
1977; Wunsch et al., 2007; Fraedrich et al., 2009]. Equation (2) includes no feedback, leading to a nonstation-
ary process with unbounded variance, and its validity is restricted to a temporal range sm< t< sM, defined
by time scales (sm, sM) typical of the physical process under consideration (a ‘‘two-timing’’ theory) [see
Hasselmann, 1976].

If F and M have a nonzero mean or even include a deterministic trend, this would induce a trend in GMSL
not related to natural variability. In the absence of a deterministic external forcing, one would expect the
heat exchange between atmosphere and ocean, and the mass balance of ice sheets and glaciers, to be a
stationary processes with zero mean, but both F and M may exhibit persistence in time not related to an
external forcing or oscillatory processes, and can be characterized as red noise with periods of trend-like
behavior and nonzero sample mean [e.g., Box and Colgan, 2013; Leclercq et al., 2011; Frezzotti et al., 2013;
Andersen et al., 2006]. As we shall see (section 3), these periods may extend for several decades and it may
be difficult to identify them as either multidecadal variability or externally forced trends, in time series that
extend for only about a century. Notice that the stochastic model proposed by Hasselmann [1976]
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introduces the basic concept that even uncorrelated atmospheric white noise, when integrated by the
ocean, can generate low frequency variability in the latter. We face here a more complex situation, in that
the random forcing integrated by the ocean in equation (2) may be itself red noise, consequently generat-
ing variability at even lower frequencies.

Several studies have tried to estimate the fraction of the observed GMSL trend that can be attributed to natural
variations [e.g., Dangendorf et al., 2014; Becker et al., 2014; Jorda, 2014; Church and White, 2011; Jevrejeva et al.,
2008], all sharing the common a priori assumption that the long-term trend spanning the period covered by the
instrumental record is not a stochastic trend. In contrast, we set out to study this assumption, by testing the null
hypothesis that such a long-term trend can be stochastic in nature and can be caused by random forcings. For the
thermosteric component of GMSL, e.g., Marcos and Amores [2014], Gleckler et al. [2012], Slangen et al. [2014], and
Church et al. [2013a] compare observed time series with the ensemble mean of several model simulations, even
though ‘‘[c]limate models [. . .] display a large spread of outputs with limited correspondence with the observatio-
nally based estimates of thermosteric sea level’’ [Marcos and Amores, 2014]. The contribution of fresh water from
glaciers to GMSL has often been studied with dynamical models that include the possibility of natural variability
caused by random forcings [e.g., Marzeion et al., 2012, 2014; Church et al., 2013a; Roe and O’Neal, 2009; Roe, 2011]
concluding that natural variability can cause glacier length and mass changes on centennial time scales similar to
the estimated changes in the past millennium (e.g., Marzeion et al. [2014] estimate that ‘‘only 25 6 35% of the
global glacier mass loss during the period from 1851 to 2010 is attributable to anthropogenic causes’’).

Some of these studies propose trend stationary models that fit a deterministic trend and base their main con-
clusions, like magnitude and significance of linear and higher-order trends, on standard techniques like least
squares estimates [e.g., Church and White, 2006, 2011; Jevrejeva et al., 2008; Marcos and Amores, 2014]. Differ-
ent choices of models, data and specific techniques, lead to different estimates of GMSL and its trends [e.g.,
compare Hay et al., 2015; Church and White, 2011; Jevrejeva et al., 2008; Wenzel and Schr€oter, 2010; Ray and
Douglas, 2011; Holgate, 2007; Houston and Dean, 2011] and prompts for the study of alternative explanations
of the GMSL long-term trends. There is ample literature discussing the relative advantages and shortcomings
of these statistical methods and the special difficulties that MSL time series and reconstructions present, like
subsampling, temporal and spatial averaging, finite size of the time series compared to the time scales stud-
ied, model choice (e.g., linear trend versus higher order), underlying assumptions for residuals and their effect
on statistical inference, etc. [see e.g., Foster and Brown, 2015; Christiansen et al., 2010; Visser et al., 2015; Hay
et al., 2015; Solow, 1990; Cronin, 2011; Wu et al., 2007; Schmith et al., 2012]. To address some of these issues,
others have proposed ‘‘long memory’’ processes and fractionally differenced (FD) models [e.g., Dangendorf
et al., 2014; Becker et al., 2014]. Long memory is by definition an asymptotic property, notably difficult to iden-
tify in finite time series and to distinguish from other representations, for instance autoregressive-moving
average models [see e.g., Foster and Brown, 2015; Palma, 2007; Percival et al., 2001], and we consider important
to test whether these simpler models can appropriately describe the fluxes F and M, and GMSL.

This paper investigates whether the null hypothesis ‘‘GMSL increase in the instrumental record is due to nat-
ural variability’’ can be rejected, and whether the long-term trend can only be explained by deterministic
external forcing factors. One common source of confusion should be clarified from the onset: the failure to
reject the null hypothesis of the long-term trend being stochastic does not imply accepting it. This paper
presents an alternative to the purely deterministic trend model and does not claim the stochastic trend
model to be the correct or only explanation for the observed GMSL trend. We pursue two separate, yet con-
vergent, lines of evidence. In section 3, we characterize F and M as random processes and derive their statis-
tical properties. In particular, we show that the null hypothesis that both F and M are stationary and have
zero mean, cannot be rejected. Furthermore, we explore whether present estimates of hT and hE are consist-
ent with an integrated process forced with stationary (red) noise. Section 4 shows that the longest available
GMSL reconstructions can be characterized as integrated processes. In section 5, we illustrate the results of
the previous sections with synthetic time series that simulate the processes modeled. Section 6 concludes.

2. Data and Methods

2.1. Data
The time series used in this study are summarized in Table 2. Units are converted where necessary to W/m2,
mm, and mm/yr for heat flux, GMSL, and GMSL rate of change, respectively. All time series are globally
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averaged quantities. Hanna et al.
[2011] provide only time series for sur-
face mass balance and runoff, and we
combine these to produce a time
series of net mass balance using the
hybrid linear-quadratic parametriza-
tion used by Box and Colgan [2013].
There are several estimates of the
quantities studied in this work, and we
chose, whenever available, at least
two for each of them, that are
described in peer-reviewed literature,
and either differ substantially from
one another or are obtained by differ-
ent methods or models.

To conduct our analysis of GMSL, h(t),
we focus on the reconstructions by
Church and White [2011] (C11) that
runs from 1880 to 2009 and Jevrejeva
et al. [2008] (JE) from 1700 to 2002
(Figure 3). C11 was made available to
us with monthly resolution (denoted
CM) and performed without filtering
the Permanent Service for Mean Sea
Level (PSMSL) data. JE is available only
with annual resolution, but an earlier
version [Jevrejeva et al., 2006] denoted
JM, which is virtually identical to JM
after 1850, is available also with
monthly resolution. The reconstruc-
tions are not homogeneous in time,
with reconstruction errors and year-to-
year variations changing markedly

Table 1. List of Symbols and Acronymsa

h Globally averaged mean sea level (GMSL)
hT Thermosteric component of GMSL
hE Barystatic component of GMSL
F Air-sea heat flux
N Radiation imbalance at the top of the atmosphere
Q Heat content of the ocean
M Fresh water flux into the ocean
k Expansion efficiency of heat
b Units conversion factor from mass of water to equivalent vol-

ume height
A Snow accumulation
R Melt water runoff
LM Marine ice loss
D Difference operator
B Backshift operator
/ðBÞ Autoregressive polynomial of an ARIMA process
h(B) Moving average polynomial of an ARIMA process
a Drift in an ARIMA process
d, de Order of integration and its GPH estimate
x Frequency
UðxÞ Spectral density
l Mean (or sample mean) of a stochastic process
r2 Variance (or sample variance) of a stochastic process
q Lag-1 autocorrelation (or sample autocorrelation) coefficient
s Linear trend of a time series
� Random noise component in an ARIMA process
f Measurement or reconstruction error
GMSL Global mean sea level
ARIMA(p, d, q) Autoregressive-Integrated-Moving average process
AR(p) Autoregressive process of order p
MA(q) Moving average process of order q
SDF Spectral density function
MB Total mass balance of an ice sheet
SMB Surface mass balance
C11, CM GMSL reconstruction by Church and White [2011]
JE, JM GMSL Reconstruction by Jevrejeva et al. [2008]

aIn the text, quantities with hat ‘‘̂ ’’ denote actual values without errors; quan-
tities with tilde ‘‘~’’ refer to the reconstruction errors.

