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ABSTRACT

The steady-state energy and thermal variance budgets form the basis for most current methods for eval-

uating turbulent fluxes of buoyancy, heat, and salinity. This study derives these budgets for a double-diffusive

staircase and quantifies them using direct numerical simulations; 10 runs with different Rayleigh numbers are

considered. The energy budget is found to be well approximated by a simple three-term balance, while the

thermal variance budget consists of only two terms. The two budgets are also combined to give an expression

for the ratio of the heat and salt fluxes. The heat flux scaling is also studied and found to agree well with earlier

estimates based on laboratory experiments and numerical simulations at high Rayleigh numbers. At low

Rayleigh numbers, however, the authors find large deviations from earlier scaling laws. Last, the scaling

theory of Grossman and Lohse, which was developed for Rayleigh–Bénard convection and is based on the

partitioning of the kinetic energy and tracer variance dissipation, is adapted to the diffusive regime of double-

diffusive convection. The predicted heat flux scalings are compared to the results from the numerical simu-

lations and earlier estimates.

1. Introduction

An interesting feature of the double-diffusive phe-

nomena is its ability to create staircase-like structures in

temperature and salinity, where well-mixed layers are

separated by thin, high gradient interfaces (Radko 2013).

Double-diffusive convection occurs in two different re-

gimes: the diffusive and the finger regime. The focus in

this article is on the diffusive regime, which occurs in

waters where the temperature gradient is gravitationally

unstable and the salinity gradient is stable. The finger

regime on the other hand is commonplace in waters

where the salinity gradient is stable and the temperature

gradient is unstable. The density gradient is gravitation-

ally stable in both regimes. Double-diffusive staircases in

the diffusive regime are common in the polar oceans

(Foster and Carmack 1976; Padman and Dillon 1989;

Timmermans et al. 2008). In fact, the Arctic staircases

have been suggested to be of great importance for the

global climate since they are situated between cold sur-

face waters and the warmer water of Atlantic origin, and

there is enough heat trapped in the Atlantic Water to

melt all Arctic sea ice within 4yr if all the heat could be

brought instantly to the surface (Turner 2010). Diffusive

staircases are also important features in numerous lakes

[seeWüest et al. (2012) and references therein] and fjords
(Farmer and Freeland 1983; Pérez-Santos et al. 2014).
Much effort has been put into parameterizing the

double-diffusive heat and salt fluxes because of their

potential importance for the climate system on both a

regional and global scale (Radko 2013). However, the

very large parameter space in which these phenomena

exist in nature makes it very difficult to find accurate

parameterizations that apply globally. In this article, we

will explore part of this parameter space by performing

direct numerical simulations (DNS) of double diffusion

at various values of the dimensionless thermal forcing,

quantified by the Rayleigh number Ra. There are still

only a small number of studies of diffusive convection

that has used such a direct computational approach, and

the only other study that we are aware of that has sys-

tematically probed the Ra range is Flanagan et al.

(2013). There is, however, much motivation for such

studies since the most commonly asked question in

studies of diffusive convection is how the vertical fluxes

of heat and salt depend on the problem parameters. We

will explore this by looking at how the nondimensional
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heat flux, given by the Nusselt number Nu, depends on

the Rayleigh number.

An often used assumption is that the heat flux in a

diffusive staircase should be independent of the depths of

the well-mixed layers as long as they are sufficiently deep

(i.e., for sufficiently large Ra). This assumption leads to a

functional dependence of the form Nu }Ra1/3, which can

also be expressed in terms of the heat flux FT and its de-

pendence on the top to bottom temperature difference

DT, as FT } DT4/3. This form is commonly referred to as

the 4/3 law. The applicability of the 4/3 law has, however,

been questioned, and revised exponents have been sug-

gested by, for example, Kelley (1990), Kelley et al. (2003),

Sommer et al. (2013), and Flanagan et al. (2013). The

diffusive regime of double-diffusive convection has many

similarities with the classicalRayleigh–Bénard convection
problem for which several different regimes with different

Nu } Rab scaling laws have been found [see Ahlers et al.

(2009) for a recent review]. Given the vast range of Ra in

which double-diffusive staircases are found in nature, as

well as the dependence of the fluxes on other variables

(e.g., the Prandtl number, the diffusivity ratio, and the

density ratio), it seems unlikely that a single power law

that accurately parameterizes double-diffusive fluxes for

the various different ocean and lake environments should

exist. It is therefore important to understand the limita-

tions of such heat flux parameterizations.