Table 2. Data Sets Used in This Studya,b

Reference Quantity Units Time Period Resolution Notes

Wunsch and Heimbach [2013a] F W/m2 1993–2011 Month Data assimilation in a OGCM
Allan et al. [2014] N W/m2 1985–2013 Month
Levitus et al. [2012] Q 1022 J 1955–2011 3 month
Ishii and Kimoto [2009] Q 1022 J 1950–2013 Year Corrects temperature versus

depth measurement bias
Levitus et al. [2012] hT mm 1955–2011 3 month
Gonzalez-Rouco et al. [2006] hT mm 1000–1990 Year AOGCM simulation, 900 years

Natural and anthropogenic forcing
Gregory et al. [2006] hT mm 1500–2000 Year AOGCM simulation, 500 years

Only natural forcing
Leclercq et al. [2011] hE cm SLE 1800–2005 Year 21 year running average smoothed
Marzeion et al. [2012] MIC mm/yr SLE 1900–2011 Year Modeled glacier contribution
Box and Colgan [2013] MG mm/yr SLE 1840–2011 Year Greenland MB
Hanna et al. [2011] SMB km3/yr WE 1860–2010 Year Greenland SMB
Frezzotti et al. [2013] SMB 1200–2000 Year Normalized anomalies, unitless
Church and White [2011] h mm 1880–2010 Month Optimal interpolation method
Jevrejeva et al. [2008] h mm 1700–2002 Year Virtual station method

Available in monthly resolution 1880–2002

aResolution indicates the finest time resolution available; spatially, all time series are globally averaged quantities.
bThe symbols and acronyms in column ‘‘quantity’’ are explained in Table 1.
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through the reconstruction period. For this reason, we analyze separately C11/CM in the time period 1930–
2010 and JE/JM in the period 1885–2002 (these are the points farthest back in the past from which the time
series seem to be homogeneous).

2.2. Reconstruction Errors
All time series used in this study contain ‘‘reconstruction errors’’, that are a consequence of measurement
errors, parameterizations in models, and data processing (we refer the reader to the original references in
Table 2), which, being possibly of magnitude similar to the natural variations of GMSL, play a crucial role in
the description of the time series and the processes generating them. One source of errors in GMSL recon-
structions is spatial subsampling [e.g., Wunsch, 2016; Ray and Douglas, 2011; Merrifield et al., 2009; Hamlington
and Thompson, 2015] combined with the fact that SL has local and regional trends that vary geographically
[e.g., Church et al., 2013b; Milne et al., 2009]. Hamlington and Thompson [2015] show that for different sets of
tide gauge stations used in recent studies for GMSL reconstructions, 20 year trends differ by 1–3 mm/yr
throughout the twentieth century. Similarly, the satellite altimetry derived trend in GMSL rise from the AVISO
database (http://www.aviso.oceanobs.com/) in the period 1993–2013 is 2.87 mm/yr while the trend in the
Northern Hemisphere (NH) in the same period is 2.20 mm/yr, implying that estimating GMSL with the NH
(even if it was known with no error), as is typical of the first decades of the reconstructions, would introduce a
spurious trend of 0.67 mm/yr on a time scale of 20 years.

A second cause of time-structure in GMSL reconstruction errors is that formally first differences of GMSL,
Dh(t), are reconstructed, to avoid the problem of absence of a common datum between PSMSL records
[e.g., Ray and Douglas, 2011; Hay et al., 2015; Church and White, 2006]. Differencing is performed on the
time series of the individual tide gauge station data, which, assuming a white noise additive measurement
error, introduces a moving average (MA) structure in the error of the differenced series [e.g., Box et al.,
2008]. GMSL differences are then reconstructed from the individual differenced series, and new errors are
introduced in the process [e.g., Church and White, 2006; Jevrejeva et al., 2006]. Even if the latter are white
noise, the error in Dh(t) will have at least a MA structure, which when integrated to obtain h(t) may intro-
duce spurious trends in the reconstructions (even uncorrelated errors in Dh(t) will have a power law contri-
bution to the power spectrum of h(t)) [Ray and Douglas, 2011; Foster and Brown, 2015]. The reconstruction
error in h(t) ‘‘propagates’’ in the direction of integration (e.g., backward in time in Church and White [2011])
and the RMS of the difference between the actual and reconstructed values of h(t) increases in that direc-
tion. A reconstruction error in Dh(t) with std 2.5 mm (monthly resolution, with no autocorrelation and
uncorrelated to Dh(t), cf. errors of 1–5 mm in GMSL from satellite altimetry, e.g., Tai and Wagner [2011],
Masters et al. [2012], Ablain et al. [2009], or 6–24 mm in Church and White [2011]) would introduce an ‘‘error
trend’’ in the range of 61.61 mm/yr at the 95% confidence level, similar to the estimated linear trend of
1.60 mm/yr in the instrumental record.

2.3. Methods and Statistical Models
Several mathematical models have been used to represent stochastic processes that exhibit memory and
power law spectral density functions [e.g., Box et al., 2008; Palma, 2007; Chandler and Scott, 2011]. We will
base our analysis on the Autoregressive-Integrated-Moving average (ARIMA) class of models, which is very
general and describes a wide range of processes, given by the equations (we follow closely the notation of
Box et al. [2008] and Granger and Morris [1976])

xðtÞ5x̂ðtÞ1fðtÞ

/̂ðBÞDd x̂ðtÞ5a1ĥðBÞ�̂ðtÞ
~/ðBÞfðtÞ5~hðBÞ~�ðtÞ

(3)

where x̂ðtÞ represents the actual value of the quantity described by the time series x(t), without error, and
f(t) is the reconstruction error (throughout the text, quantities with hat ‘‘̂ ’’ denote actual values without
errors; quantities with tilde ‘‘~’’ refer to the reconstruction errors). t is time, a is a constant, �̂ðtÞ and ~�ðtÞ
are zero mean independent identically distributed processes and B is the backshift operator,
B½xðtÞ�5xðt21Þ; /̂ðBÞ and ĥðBÞ (or ~/ðBÞ; ~hðBÞ) are polynomials in B, of orders p̂ and q̂ (~p; ~q) respectively,
autoregressive (AR) coefficients /̂i ( ~/i ) and moving average (MA) coefficients ĥi (~hi ). D 5 1 2 B is the differ-
ence operator, and d is the order of integration.
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The constant a, the drift, determines the mean of an ARMA processes (d 5 0), l, through the relation
l5a=ð12

Pp
i51 /i). In an integrated process (d 5 1), a introduces a linear deterministic trend l � t. In the

context of GMSL, a can be thought to represent an external forcing, implying that in an unforced climate
state (a 5 0), F and M will have zero (long-term) mean.

The approximation of independence between f(t) and x̂ðtÞ implies that the variance of the reconstructed
time series is simply the addition of the variances of the process without errors and the reconstruction
errors

r2
D5r2

D̂
1r2

~D
(4)

where subindices denote the variances of DxðtÞ; Dx̂ðtÞ, and Df(t), respectively.