In this paper, we will make a careful examination of the

physical basis formost current heat flux parameterizations,

namely, the budgets of energy and tracer variance. These

budgets form the basis of a number of methods used to

indirectly measure and parameterize heat and salt fluxes.

Based on the steady-state energy budget, there is the

classical Osborn (1980) model, and from the thermal var-

iance budget, we have the Osborn and Cox (1972) model.

The application of both of thesemodels to double diffusion

is discussed inMcDougall and Ruddick (1992). Moreover,

these budgets form the basis of the so-called GL theory

(Grossmann and Lohse 2000, 2001, 2002, 2004), which

successfully predicts accurate flux laws for Rayleigh–

Bénard convection. In this paper, we carefully derive ap-

proximate energy and variance budgets for a diffusive

staircase that is found to agree extremely well with the

results of our DNS. Furthermore, these approximate

budgets are very similar to their counterpart for Rayleigh–

Bénard convection used in the GL theory. We therefore

believe that GL theory and the methodology behind it can

be useful also for diffusive convection, and an extension of

the theory for diffusive convection is presented.

Some attempts have been done at comparing double-

diffusive fluxes derived from microstructure measure-

ments, with those based on flux laws. Sommer et al.

(2013), who took measurements in Lake Kivu on the

border between the Democratic Republic of the Congo

and Rwanda, and Guthrie et al. (2015), who took their

measurements in the Amundsen Basin in the Arctic

Ocean, are two examples. Both these studies support a

downward revision of the commonly used Rayleigh

number exponent of 1/3. However, the two studies support

rather different revised exponents, 0.2 in the case of

Sommer et al. (2013) and 0.29 in the case of Guthrie et al.

(2015),1 and there is a large scatter of points in both

studies. The Rayleigh numbers are generally larger in the

Amundsen Basin than in Lake Kivu with a mean value of

109 compared to 2.43 108 for the latter location, but there

is a large spread within each staircase and Rayleigh

numbers vary between about 105 and 1010 at both loca-

tions. We believe that one of the reasons for the large

spread in the estimated exponents could be that a single

exponent flux law is not generally enough to accurately

describe diffusive convection throughout the world’s

oceans and lakes. For thermal convection, it is well known

that the scaling exponents are functions of the Rayleigh

number, and a key result in the GL theory is that these

different regimes correspond to flow configurations

where the kinetic energy and thermal variance dissipation

are dominated by dissipation either in the boundary or

themixed layers. The results of our simulations, as well as

the large spread of estimates in the literature, seem to

suggest that such a division into regimes may be needed

also for a flux law applicable to the global ocean. Appli-

cation of the GL theory to diffusive convection is

therefore a step toward finding a more general flux law

than has previously existed for oceanic application.

The remainder of this manuscript is structured as

follows: In section 2, we present the DNS model and the

model setup and give a brief description of the flow.

Section 3 contains a careful derivation of the energy

budget and shows the resulting energy budgets from our

DNS. In section 4, we present the tracer variance bud-

gets from our DNS and discuss some theoretical results

pertaining to those. Section 5, contains results for the

heat flux scaling from our DNS and the application of

GL theory to diffusive convection. The paper is con-

cluded with a discussion and conclusions section.

2. Direct numerical simulations

a. Model setup

Our simulations are 2D, Boussinesq, and use a linear

equation of state. 2D simulations of double diffusion are

1 The exponent found by Guthrie et al. (2015) could also be as

low as 0.25 depending on how one defines the layer thickness in the

Rayleigh number definition.
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much more computationally cost efficient than their 3D

counterparts, and were found to capture the fluxes well

for a density ratio Rr $ 3 by Flanagan et al. (2013). We

have also verified this by performing a 3D simulation

that compares well to its 2D counterpart. The model

setup is the same as that used by Sommer et al. (2014),

where it was found to give fluxes in remarkable agree-

ment with their observed values from Lake Kivu. The

domain size is 0.66m in the horizontal and 0.33m in the

vertical for the 2D runs, and the 3D run has a domain

size of 0.33m in both the horizontal and vertical di-

rections. All simulations are initiated with horizontally

uniform hyperbolic tangent profiles for T and S with an

initial interface thickness of 0.03m. Periodic boundary

conditions are used on all boundaries, but DT and DS
(the initial temperature and salinity differences between

the top and the bottom of the domain) are added or

subtracted to water parcels crossing the vertical

boundary so that a steady state can be upheld.

The simulations are done using the DNS code of

Winters et al. (2004) and are governed by the following

nondimensional numbers:

Pr[
n

k
T

5 6:25, t[
k
S

k
T

5 0:01,

R
r
[2

r
T
DT

r
S
DS

5 5 and Ra[
gr

T
DTH3

nk
T
r
0

, (1)

where Pr is the Prandtl number, n is the kinematic vis-

cosity, kT(S) is the thermal (haline) diffusivity, t is the

diffusivity ratio, rT(S) is the partial derivative of density

with respect to temperature (salinity; these are constants

since we use a linear equation of state), Rr is the density

ratio, g is the acceleration due to gravity, DT(S) is the top
to bottom temperature (salinity) difference,H is the height

of the domain, and r0 is a constant reference density.

The grid resolution is chosen so thatDx/LB, 1, where

LB 5 (nk2
S«

21
u )1/4 is the Batchelor scale for salinity, and

«u is the dissipation of kinetic energy. Carpenter et al.

(2012) found Dx/LB 5 2 to be somewhat inadequate to

do accurate energy diagnostics, and we have therefore

opted for a higher resolution. In total we have done 10

runs with different Ra by varying DT, while keeping the
other nondimensional parameters constant at values

[given in (1)] typical to the double-diffusive staircase in

Lake Kivu. These values are also quite close to the

representative Arctic values used by Flanagan et al.

(2013; Rr 5 4, t 5 0.005, and Pr 5 13).

b. Flow description

In this section, we provide a basic description of the

flow field in our simulations. Snapshots of the density

field and its contributions from salinity and temperature

from our run withRa5 3.33 106 are shown in Figs. 1a–c.

Figure 1a shows the density, Fig. 1b shows the salinity

field contribution to the density, and Fig. 1c shows the

temperature field’s contribution to the density. The density

panel is, as expected when Rr 5 5, mostly reflecting the

salinity field. It is also evident from inspecting the tem-

perature and salinity fields that the lower diffusivity for

salinity leads to much finer-scale features in this field.

The horizontally averaged horizontal velocity huix
from our run with Ra 5 3.3 3 106 is shown in Fig. 2.

Henceforth, we shall take h ix tomean an average over the

horizontal coordinate x, h ixy is an average over a hori-

zontal plane, and h ixyz is a volume average. With periodic

boundary conditions it is easy to show that
Ð
z
huix dz5C,

whereC is some constant. Our runs are initiated with zero

net horizontal advection (i.e., C5 0), and so they remain

for the duration of the runs.A consequence of the zero net

advection is that we tend to get opposing horizontal cur-

rents in the mixed layer above and below the interface.

These currents represent a large-scale circulation cell in

the mixed layer that is observed to change sign regularly.

It can also be seen that the horizontal advection at the

level of the interface, however, is mostly weak.

Another illustrative simplified picture of the flow can

be obtained by projecting the flow into density depth

space.Nycander et al. (2007) introduced a streamfunction

in density depth coordinates and showed that it has sev-

eral qualities that make it suitable for energetics studies.

The density depth streamfunction C is defined through

C(r*, z)5
1

t
2
2 t

1

ðt2
t1

ð
A(r*,z,t)

wdAdt, (2)

where r*5 2(r2 r0)/Dr is a nondimensional density,

andA(r*, z, t) is the area at depth z, where the density is

less than r (in the 2D case this area is, in fact, a line). The

quantity C(l, m) is thus the upward vertical volume

transport of water lighter than l at depth m. This sign

convention is the opposite of that used by Nycander et al.

(2007) and makes a thermally direct cell (a cell where

dense water sinks and lighter water rises) have a positive

sign. Figure 3a shows the streamfunction, which in our

case has a very simple form. There is just one circulation

cell, which is thermally direct and occupies the mixed

layers on both sides of the interface. The streamfunction

amplitude in the interface is almost zero, which signifies

that the interfacial advection is weak. The stream-

functions are qualitatively similar for all runs, but the

amplitude increases with increased Ra, and the interface

thickness decreases with increased Ra.

Water mass transformation can be thought of as a cir-

culation in tracer space (see, e.g., Hieronymus et al. 2014)

and is therefore often visualized using streamfunctions
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where at least one coordinate is a tracer. In this case, we

use density as a streamfunction coordinate, and the cir-

culation in density space is analogous to a water mass

transformation. The fact that there are very small density

changes along the streamlines in the mixed layer therefore

implies that the bulk of the transformation is achieved

within or in close proximity to the interface. The strong

circulation in the mixed layer plumes thus occur in a very

narrow density band. This is even more apparent if we

look at ›C/›r, shown in Fig. 3b. Since, as we stated before,

C(l,m) gives the volume transport of water lighter than l at

depth m, the vertical volume flux of water in a small

density range at a given depth is given by (›C/›r)Dr. This
figure clearly shows how light water rises and dense water

FIG. 1. Snapshots (kgm23) of the (a) density field, (b) the sa-

linity field contribution to the density field, and (c) the tempera-

ture field contribution to the density field. All from our run with

Ra 5 3.3 3 106.