Following Box et al. [2008] and Granger and Morris [1976], model (4) can be represented with a single ARI-
MA(p, d, q) model fitted to x(t), with p5p̂1~p and q5max½~p1q̂; p̂1~q1d�. This model is difficult to interpret
in physical terms since it lumps together the actual physical process we want to describe, x̂ðtÞ, and the
added reconstruction and measurement errors, f(t), in one single variable x(t). To avoid this difficulty,
and be able to describe the process of interest and the additive error separately, we infer separate models
for x̂ðtÞ and f(t). Three realizations of the ARIMA model for x(t) that we encounter in this study, which can
be interpreted as the addition of a physical process x̂ðtÞ and a reconstruction error term, are (see Appendix
B and Granger and Morris [1976] and Box et al. [2008] for a complete derivation of these equivalencies and
the conditions necessary for them to hold):

1. ARIMA(0, 1, 1): is an ARIMA(0, 1, 0) (a random walk) with added white noise. The corresponding model
for Dx(t) is an ARMA(0, 1).

2. ARIMA(1, 1, n): with n 5 2, 3 is an ARIMA(1, 1, 0) with added noise and /̂5/. The added noise in this case
can be white (n 5 2) or a MA(1) process (n 5 3).

3. ARMA(1, 1): is an AR(1) with added white noise and /̂5/.

The spectral density function (SDF) UðxÞ of an ARIMA process has a pole at zero frequency x 5 0 (see for
instance Palma [2007] and Appendix B). Under the assumption that f(t) and x̂ðtÞ are independent of each
other, and if f(t) can be represented by a stationary random process, the SDF of x(t) at low frequencies can
be approximated by the SDF of x̂ðtÞ and the effect of the reconstruction errors is negligible at these fre-
quencies. This approximation allows us to estimate d by linear regression of logðUÞ on log(x) (the Geweke-
Porter-Hudak estimator, GPH) [Geweke and Porter-Hudak, 1983]. In an integrated process, a noninteger value
of d corresponds to a fractionally integrated process, a model frequently used to describe ‘‘long memory’’
[e.g., Palma, 2007; Percival et al., 2001]. Stationary processes with d 5 0 (e.g., ARMA processes) have often a
range of time scales for which U grows with decreasing frequency, before the SDF becomes flat at suffi-
ciently low frequencies, but these are typically not resolved in our finite time series, and the GPH estimator
will deliver a value of de> 0 even for a nonintegrated series. In this study, we use the estimated de of the
time series only as a measure of the shape of its SDF in the frequency range available, without inferring
from it the presence or absence of long memory.

3. Characterization of the Heat and Fresh Water Fluxes

3.1. Air-Sea Heat Flux and Thermosteric Sea Level Change
The net heat flux into the ocean, F, is the sum of the radiative balance (net incoming minus outgoing short-
wave and longwave radiation) and turbulent heat flux (sensible and latent), that in turn explain the random
character of F. IPCC-AR5 estimates that �95% of the energy accumulated in the climate system in recent
times is stored in the ocean, so we use the radiative imbalance at the top of the atmosphere N, as an inde-
pendent estimate of the air-sea heat flux [Allan et al., 2014; IPCC-AR5, chapter 2]. Direct estimates of globally
averaged F and N are thought to represent well temporal variability, but large uncertainties remain in esti-
mates of the mean value, which is usually calibrated to match estimates from ocean heat content (OHC), Q
[Wunsch and Heimbach, 2013a; Large and Yeager, 2009; Allan et al., 2014; Trenberth et al., 2014]. We compare
these estimates with the heat flux inferred from OHC as F5 DQ

Dt .

Figure 1 and Table 3 summarize the main characteristics of F estimated by ECCO (Estimating the Circulation
and Climate of the Oceans project) [Wunsch and Heimbach, 2013a], N from Allan et al. [2014], and F inferred
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from the OHC estimates of Levitus et al. [2012] and Ishii and Kimoto [2009]. All time series share similar char-
acteristics, being stationary (no significant linear trend), with standard deviation of 0.75–0.86 W m22, no sig-
nificant autocorrelation on time scales larger than a year and mean value statistically not different from
zero. The SDF of F and N are similar, with de statistically not different from zero. These values are consistent
with F being an uncorrelated zero mean stationary stochastic process, i.e., white noise, on time scales of a
year or longer.

Using monthly resolution, F and N can be modeled with an ARMA(1, 1) and its associated AR(1) with added
noise (Table 4), with the coefficients for F statistically zero. If annual averages are used the autocorrelation
of F and N is zero and the simplest model is white noise. The SDF of DQ has the typical form of a MA(1) with
negative coefficient, is flat on time scales larger than a few years and has de 5 0, implying a white noise
model for DQ̂, with zero mean and standard deviation derived from equation (B8) of 0.77 and 0.86 W m22

for Levitus et al. [2012] and Ishii and Kimoto [2009], respectively.

The SDF of the estimated hT in Levitus et al. [2012] has slope close to 22 in the log-log scale even at the low-
est frequencies resolved, while DhT has no significant trend and positive but statistically zero mean (see
Table 3). An ARIMA(0, 1, 1) (Table 4, Figure 3) produces white noise residuals, and the associated ARIMA(0, 1,
0) with added noise for ĥT reproduces the spectrum of Levitus et al. [2012]. Further evidence for the hypoth-
esis that ĥT ðtÞ can be represented by a random walk is found in the AOGCM simulations Erik-2 [Gonzalez-
Rouco et al., 2006] and nat500 [Gregory et al., 2006] (Figure 3 and Tables 2 and 3). Both Erik-2 and nat500
show the characteristic SDF of an integrated process, with d 5 1. The series of DhT(t) in both simulations is
consistent with white noise, notably with no negative lag-1 autocorrelation, as expected since the
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Figure 1. Heat flux into the ocean (F) estimated by ECCO and radiative imbalance (N) at the TOA from Allan et al. [2014] (in the top left, the mean of the respective time series has been
subtracted from both series), and heat flux derived from the Levitus et al. [2012] and Ishii and Kimoto [2009] heat content estimates ((bottom left) DQ

Dt ). Thicker lines are annual means. In
the bottom left, Allan et al. [2014] are also plotted for comparison (blue line). The right column displays the estimated periodogram (thin lines) together with the theoretical spectra of
the fitted ARIMA models (thick lines).
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simulations have no reconstruction error added. The mean of DhT(t) is statistically not different from zero at
0.02 6 0.09 and 0.02 6 0.05 mm/yr for Erik-2 and nat500, respectively. An interesting characteristic of both
simulations is that their SDF shows the form of an integrated process up to the smallest frequencies
resolved, implying that the simple random walk model remains valid even on time scales of several hun-
dred years.

3.2. Fresh Water Flux From Land Ice and Barystatic Sea Level Change
Polar ice sheets, glaciers, and ice caps are geographically disconnected and their mass balance depends on
local/regional climate, i.e., temperature and precipitation, in addition to global signals like mean surface
temperature [e.g., Jacob et al., 2012; Cuffey and Paterson, 2010; Burke and Roe, 2013; Frezzotti et al., 2013;
Steig et al., 2013; Pritchard et al., 2012]. The barystatic component of GMSL change is characterized as the
sum of three contributions

DhE

Dt
5bðMG1MA1MICÞ (5)

where MG, MA, and MIC are solid (ice discharge) and liquid (runoff and submarine melt) freshwater fluxes
from ice volume above floatation (i.e., fraction of ice masses that contributes to sea level), from Greenland,
Antarctica, and glaciers/ice caps, respectively. These contributions may not be (statistically) independent of
each other if they respond, at least in part, to the same forcing.

Land ice masses have complex dynamics and interactions with other components of the climate system
and several mechanisms can produce variability in the fresh water fluxes from land ice masses. Surface
mass balance of land ice is directly influenced by air temperature, precipitation and albedo, all of which
exhibit multidecadal climate variability [see e.g., Frezzotti et al., 2013; Steig et al., 2013; Pritchard et al., 2012].
Furthermore, mass balance depends on the dynamics of ice flow, which have response times on a wide

Table 3. Estimated Parameters of the Air-Sea Heat Flux (F, N, DQ), Fresh Water Flux From Greenland and Glaciers (MG, MIC) and the
Series of First Differences Dh(t)a,b

Reference lD (W m22)c rD (W m22) sD (W m22 yr21) qD de
d p-MK p-KS

F Wunsch and Heimbach [2013a] 0.02 6 0.38 0.85 20.036 6 0.071 0.04 6 0.45 0.45 6 0.76 (3) 0.11 0.59
N Allan et al. [2014] 0.66 6 0.94 [0.37]e 0.75 20.031 6 0.039 0.29 6 0.37 0.30 6 0.58 (3) 0.23 0.49
DQ Levitus et al. [2012] 0.22 6 0.24 0.78 [1.25]f 0.009 6 0.014 20.31 6 0.26 20.06 6 0.52 (5) 0.37 0.73
DQ Ishii and Kimoto [2009] 0.20 6 0.23 0.86 [1.09]f 0.009 6 0.012 20.19 6 0.25 20.06 6 0.49 (5) 0.24 0.98

l (mm/Dt)c rD (mm/Dt) s (mm/Dt2) qD dd p-MK p-KS

MG Box and Colgan [2013] 0.07 6 0.11 0.32 3.40 6 1.48 (31023) 0.66 0.63 6 0.26 (5) 0.00 0.39
MG Hanna et al. [2011] 0.04 6 0.11 0.36 5.13 6 1.65 (31023) 0.52 0.51 6 0.28 (5) 0.00 0.23
MIC Leclercq et al. [2011] 0.41 6 0.34 0.36 4.04 6 3.49 (31023) 0.96 0.68 6 0.54 (20) 0.00 0.01
MIC Marzeion et al. [2012] 1.05 6 0.21 0.61 24.81 6 6.25 (31023) 0.54 0.73 6 0.35 (5) 0.05 0.35

No Greenland 0.86 6 0.10 0.39 21.34 6 3.26 (31023) 0.32 0.48 6 0.34 (5) 0.85 0.65
DhT Levitus et al. [2012] 0.36 6 0.55 (0.42) 1.46 [2.11]f 0.013 6 0.035 20.26 1.00 6 0.32 (2) 0.30 0.93
DhT Gonzalez-Rouco et al. [2006] 0.02 6 0.09 1.46 0.29 6 0.32 (31023) 20.03 0.90 6 0.13 (10) 0.20 0.00
DhT Gregory et al. [2006] 0.02 6 0.05 1.21 0.09 6 0.71 (31023) 0.24 0.98 6 0.20 (10) 0.25 0.00
Dh Church and White [2011] (CM) 0.18 6 0.55 (0.35) 10.97 0.47 6 7.80 (31024) 20.41 0.96 6 0.29 (5) 0.47 0.14

1930–2010 0.21 6 0.54 (0.37) 8.54 1.17 6 13.38 (31024) 20.36 0.93 6 0.40 (5) 0.78 0.96
Dh Church and White [2011] (C11) 1.65 6 0.99 (0.74) 5.71 0.013 6 0.020 20.28 0.94 6 0.30 (5) 0.28 0.97
Dh Jevrejeva et al. [2006] (JM) 0.09 6 0.19 (0.24) 4.75 1.06 6 3.60 (31024) 0.22 0.84 6 0.24 (5) 0.04 0.00

1885–2001 0.15 6 0.09 (0.14) 1.75 0.86 6 3.35 (31024) 0.37 0.99 6 0.38 (5) 0.32 0.67
Dh Jevrejeva et al. [2008] (JE) 0.97 6 2.82 (2.21) 24.90 0.009 6 0.025 20.24 0.91 6 0.19 (5) 0.39 0.00

1885–2002 1.73 6 1.52 (1.46) 8.41 0.012 6 0.043 20.04 1.03 6 0.33 (5) 0.74 0.76

aThe value of de for the thermosteric and total GMSL reconstructions and simulations is that of hT(t) and h(t), respectively, not of
DhT(t) and Dh(t).

bThe last two columns are p values of the Mann-Kendall (MK) test for the absence of trend and Kolmogorov-Smirnov (KS) test for
normality.

cSample mean confidence intervals are corrected for serial correlation.
dThe number in parenthesis is the value of 1/xmax, in years, used in the Geweke-Porter-Hudak estimator.
eUncertainty value estimated by Allan et al. [2014]; in brackets, the sample mean uncertainty estimated correcting for sample size

and lag-1 autocorrelation.
fValues estimated assuming the random walk with white error noise model described in equation (B8); values in brackets are the

sample standard deviation of the time series.
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range of time scales [e.g., Cuffey and Paterson, 2010; Cronin, 2011], and as a consequence, the flux of fresh
water from land ice will have persistence over long periods of time. An important consequence of the low
frequency variability and the relatively short time series available is the difficulty of distinguishing trends
and other nonstationarities, that are externally forced, from internal variability of the atmosphere-ocean-
cryosphere coupled system in which low frequency variability may appear as trend-like behavior.
3.2.1. Greenland
For Greenland, total mass balance can be summarized as [Box and Colgan, 2013; Bamber et al., 2012]

MB5SMB2LM5A2ðR1LMÞ (6)

where MB is total mass balance, SMB is surface mass balance, LM is marine ice loss, A is snow accumulation,
and R is runoff.

Both runoff and snow accumulation show interannual to interdecadal variability in the reconstructions of
Hanna et al. [2011] and Box [2013] in the period 1840–2010, consistent with a random process with mem-
ory. Box et al. [2012] extend the accumulation reconstruction back to 1600 and Andersen et al. [2006] to 200
A.D., both showing variability on a centennial time scale and no long-term trend. In turn, LM can be parame-
trized as a function of either SMB or runoff [Rignot et al., 2008; Box and Colgan, 2013], which suggests total
MB will exhibit multidecadal to centennial variability similar to SMB. All these suggest the possibility that
Greenland’s MB can be described by a random process with persistence on decadal to centennial time
scales.

The Greenland MB reconstructions of Box and Colgan [2013] and Hanna et al. [2011], shown in Figure 2,
share similar spectral characteristics, with interannual to interdecadal variability, statistically zero mean and
lag-1 autocorrelation of 0.65 and 0.52, respectively. Both reconstructions have a SDF that grows with
decreasing frequency and shows no clear signs of flattening on time scales of �60–100 years. The simplest
model that describes both MB reconstructions is an ARMA(1, 1) with no significant drift, which suggests an
underlying AR(1) process with added white noise (see Table 4). The AR coefficient /̂ in both cases exceeds 0.9,

Table 4. Parameters of the ARIMA(p, d, q) Models Fitted to the Reconstructions of Air-Sea Heat Flux (F, N, DQ), Fresh Water Flux From
Greenland and Glaciers (MG, MIC), Thermosteric SL Change (hT) and GMSL (h)a

Reference (p, d, q) a (W m22) r (W m22)b / h p-LBQc

F Wunsch and Heimbach [2013a] (1, 0, 1) [0.06 6 0.17] 1.81 6 0.76 [0.53 6 0.72] [20.41 6 0.76] 0.10 (6)
AR(1) 0.0 0.78/1.70 0.53