FIG. 2. Horizontally averaged horizontal velocity (m s21) as a function of t and z from our run with Ra5 3.33 106.
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sinks in the red and blue circulation branches, respectively.

We should note, however, that C is the result of a long

time average (17h in this case) and that individual parcel

trajectories are not confined to follow the streamlines.

The double integral of C over r and z multiplied by

g gives the conversion between kinetic and potential

energy. Nycander et al. (2007) used that result to

calculate the contributions from different circulation

cells in an ocean-only general circulation model. Our

flow is more simple and consists of only one cell that

occupies the mixed layer and converts potential en-

ergy into kinetic.

3. The energy budget

Here, we consider the energetics of a double-

diffusive staircase using the Boussinesq approximation

with a linear equation of state. The equations are as

follows:

r
0

Du

Dt
52=p2 ẑgr0 1m=2u , (3)

= � u5 0, (4)

r0 5 r
T
T1 r

S
S , (5)

DT

Dt
5 k

T
=2T , (6)

DS

Dt
5 k

S
=2S, and (7)

D

Dt
5

›

›t
1 u � = , (8)

where u is the velocity vector, p is pressure, r0 is the

deviation from the constant reference density r0, ẑ is the

unit vector in the vertical direction, andm is the dynamic

viscosity.

To get an equation for the kinetic energy we take the

scalar product of (3) and u and use (4), yielding

D

Dt

 
r
0

juj2
2

!
52= � (up)2wgr0

1m= � (u
i
=u

i
)2m=u

i
� =u

i
, (9)

where ui represents the three velocity components,

and summation over repeated indices is understood.

The last two terms are derived using the identity u � =u5
= � (ui=ui)2=ui � =ui. To get an energy budget, we in-

tegrate (9) over a mixed layer in a diffusive staircase

bounded at z 5 0 and z 5 2H by diffusive interfaces

and with periodic boundaries in the horizontal; we call

this volume V. Using Gauss’s divergence theorem and

Reynold’s transport theorem the kinetic energy budget

may be written as

d

dt

ð
V

r
0

juj2
2

dV52

ð
›V

r
0

juj2
2

u
out

� n̂ dA2

ð
›V

pu � n̂ dA2

ð
V

r0gwdV1m

ð
›V

u
i
=u

i
� n̂ dA2m

ð
V

=u
i
� =u

i
dV , (10)

where ub is the velocity of the boundary, n̂ is an outward

unit vector normal to ›V, and uout5 u2 ub is the velocity

through the boundary. The first term on the right-hand

side is the advective flux of kinetic energy, the second has

the appearance of a boundary flux of pressure, the third

is the buoyancy flux (or the conversion between kinetic

FIG. 3. (a) The streamfunction (m2 s21) in density depth co-

ordinates. (b) ›C/›r [m5 (kg s)21]. Both are based on the velocity

field of the last 17 h from our run with Ra 5 3.3 3 106.
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and potential energy), the fourth is due to work by

viscous torques on the boundary, and the fifth is the

dissipation «u of kinetic energy.

To derive the potential energy budget, we take the

material derivative of (5) multiplied by gz and use (6)

and (7), which gives

›gzr0

›t
1 u � =(gzr0)5 gz(r

T
k
T
=2T1 r

S
k
S
=2S)1wgr0 .

(11)

Again, we integrate using the divergence theorem and

Reynold’s transport theorem to obtain

d

dt

ð
V

gzr0 dV52

ð
›V

gzr0u
out

� n̂ dA1

ð
V

g= � (zr
T
k
T
=T1 zr

S
k
S
=S) dV2

ð
V

g

�
r
T
k
T

›T

›z
1 r

S
k
S

›S

›z

�
dV1

ð
V

wgr0 dV .

(12)

As before, we integrate between z52H and z5 0 and use the horizontal periodicity. Equation (12) may then be

written as

d

dt

ð
V

gzr0 dV’

ð
›Vb

gHr0u
out

� n̂ dA1

ð
›Vb

gH(r
T
k
T
=T1 r

S
k
S
=S) � n̂ dA

2Ag(r
T
k
T
DT1 r

S
k
S
DS)1

ð
V

wgr0 dV , (13)

where ›Vb signifies that the integral is taken over the

bottom interface, DT 5 T(0) 2 T(2H), DS 5 S(0) 2
S(2H), and A is the horizontal area of the domain. To

arrive at (13) we have used the approximation that the

interfaces are fixed at their respective vertical co-

ordinates. This approximation is closely tied to another

approximation we shall use, namely, that the interfacial

advection is weak. These assumptions have proven to

hold for diffusive convection when the density ratio

Rr 52rSDS/rTDT is larger than about 3 (Carpenter et al.