N Allan et al. [2014] (1, 0, 1) [0.08 6 0.08] 0.96 6 0.49 0.86 6 0.08 20.54 6 0.13 0.97 (6)
AR(1) 0.0 0.42/0.76 0.86

Q Levitus et al. [2012] (0, 1, 1) 0.21 6 0.19 1.15 6 1.05 20.39 6 0.23 0.26 (4)
ARIMA(0, 1, 0) 0.0 1.00/0.45

Q Ishii and Kimoto [2009] (0, 1, 1) 0.19 6 0.18 1.05 6 0.96 20.31 6 0.22 0.41 (5)
ARIMA(0, 1, 0) 0.0 0.93/0.33

(p, d, q) a (mm) r (mm) / h p-LBQ

MG Box and Colgan [2013] (1, 0, 1) [0.01 6 0.02] 0.22 6 0.14 0.95 6 0.08 20.54 6 0.17 0.94 (5)
AR(1) 0.0 0.10/0.17 0.95

MG Hanna et al. [2011] (1, 0, 1) [0.00 6 0.01] 0.27 6 0.18 0.99 6 0.31 20.86 6 0.18 0.36 (5)
AR(1) 0.0 0.04/0.26 0.99

MIC Marzeion et al. [2012] (1, 0, 1) [0.010 6 0.13] 0.48 6 0.25 0.91 6 0.11 20.60 6 0.24 0.46 (5)
AR(1) 0.0 0.19/0.39 0.91
No Greenland (1, 0, 1) [0.10 6 0.14] 0.35 6 0.21 0.88 6 0.16 20.68 6 0.25 0.55 (5)
AR(1) 0.0 0.11/0.31 0.88

hT Levitus et al. [2012] (0, 1, 1) [0.35 6 0.37] 1.99 6 1.76 20.28 6 0.24 0.71 (4)
ARIMA(0, 1, 0) 0.0 1.79/0.56

h Church and White [2011]d (1, 1, 2) 0.044 6 0.014 7.27 6 3.03 0.75 6 0.06 {21.37 0.39} 0.67 (7)
h Jevrejeva et al. [2006]d (1, 1, 2) [0.036 6 0.046] 1.54 6 0.51e 0.75 6 0.10 {20.41 20.08} 0.57 (7)

aValues in square brackets are not statistically significant.
bIn the rows for the ARIMA1noise model, values are for r�/rf .
cp value of the Ljung-Box Q-test for residual correlation and the number in parenthesis is the number of lags considered, which is

�lnðNÞwith N the sample size.
dIn both cases, only the homogeneous part of the reconstruction is used; see text for details.
eThe smaller value of r in Jevrejeva et al. [2006] is due to the fact that the reconstruction uses the mean annual trend for each month,

i.e., has units of mm/yr as opposed to Church and White [2011] which is in mm/month.
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considerably higher than the sample lag-1 autocorrelation, as would be expected from the additive error/
reconstruction noise degenerating the underlying AR process.
3.2.2. Antarctica
SMB estimates in Antarctica have no trend over the past 800 years, showing significant variability on time
scales from years to centuries [Frezzotti et al., 2013]. Steig et al. [2013], using d18O, also show similar variabili-
ty in snow melt and temperature in West Antarctica over the last two millennia and link it to decadal atmos-
pheric variability originating in the tropics. Wingham et al. [2006] and Davis et al. [2005] show that snowfall
over East Antarctica in the last few decades might lead to a net mass gain and a mitigation of sea level rise.
Payne et al. [2004], Pritchard et al. [2012], and Rignot et al. [2013] propose basal melting, through wind-
driven warm water intrusion, as the main cause of mass loss in Antarctica in the last decade. All these mech-
anisms are consistent with the hypothesis of Antarctic MB having variability on time scales of years to cen-
turies, originating from the interaction/forcing with atmospheric and ocean processes that may be
described by (stationary) random processes.

Unfortunately, the authors are not aware of any current reconstruction of Antarctic MB that would allow a
test of this hypothesis for MA. The continental-scale SMB reconstruction from Frezzotti et al. [2013], Figure 2,
has constant sign in periods extending over a century, trend-like behavior on centennial time scales and

1800 1850 1900 1950 2000
−1

0

1

2

3

4

year

m
m

/y
r 

S
L 

eq
ui

v.

 

 
Leclercq et al. (2011)
Marzeion et al. (2012)
Marzeion − No Greenland

10
−3

10
−2

10
−1

10
0

10
−4

10
−2

10
0

10
2

cycles/yr

m
m

2 /(
cy

cl
e/

ye
ar

)

SDF

 

 

AR(1)−Marzeion

1800 1850 1900 1950 2000
−1

−0.5

0

0.5

1

year

m
m

/y
r 

S
L 

eq
ui

v.

 

 
Box and Colgan (2013)
Hanna et al. (2011)

10
−3

10
−2

10
−1

10
0

10
−4

10
−2

10
0

10
2

cycles/yr

m
m

2 /(
cy

cl
e/

ye
ar

)

SDF

 

 

AR(1)−Box and Colgan
AR(1)−Hanna

1200 1300 1400 1500 1600 1700 1800 1900 2000
−2

−1

0

1

2

M
ea

n 
A

no
m

al
y 

N
or

m
. A

cc
um

ul
at

io
n

year

 

 
Frezzotti et al., 2013

10
−3

10
−2

10
−1

10
0

10
−4

10
−2

10
0

10
2

SDF

cycles/year

 

 

Frezzotti et al., 2013
post−1300
AR(1),φ=0.95
AR(1),φ=0.97

Figure 2. Sea level contributions from (top) glaciers (MIC) estimated by Leclercq et al. [2011] and Marzeion et al. [2012], (bottom) Greenland (MG) by Box and Colgan [2013] and Hanna
et al. [2011] and (middle) accumulation over Antarctica estimated by Frezzotti et al. [2013]. Notice the different vertical scales in the left column. The right column displays the estimated
periodogram (thin lines) together with the theoretical spectra of the fitted ARIMA models (thick lines).
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the SDF shows the typical shape of a red noise process, with power increasing with decreasing frequency
up to time scales of a century or more. An AR(1) process reproduces these characteristics accurately. Since
SMB is closely related to total MB, one would expect similar behavior in the latter with variability on (at
least) multidecadal to centennial time scales, that may be the result of a stationary random process.
3.2.3. Glaciers and Ice Caps
Mass balance of individual glaciers is the sum of all accumulation and ablation processes, which in turn are
directly linked to atmospheric circulation and changes in corresponding local meteorology (precipitation
and temperature) and influenced by topography [e.g., IPCC-AR5, Cuffey and Paterson, 2010; Cronin, 2011;
Burke and Roe, 2013]. An important characteristic of individual glaciers/regions, is that they can exhibit
kilometer-scale, century-scale fluctuations in glacier length (which is a proxy for glacier mass) in a constant
climate [Burke and Roe, 2013; Roe, 2011; Roe and O’Neal, 2009], producing changes similar in magnitude to
those attributed to a global Little Ice Age.

Figure 2 shows two of the longest reconstructions available of glacier contribution to GMSL, by Leclercq
et al. [2011] and Marzeion et al. [2012]. While differences in detail are conspicuous, both reconstructions
show a negative mass balance starting as far back as the late 1800s, and positive or zero mass balance dur-
ing the nineteenth century. Furthermore, both reconstructions show multidecadal variability, with a higher
mass loss values during the first half of the twentieth century (�60 years) than afterwards when global
atmospheric temperatures are highest (the mean of the first half of Marzeion et al. [2012] is twice as large as
the second half, 1.31 6 0.16 versus 0.73 6 0.11 mm/yr), slowly varying over time and with considerable
interannual variability. The SDF of both estimates are similar on time scales longer than �10 years (the
smaller values of Leclercq et al. [2011] at high frequencies are caused by the 30 year smoothing used in their
reconstruction and has no physical meaning) and increase with decreasing frequency.

The simplest model that describes Marzeion et al. [2012] is an ARMA(1, 1) with no significant drift and AR
coefficient /̂50:91, which suggests an AR(1) with additive error noise. These values remain almost
unchanged if Greenland glaciers are excluded from Marzeion et al. [2012], which account for the major dif-
ferences with Leclercq et al. [2011]. This latter reconstruction is more difficult to analyze in terms of an
ARIMA model, because the reconstruction method includes a 30 year moving average that heavily distorts
the autocorrelation function, and in practice renders the ARIMA fitting exercise of little use.

4. Analysis of GMSL Reconstructions

4.1. Characterization of GMSL Reconstructions as Integrated Processes
All reconstructions have a power law SDF with exponent �22 on time scales from a few years (3–5) up to
the length of the reconstructions of 130–300 years (see Figure 3 and Table 3). One possible explanation for
the power law form is a deterministic trend in the time series [e.g., Percival and Walden, 1993]. This cannot
be the only cause, since the power law form of the spectrum at low frequencies remains after subtracting a
linear trend (or even a quadratic one) from the reconstructions. This fact strongly suggests the possibility of
the reconstructions being integrated processes.

The integrated character of the GMSL reconstructions is consistent with the results of two different statisti-
cal tests routinely used in the literature [e.g., Schmith et al., 2012; Barbosa, 2011; Fatichi et al., 2009; Wu et al.,
2007; Percival et al., 2001; Pierce, 2001] (see Appendix B2), the Kwiatkowski-Phillips-Schmidt-Shin test (KPSS)
[Kwiatkowski et al., 1992] for trend stationarity and the Phillips-Perron test (PP) [Phillips and Perron, 1988] for
the presence of a unit root. In JM, JE, and C11, both tests deliver consistent results, with KPSS rejecting the
null hypothesis at the 99% confidence level, and PP failing to do so, strongly suggesting the possibility that
the reconstructions are integrated processes. In contrast, in CM (even considering only the post-1930
period), KPSS and PP reject their respective null hypotheses of trend stationarity and integrated process,
both at the 99% confidence level. This result indicates that either the tests are not powerful enough or CM
is inappropriate to characterize the reconstruction as either integrated or trend stationary.

4.2. ARIMA Model
Following Box et al. [2008], the value of d for an integrated process can be derived from the series of differ-
ences Ddh(t). In all reconstructions, Dh(t) is normally distributed (the exception is JE if the whole
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reconstruction period is considered) and has no significant linear trend, indicating stationarity and hence
d 5 1 (Table 3 and Figure 3). This value of d 5 1 is consistent with the form of the SDF and the value of de.

The autocorrelation function of Dh(t) in CM is characterized by a negative value of �20.4 at lag 1 and zero
otherwise, whereas JM has small values between 0.36 and 0.17 at the first few lags and 20.4 at lag 12,
resulting from the reconstruction method used in Jevrejeva et al. [2006], which ‘‘calculate the mean annual
rate for a given month over a whole year (e.g., the rate in January is calculated as the July to July differ-
ence).’’ This procedure is equivalent to using a 12 month running mean on Dh(t), which introduces spurious
correlation and distorts the existing correlation [see Foster and Brown, 2015]. For this reason, while an
ARIMA model can be fitted to the reconstructed GMSL values, its interpretation in terms of ĥðtÞ and f(t) is
less obvious.

The simplest model for the reconstructions is an ARIMA(1, 1, 2), which gives similar parameter values for
both reconstructions (see Table 4), in particular a value of /̂ 5 0.75, indicating a process that integrates red
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Figure 3. (top) Thermosteric sea level (hT) estimated by Levitus et al. [2012] and Ishii and Kimoto [2009] and (middle) derived from AOGCM simulations Erik-2 and nat500, along with their
SDF. Also shown in the left column are the series of first differences DhT(t). (bottom row) Sea level reconstructions by Church and White [2011] (CM), Jevrejeva et al. [2006] (JM), and
Jevrejeva et al. [2008]. The spectra are calculated using only the homogeneous part of the reconstructions (see text). The black curves are the 95% confidence intervals estimated with
the ensemble of synthetic series for different values of /M (see equation (8)).
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noise. The value of the drift a is also similar in both reconstructions, at 0.044 6 0.014 and
0.036 6 0.046 mm/month for CM and JM, respectively, which corresponds to an exogenously forced linear
trend of �0.53 and �0.43 mm/yr, smaller than the linear trend obtained by standard regression methods.
In JM, the value of the drift is statistically not different from zero. An ARIMA(1, 1, 3) (not shown in Table 4)
produces almost identical results except for a slightly higher value of / 5 0.77 and smaller a50:03960:013
mm/month in CM.

The ARIMA(1, 1, n) with n 5 1, 2 suggests an underlying ARIMA(1, 1, 0) embedded in white or MA(1)-noise
respectively, but the process with parameters /, hi, and r estimated with our time series cannot be repre-
sented by the addition of an ARIMA(1, 1, 0) and added white or MA(1)-noise. This can be due to DĥðtÞ hav-
ing a different structure than an AR(1) process, as is expected from the fact that ĥðtÞ is the addition of
several processes with different spectral characteristics (i.e., thermal expansion and fresh water flux). An
alternative explanation is the fact that the ARIMA(1, 1, 0) embedded in white or MA(1)-noise model does
not allow for the possibility of reconstruction noise added to Dh(t) (rather than only to h(t)), as is the case in
CM and JM, nor for the possibility of reconstruction errors with a more complex structure, as can be
expected from the reconstruction methods (see section 2.1).

5. Synthetic Time Series

Using the random walk and AR(1) models derived for F(t) and M(t) in section 3, we construct a Nm 5 10,000
member ensemble of synthetic time series of length Nt between 130 (the length of the Church and White
[2011] reconstruction) and 1000 years:

�hiðtÞ5WiðtÞ1
Xt

t051

ðk�F iðt0Þ1 �Miðt0ÞÞDt t51; . . .;Nt i51; . . .;Nm

k�F iðtÞ5�F

�MiðtÞ5/M
�Miðt21Þ1�M

(7)

where Dt 5 1 year, k�F iðtÞ is white noise representing the thermal expansion of the ocean, with r�F 5 1:8
mm (Table 4); �MiðtÞ is an AR(1) process representing the fresh water flux from land ice masses, with /M50:
99 (0.90) and r�M 5 0:25 mm (Table 4); and Wi is a white noise process representing the reconstruction
errors, with rW 5 5 mm, which is a low estimate of the value for the GMSL 1 2 r error in Church and White
[2011] or Jevrejeva et al. [2008]. The value of /M is chosen taking into account that the lag-1 autocorrelation
estimate for an AR(1) process with coefficient /, with a sample size Nt, has an approximate bias of 2 114/

Nt

[Storch and Zwiers, 1999], which for /50:99 and Nt 5 130 is �20.04. The mean of the / values estimated
for MG and MIC is 0.95, suggesting a value /M � 0:9510:045 0:99: We take this value as an upper bound,
and we also test the results with a central value of /M5 0:97 and a lower bound of /M5 0:90 to cover a
plausible range. The value of r�M reflects the assumption that �MðtÞ is the sum of three independent identi-
cal AR(1) processes (MG, MA, and MIC).