2012; Sommer et al. 2014; Carpenter and Timmermans

2014). The fact that the interfacial advection is weak is

also evident from our streamfunction, plotted in Fig. 3.

This means that the advective boundary terms can be

neglected. Using this, and also assuming a steady state,

the kinetic energy balance is given byð
V

wgr0 dV’2m

ð
V

=u
i
� =u

i
dV , (14)

that is, we have a balance between the buoyancy flux and

the dissipation. Note that this means that the mixing

efficiency (i.e., the ratio of the buoyancy flux to the

dissipation) of double diffusion is approximately 1 and

thus very different from the value of 0.2 that is often

used in oceanography. Applying the same approxima-

tions to the potential energy budget yieldsð
›Vb

gH(r
T
k
T
=T1 r

S
k
S
=S) � n̂ dA

’Ag(r
T
k
T
DT1 r

S
k
S
DS)2

ð
V

wgr0 dV , (15)

which can also be written using (14) asð
›Vb

gH(r
T
k
T
=T1 r

S
k
S
=S) � n̂ dA

’Ag(r
T
k
T
DT1 r

S
k
S
DS)1m

ð
V

=u
i
� =u

i
dV . (16)

Now we define

r
0
AHhF

b
i
xy
[

ð
›Vb

gH(r
T
k
T
=T1 r

S
k
S
=S) � n̂ dA ,

(17)

r
0
AHhFcond

b i
xyz

[Ag(r
T
k
T
DT1 r

S
k
S
DS), and (18)

r
0
AHh«

u
i
xyz

[m

ð
V

=u
i
� =u

i
dV , (19)

where hFbixy is the average interfacial buoyancy flux,

hFcond
b ixyz is the volume-averaged diffusive buoyancy

flux, and h«uixyz is the volume-averaged dissipation of

kinetic energy. Equation (16) can then be written as

Nu
b
’ 11

h«
u
i
xyz

hFcond
b i

xyz

, (20)

where Nub [ hFbixy hFcond
b ixyz

.
is the Nusselt number

for the buoyancy flux, that is, the ratio of the buoyancy

flux through the interface to the purely conductive

value. Using (14), (20) can also be written as

Nu
b
’ 11Nuadv

b , (21)
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where Nuadv
b [ hr0wg/r0ixyz hFcond

b ixyz
.

is a Nusselt

number based only on the advective fluxes. The phys-

ical meaning of (21) is plainly that Nub is the sum of the

purely conductive value of 1 and the contribution from

advection. The energy budgets of the Boussinesq

equations are altered when a more realistic nonlinear

equation of state is used (Nycander 2011; Hieronymus

and Nycander 2015). A discussion of these issues and a

derivation of the equivalent of (20) for a nonlinear

equation of state are presented in appendix A.

Equation (20) is a double-diffusive analog to the

model developed by Osborn (1980) for the energy

budget of shear-driven turbulence. It should also be

noted that (14) is the most straightforward extension of

Osborn’s model to double diffusion. It is, however, as

can be seen from (21), not very accurate in determining

staircase fluxes unless Nub� 1, so (20) is to be preferred.

The important point here is that the interfacial buoy-

ancy flux going through a staircase is different from the

average advective buoyancy flux in the staircase, which

is also often refereed to simply as the buoyancy flux. This

difference stems from the fact that tracer transport is

due to a mixture of advection and diffusion.

Figure 4 shows the energy budgets given by (16) from

our different runs. The terms have been normalized

through division by the largest term in the budgets hFbixy
so that they would sum to 1 if the approximate budget

was perfect. The heat (salinity) flux is calculated by

finding the temperature (salinity) gradient at the zero

isothermby linear interpolation,multiplying it by kT (kS),

and then integrating along the isotherm [the samemethod

is used by Carpenter and Timmermans (2014) and

Sommer et al. (2014)]. For the range of Rayleigh numbers

in our simulations, it is clear that (16), indeed, gives a very

good approximation of the total energy budget in the 2D

runs. The residual contains all contributions due to in-

terfacial advection, temporal variability, and the fact that

our domain is not entirely well defined2 and is never

greater than a couple of percent of hFbixy. In the 3D run,

denoted here by an asterisk, we see a larger residual. This

discrepancy between the 2D and 3D case is due to dif-

ferences in the salt flux. The dissipation, in fact, agrees to

within 1%between the two runs. The salt flux ismore time

variable than the heat flux, so a longer duration 3D run is

likely to diminish this discrepancy.

The energy budget of Fig. 4 shows that hFcond
b ixyz is

significant in comparison to hFbixy throughout the range of
Ra in this study. Figure 5 shows how the Ra range in our

simulations compare to staircases found in Lake Kivu and

the Amundsen Basin in the Arctic Ocean. It is clear that

there is a large overlap between our Ra range and that

from these two locations. It is therefore important to

consider the three-term energy balance derived here, that

is, the Osborn model for diffusive convection [(20)], in-

stead of the most straightforward extension of Osborn’s

model to double diffusion, namely, (14) when evaluating

fluxes through staircases in oceans and lakes.

FIG. 4. The energy budget nondimensionalized through division by

Fb. Asterisks show the results from the 3D run.

FIG. 5. Ra distributions from the diffusive staircases in Lake Kivu

and the Amundsen Basin in the Arctic Ocean. The Kivu data come

from Sommer et al. (2013), and the Arctic data come from Guthrie

et al. (2015). The black line signifies the Ra range in our DNS.

2 The terms FT and FS are calculated at the zero isotherm and

isohaline, respectively; however, those surfaces are not constantly

collocated.
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Another consequence of the steady-state energy

balance is that the Batchelor scale for salinity LB 5
(nk2

S«
21
u )1/4, which is the most critical scale that must

be sufficiently resolved in double-diffusive DNS, is

given by

L
B
5

 
nk2

S

hF
b
i
xy
2 hFcond

b i
xyz

!1/4

. (22)

This form has the advantage over the conventional

expression in that it contains hFbixy rather than h«uixyz,
and one can therefore estimate LB beforehand using a

flux law.

Flanagan et al. (2013) use a slightly different scale

than LB to characterize the scale of salt dissipation,

given by

L
S
5

0
@ nk2

S

hFcondT
b i

xyz

1
A
1/4

, (23)

where hFcondT
b ixyz is the part of hFcond

b ixyz that is due to

temperature. The effect of temperature on hFcond
b ixyz is

much larger than that due to salinity in the oceano-

graphically relevant parameter range. Using this we can

approximate the ratio of the scales as

L
S

L
B

’ (Nu
b
2 1)1/4 . (24)

The Nusselt numbers in our runs are too small [the

ratio (24) is about 1.6] to make the two scales diverge

significantly, and it is therefore impossible to make any

claims about their respective relevance for salinity

variance dissipation. It is nonetheless interesting to see

that their ratio tends to infinity as Nu goes to infinity.

This means that if it is truly enough to resolve LS then

simulating high Ra environments is somewhat less

numerically demanding then one might expect from

using LB as the relevant scale. However, DNS studies

of shear flows suggest that the grid spacing must, in

fact, be comparable to the Kolmogorov scale, or

the Batchelor scale when Pr . 1, for the flows to be

well resolved (Smyth and Moum 2000; Moin and

Mahesh 1998).

4. Thermal and haline variance budgets

Two models that are similar to the Osborn model for

diffusive convection [(20)] can be constructed using the

steady-state and zero interfacial advection assumptions to

develop the budgets of thermal and haline variance. A

model for the thermal case can be derived bymultiplying (6)

by T and integrating over the whole domain using the same

assumptions that were used in deriving (20), which gives

hF
T
i
xy
’2

k
T
H

DT
hj=Tj2i

xyz
, (25)

where hFTixy is the average interfacial temperature flux,

and kThj=Tji2xyz [ «T is the average dissipation of ther-

mal variance. The haline case is completely analogous.

Equation (25) is an integrated form of the famous

Osborn and Cox (1972) relation, but in this case hFTixy is
diffusive rather than advective, as it is in the Osborn and

Cox (1972) relation. Equation (25) can also be expressed

in terms of the Nusselt number as

Nu’
hj=Tj2i

xyz�
DT

H

�2
. (26)

Equations (20) and (26) can also be combined to give an

estimate for the flux ratio Rf 5 2rSFS/rTFT, according to

R
f
5 12

�
DT

H

�2

hj=Tj2i (12 tR
r
)1

DT

H
b
T

h«
u
i
xyz

h«
T
i
xyz

, (27)

where bT 5 2grT/r0 is the partial derivative of buoyancy

with respect to temperature.Theflux ratio is thus dependent

on two interesting ratios: the first is the ratio of the back-

ground temperature gradient to the thermal variance, which

is equal to 1/Nu [see (26)], and the second is the ratio of the

dissipation of kinetic energy to that of thermal variance.