This model reproduces the statistics of both C11 and JE accurately for N 5 130 and /M 5 0.99 (0.97) (confi-
dence intervals are at the 95% level): the mean value of D�hðtÞ is 0.01 6 2.13 (0.00 6 1.23) mm versus 1.65
and 1.73 mm in C11 and JE, respectively; the standard deviation is 7.35 6 1.07 (7.35 6 1.08) mm versus 5.71
and 8.41 mm; and the lag-1 autocorrelation 20.44 6 0.13 (20.44 6 0.13) versus 20.28 and 20.24. The val-
ues of standard deviation and lag-1 autocorrelation are highly dependent on the model chosen for WiðtÞ,
which in our case is assumed to be white noise, but even a weakly autocorrelated process delivers values
for D�hðtÞ closer to C11 and JE. The linear trend in �hðtÞ over the full 130 year period, calculated with linear
regression, is 0.01 6 2.32 (0.01 6 1.33) mm/yr versus 1.54 and 1.74 mm/yr.

Figure 4 shows the envelope created by the members of the ensemble for values of /M of 0.99, 0.97, and
0.90, together with C11 and JE. Also shown are the 99, 95, and 90 percentiles of the linear trends on time
scales between 10 and 1000 years. For /M5 0.99, both reconstructions are within 90% of the ensemble
members and the linear trends of C11 and JE in the period 1880–2011 fall well below the 90 percentile of
�2 mm/yr. For /M5 0.97, linear trends of both reconstructions fall between the 99 and 95 percentiles,
whereas for /M5 0.90 both fall well above the 99 percentile of �0.8 mm/yr. This results show the sensitivity
of the significance of the GMSL trend in the instrumental record to the low frequency spectral character of
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M(t), which may show natural variability on time scales of several centuries, much longer than the observa-
tional records available. Even for the low estimate /M5 0.90 the 95% interval of 200 year trends is 0.6 mm/
yr, and for 2000 year trends (not shown) is 0.1 mm/yr. The corresponding values for /M5 0.99/0.97 are 2.2/
1.1 and 1.0/0.3 mm/yr, respectively, comparable to the IPCC-AR5 estimate of a few tenths of a mm/yr aver-
aged over the last 2 kyr, and 60.25 m on time scales of a few hundred years. Figure 3 shows the 95% confi-
dence intervals for different values of /M, which exhibit a pattern similar to the linear trends, with SDF of
both reconstructions well within the interval for /M5 0.99 and outside of it for /M5 0.90.

6. Conclusion

While it is unlikely that the whole of the GMSL rise in the instrumental record is caused by natural variability
alone, our analysis shows that the GMSL reconstructions available are consistent with sea level rise being an
integrated process with natural variability on centennial time scales. The integrated character is a direct
consequence of the fact that GMSL is the result of a cumulative process, and is consistent with present esti-
mates of both thermosteric sea level rise and changes in the mass balance of land ice masses. Furthermore,
the underlying physical processes associated with GMSL rise suggest and are consistent with, the possibility
of century-scale fluctuations in GMSL even in a ‘‘constant climate,’’ produced by the integration of random
variations that are zero mean and stationary. Internal variability and externally forced sea level changes
(e.g., through anthropogenic influence) together form the full spectrum of GMSL variability observed.

We have presented a simple model of centennial to millennial natural variability of GMSL that is physically
plausible, parsimonious and describes accurately the reconstructed time series of F, M, and GMSL. This
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Figure 4. (left column) Envelope of the 10,000 ensemble members of synthetic sea level. Each row corresponds to a different value of /M , the coefficient of the AR(1) model in equation
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model indicates that the sum of zero mean stationary low-order autoregressive processes, which are the
simplest representation of geophysical processes with memory (without making explicit reference to the
underlying physical processes), and reconstruction errors (ubiquitous in measurements and reconstructions
of GMSL and its components), is capable of producing centennial to millennial variability with the same
characteristics as the exhibited by GMSL reconstructions. This allows to construct a model for GMSL, tested
by the use of synthetic time series, and use well calibrated statistics to infer detection levels of deterministic
trends. In this way, the present contribution complements the existing body of work trying to understand
observed variability of GMSL and its relation to stochastic processes.

Reconstruction errors may introduce inhomogeneities and spurious trends on time scales as long as the
reconstruction period itself. This severely affects the estimation of parameters of any model fitted to
the reconstructions, and must be taken into account when exploring the possible causes behind GMSL vari-
ability. Furthermore, variability on time scales of months to a few years is paramount to explain the long-
term trends and multidecadal variability observed in F, M, and GMSL, and the latter cannot be explained
without the former. This is due to the long persistence processes in land ice masses and the integrated
character of hT(t) and hE(t). The high values of the coefficient / in the estimated AR(1) models that describe
M(t) (section 3), strongly point to the need of long time series, not available at present, that allow for the
study of low frequency variability, and to the difficulties of interpreting trend-like behavior in short observa-
tional records. Whether the GMSL trend observed in the instrumental record, or what part thereof, can be
attributed to natural variability and what part is forced externally, e.g., through anthropogenic influence on
the climate, depends critically on the value of /, i.e. on the low frequency spectral characteristics of hE(t).

The presence of internal variability of GMSL variations on time scales of several decades to centuries may be
an important factor in some unresolved questions such as the causes of the apparent onset of the present
quasi-linear GMSL rise since the late nineteenth century, the presence or absence of GMSL variability in the
last 2–3 kyr or the presence of an acceleration in the period covered by the instrumental record. Furthermore,
the integrated character of GMSL causes an inherent difficulty in distinguishing natural variability from exter-
nally forced changes, since both are integrated by the ocean. These characteristics may compromise the value
of GMSL as a ‘‘climate indicator’’ unless one is able to characterize fully one or both of these contributions.
Similar results have been found for other climate processes thought to be good indicators of climate change,
e.g. the Atlantic Meridional Overturning Circulation (AMOC) [Wunsch and Heimbach, 2013b], the North Atlantic
Oscillation (NAO) [Percival et al., 2001; Wunsch, 1999], or the Atlantic Multidecadal Oscillation (AMO) [Clement
et al., 2015]. Similarly, future projections of GMSL rise will be affected by the integrated character of GMSL.

This study aims at a characterization of the possibility of significant natural variability of GMSL on centennial
time scales, rather than a precise description of GMSL and its dynamics, and much work remains to be done to
fully describe the causes and modes of sea level variability, as well as the influence of external forcing factors.
Future work needs to include the physical processes involved in the dynamics of GMSL, especially the reduction
of uncertainties in estimates of the GMSL contribution from land ice masses. Attention should turn to detailed
spatiotemporal patterns of sea level change, as observed by the satellite altimetric record (now exceeding 20
years) that enable more detailed dynamical interpretation of the observed signal. The details offered by the alti-
metric data mandate the continuation of an uninterrupted altimetric time series in the foreseeable future.

Appendix A: A Linear Approximation to a Physical Model of Global Mean Sea Level

Even though hT and hE are not strictly independent of each other, on centennial time scales and at the basic level
of explanation of the model proposed, we consider the assumption of independence appropriate. It is common-
place in the literature, and GMSL is considered as the simple addition of the individual contributions from individ-
ual land ice masses and the thermal expansion of the ocean [e.g., Stocker et al., 2013; Church and White, 2011].

At first order, the change in ocean volume DV over time Dt implied by heat flux F is given by the equation
of state

DV
V

5aDT5
a
cp

FDt
qV

(A1)

where a is the coefficient of thermal expansion, cp is the specific heat capacity (at constant pressure), and q
the density of sea water. As an approximation, both density and specific heat capacity can be considered
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independent of temperature and pressure, i.e., cp,q 5 constant (but see Griffies and Greatbatch [2012] for an
extensive discussion of higher-order effects). The change in volume is due to the change in height of the water
column, so that DV5AocDhT , with Aoc the area of the ocean. Rearranging terms in equation (A1) we obtain

DhT

Dt
5kF (A2)

where k is the ‘‘expansion efficiency of heat,’’ which can be considered independent of temperature and
pressure for the conditions relevant to our problem, and hence a constant independent of current GMSL for
the global ocean [Russell et al., 2000]. This implies that the function f(F) 5 kF is a linear function, as is also
proposed by e.g., Storch et al. [2008].

Thermal expansion occurs instantaneously, without delay on the time scale Dt, so that the expansion due to
a heat pulse FDt takes place completely within the interval Dt. For the mixed layer (or even down to 700 m
depth, for which longer data time series are available and where most of the expansion observed takes
place), in a time interval Dt 5 1 to 3 moths (or even a year) heat fluxes of the magnitude observed are com-
pletely absorbed and mixed. Notice that with the assumption of constant q, this approximation holds auto-
matically regardless of the value of Dt.

_hE is simply the change in sea level due to the addition of mass in the form of fresh water and hence g(M) 5 bM
is a linear function. Since b is simply a conversion factor from ice mass balance (in units of Gt of water) to mm of
GMSL equivalent, it is constant and independent of hE and the barystatic contribution to GMSL is

DhE

Dt
5bM (A3)

Changes in sea level occur instantaneously following the addition of melt water, since we are considering only
GMSL and not its regional distribution. We also ignore the possible effect of isostatic rebound following melting
of ice masses. Furthermore, the fresh water flux into the ocean is independent of current sea level hE(t).

Appendix B: Statistical Models and Methods

The ARIMA model equation (4) without added errors can be expanded as

�
12
Xp

i51

/iB
i

�
ð12BÞd xðtÞ5a1

�
11
Xq

i51

hiB
i

�
�ðtÞ (B1)

Equation (B1) includes several models widely used in the geosciences community. In particular, for d 5 1,
which is the main focus of this study, we can write equation (B1) in the more explicit (and familiar) form

DxðtÞ5a1/1Dxðt21Þ1. . .1/pDxðt2pÞ1�ðtÞ1h1�ðt21Þ1. . .1hq�ðt2qÞ (B2)

where DxðtÞ5ð12BÞxðtÞ5xðtÞ2xðt21Þ. In the absence of a constant term (a 5 0) and for p 5 q 5 0, equa-
tion (B2) reduces to a pure random walk in which xðt11Þ5xðtÞ1�ðt11Þ is the cumulative sum of pure white
noise and is an I(1). For d 5 q 5 0, we obtain an autoregressive process of order p, AR(p), in which the sys-
tem has memory of past values up to p previous time steps (for instance, if p 5 1 we obtain the well-known
AR(1) process xðt11Þ5/xðtÞ1�ðt11Þ). Finally, d 5 p 5 0 gives a moving average process of order q, MA(q),
in which the system has memory of past random shocks �ðtÞ up to q previous time steps,
xðtÞ5�ðtÞ1

Pq
i51 hi�ðt2iÞ.

The spectral density function (SDF) of the ARIMA process with added noise and a 5 0, under the assumption
that f(t) and x̂ðtÞ are independent of each other, can be expressed as [Palma, 2007]

UðxÞ5 r2
�̂

2p
½2sin ðx=2Þ�22d jĥðe2ixÞj2

j/̂ðe2ixÞj2
1

r2
f

2p
j~hðe2ixÞj2

j~/ðe2ixÞj2
(B3)

which has a pole at x 5 0. If f(t) can be represented by a stationary random process, the SDF of x(t) at low
frequencies can be approximated by the SDF of x̂ðtÞ and the effect of the reconstruction errors is negligible.
This is the basis of our spectral analysis, which is based in the low frequency part of the SDF and assumes
that a these low frequencies the SDF of x(t) is dominated by that of x̂ðtÞ.
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B1. Equivalence Between ARIMA and ARIMA With Added Noise Models
We refer the reader to Granger and Morris [1976] and Box et al. [2008] for a complete derivation of the fol-
lowing results. Consider first the equivalence of an AR(1) with added white noise and an ARMA(1, 1). Let ð1
1/BÞxt5�t be an AR(1) process, yt 5 gt a white noise process, and their sum zt 5 xt 1 yt (where t is time).
The latter is an ARMA(1, 1) given by

ð11/BÞzt5ð11/BÞgt1�t (B4)

For an ARMA(1, 1) process, ð11cBÞzt5ð11hBÞf to be equivalent, the variance j0 and first autocovariance j1

of both process have to be equal (all autocovariances for lags � 1 are zero in a MA(1)). One has

/5c

j05ð11h2Þr2
f5ð11/2Þr2

g1r2
�

j15hr2
f5/r2
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This system of equations can be solved to obtain
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g5

h
/

r2
h

(B5)

where the values of c, h, and r2
f are obtained fitting an ARMA(1, 1) to the time series z(t).

The equivalence between an ARIMA(0, 1, 1) and an ARIMA(0, 1, 0) (a random walk) with added white noise can
be reduced to the previous case. Consider the ARIMA(0, 1, 0) process Xt5

Pt
i51 xt where xt5�t is white noise,

the white noise process Yt 5 gt and their sum Zt 5 Xt 1 Yt. By taking first differences we obtain DZt 5 zt and

zt5xt1DYt5�t1ð12BÞgt (B6)

For this process to be equivalent to a MA(1) zt5ð11hBÞft , the autocovariances have to be equal and we obtain

r2
�5ð11h1h2Þr2

f

r2
g52hr2

f

(B7)

An alternative expression as a function of the lag one autocorrelation of DZt is r2
�5r2

z ð112qzÞ.

The equivalence between an ARIMA(1, 1, 0) with noise and an ARIMA(1, 1, n) with n 5 2, 3 can be derived in
a similar form, starting with an integrated process Zt5Xt1Yt , the sum of an AR(1) and a noise process and
taking first differences.

B2. Statistical Tests
The evaluation of the skill of the models in describing the time series to which they are fitted requires some
choice in the part of the modeler. It is a compromise between the physical soundness of the statistical
model, parsimony and goodness of fit. The latter is quantified with the Ljung-Box Q-test for residual correla-
tion (LBQ) [Box et al., 2008]. In addition to the LBQ test, which is not always applicable, the periodogram of
the time series is compared with the theoretical spectrum predicted by the fitted model. In this context, a
model represents well the data if: it is the most parsimonious model compatible with the physical processes
underlying the time series; describes well its spectrum, especially at low frequencies (several decades to
centuries); gives the highest possible p value of the LBQ test subject to the two previous conditions.

The integrated character of a time series is evaluated with two complementary tests. The Kwiatkowski-
Phillips-Schmidt-Shin test (KPSS) [Kwiatkowski et al., 1992] uses the model

xðtÞ5cðtÞ1kt1�1ðtÞ

cðt11Þ5cðtÞ1�2ðtÞ

where k is a constant, �1ðtÞ is a stationary random process, and �2ðtÞ is a zero mean independent identically
distributed process with variance r2

2. The null hypothesis is r2
250 so that c is a constant intercept in the

model, against the alternative r2
2 6¼ 0 so that c(t) is a random walk.
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The Phillips-Perron test (PP) [Phillips and Perron, 1988] tests the null model

xðtÞ5c1xðt21Þ1�ðtÞ

where c is a constant and �ðtÞ is a stationary random process, against the alternative

xðtÞ5c1kt1/xðt21Þ1�ðtÞ

where c and k are constants, �ðtÞ is a stationary random process, and / < 1. Both test statistics require that a num-
ber of lags is specified for the Newey-West estimate of long run variance. In KPSS, the number of lags is �

ffiffiffiffi
N
p

as
suggested by Kwiatkowski et al. [1992], whereas in PP is�N

1
4 [Phillips and Perron, 1988], where N is the sample size.
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