Figure 6 shows how well the approximation of (25)

captures the heat fluxes in our simulationwithRa5 3.33
106 (the results are similar for all runs). It is interesting

that this method works well throughout the duration of

the run. This shows that the contributions to the variance

budgets from interfacial advection and temporal vari-

ability are much smaller than the two terms in (25) long

before we would classify the run as steady state.

5. Heat flux scaling

a. Results from DNS

We have seen in the preceding sections how the

Nusselt number is linked to the budgets of energy and

tracer variance. In this section, we shall go on to look at

how Nu scales with Ra in our DNS and formulate the

GL theory based on the partitioning of «T and «n in the

domain. Figure 7 shows a log–log plot of Nu(Ra) and

demonstrates that a single power law is not adequate to

describe the functional dependence of Nu on Ra in the

whole parameter range of interest. However, piecewise
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power laws do a reasonably good job in parts of

Ra space.

The scaling exponents given in Fig. 7 are different

from the canonical value of 1/3, andNu is generally larger

than what is found from the parameterization of Kelley

(1990) in this range of Ra. A summary of different

scalings found in the literature as well as the predictions

from GL theory that we will discuss later in this section

are found in Table 1. The fact that our exponents are

different from 1/3 implies that FT is not independent ofH

in our parameter range. An exponent smaller (larger)

than 1/3 suggests FT is a decaying (growing) function ofH.

Exponents smaller than 1/3 have been found before in the

literature. Both Kelley (1990) and Flanagan et al. (2013)

find exponents close to 0.28 [in the case of Flanagan et al.

(2013), we have recalculated their exponent from the H

2 [1, 4] m simulations, which is presented as a FT } T c

law, using the fixed relationship between DT and H in

their runs]. This is close to the exponent we find in our

high Ra runs (Ra 2 [1.6 3 107, 8.2 3 107]). As a com-

plement to experimental estimates, Kelley (1990) also

derived a simple model in which a Ra exponent smaller

than 1/3 can be rationalized if a significant part of the

kinetic energy dissipation occurs in the boundary layer.

Later on in this section we shall see that this is, in fact,

the case in our simulations.

Another interesting finding is the very small exponent

found for Ra2 [1.53 106, 1.63 107].We are not aware of

such a small Ra exponent ever being found for double

diffusion. Although it should be noted that a re-

calculation of the exponent from Flanagan et al. (2013)

and also using their run withH5 0.5m gives an exponent

of 0.25. So it appears that a lower exponent is evident also

in the lowest Ra run of Flanagan et al. (2013). This is also

consistent with our runs since the smallest Ra in Flanagan

et al. (2013) is 1.593 106, which is within the range where

we find an exponent of about 0.09, while their second

smallest Ra5 33 107 is within the 0.28 range also in our

simulations. A small exponent (perhaps even a negative)

forRr 5 5 andRa of approximately 106–107 is also hinted

at in Fig. 11a of Scheifele et al. (2014).Moreover, the four

heat flux scaling runs in Flanagan et al. (2013) were all

done in 3D and appear to show good consistencywith our

2D runs where the Ra ranges overlap. Good consistency

between 2D and 3D runs have also been found for ther-

mal convection when Pr . 1 (Schmalzl et al. 2004).

Whether this condition also applies to diffusive convec-

tion is, however, not known.

b. GL theory

GL theory has, as we briefly mentioned in the in-

troduction, proven very successful in predicting heat

FIG. 6. The right-hand side of (25) divided by the left-hand side

from our run with Ra 5 3.3 3 106 for (a) temperature and

(b) salinity. The brown lines show the mean value of the curves.

FIG. 7. A log–log plot of Nusselt number vs Rayleigh number. The

various b values correspond to different scaling laws of the formNu}
Rab, and the cyan asterisk shows the result from the 3D simulation.
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fluxes in turbulent Rayleigh–Bénard convection

(Ahlers et al. 2009). Yang et al. (2015) applied the

GL theory to the salt-finger case and found a good

agreement with observations. Given that the diffusive

case of double-diffusive convection is in many ways

more similar to Rayleigh–Bénard convection than the

salt-finger case is, it seems likely that GL theory might

prove useful also for the diffusive regime. In what fol-

lows, we will examine this idea, but first we will briefly

go through the theory for completeness. The basis for

the GL theory is the following two equations:

«
u
5

RaPr22n3

H4
(Nu2 1), (28)

and

«
T
5

NuDT2k
T

H2
. (29)

These are exact relations in the Rayleigh–Bénard case

due to the insulating boundary conditions. Rayleigh–

Bénard convection is thus governed by the non-

dimensional numbers Ra and Pr and the system response

is given by Nu and Re5UH/n, where Re is the Reynolds

number, and U is a velocity scale, characteristic of the

circulation cell in the mixed layer. The first step in de-

riving the GL theory is to set «u 5 «ML
u 1 «BLu and «T 5

«ML
T 1 «BLT , where the superscript ML indicates the mixed

layer and the superscript BL indicates the boundary layer.

The theory thus separates the dissipations into mixed

layer and boundary layer contributions. To be able to

solve (28) and (29) for Nu and Re, different estimates for

«ML
u , «BLu , «ML

T , and «BLT are introduced. The derivation of

these estimates is quite lengthy, so the interested reader is

referred to Grossmann and Lohse (2000) for details.

Four different regimes exist, assuming that the dissipa-

tions are completely bulk or boundary layer dominated.

Another four subregimes exist to distinguish the cases

depending on whether the thermal hT or viscous hn
boundary layer is thicker, since this difference changes

the estimate of «T. The scaling laws for all eight com-

pletely mixed layer– or boundary layer–dominated re-

gimes are found in Table 2.

Apart from these eight scaling regimes, the theory has

also been extended to a model that can transition be-

tween these regimes in a continuous manner; Nu and Re

are then given by these coupled nonlinear equations:

(Nu2 1)RaPr22 5 c
1

Re2

g(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re

L
/Re

p
)
1 c

2
Re3 , (30)

and

Nu2 15 c
3
Re1/2Pr1/2

(
f

"
2aNuffiffiffiffiffiffiffiffiffi
Re

L

p g

 ffiffiffiffiffiffiffiffiffi
Re

L

Re

r !#)1/2

1 c
4
PrRef

"
2aNuffiffiffiffiffiffiffiffiffi
Re

L

p g

 ffiffiffiffiffiffiffiffiffi
Re

L

Re

r !#
,

(31)

where c1, c2, c3, c4, and a are tunable parameters, and

ReL 5 (2a)2 is a critical Reynolds number that has been

TABLE 1. Suggested heat flux scaling laws for diffusive convection. A single asterisk indicates that both the theoretical prediction and

the laboratory experiments in Kelley (1990) are based on thermal convection. Two asterisks indicate that the difference in values is due to

differences in how they define H used to compute Ra. Three versions were considered: H based on the mixed layer thickness above the

interface,H based on the mixed layer thickness below the interface, and the average of the two. The first two versions both give 0.29, and

the averaged version gives 0.25. The averaged version is also the one used by Sommer et al. (2013). Three asterisks indicate the 1/3 scaling
does not occur in theRa range of our simulation but is expected to occur for higherRa. Four asterisks indicate this regime occupies a small

parameter range and has never been observed cleanly for thermal convection. There is, however, evidence for it from the effect it has on

neighboring regimes (D. Lohse 2016, personal communication).

Study Ra exponent Ra range Method

Turner (1965) 1/3 N/A Theory

Kelley (1990) 0:284*(0:27*) 104–1010 (107–1010) Laboratory experiments (theory)

Flanagan et al. (2013) 0.28 (0.25) 3 3 107 – 7.6 3 109 (1.9 3 106 – 7.6 3 109) DNS

Sommer et al. (2013) 1/5 105–1010 Measurements

Guthrie et al. (2015) 0:29**(0:25**) 105–1011 Measurements

The current study 0.27 (0.09) 1.6 3 107 – 8.2 3 107 (1.5 3 106 – 1.6 3 107) DNS

GL theory 1/3***, 1/4, 1/5**** N/A Theory

TABLE 2. Heat flux scaling laws for the different regimes in the GL theory.

«u ’ «ML
u , «T ’ «ML

T «u ’ «ML
u , «T ’ «BLT «u ’ «BLu , «T ’ «ML

T «u ’ «BLu , «T ’ «BLT

hn . hT Nu}Ra1/3 Nu}Ra1/5 Nu}Ra3/7Pr21/7 Nu}Ra1/4Pr21/12

hn , hT Nu}Ra1/2Pr1/2 Nu}Ra1/5Pr1/5 Nu}Ra2/3Pr1/3 Nu}Ra1/4Pr1/8
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introduced together with the empirically determined

functions f(x) 5 (1 1 x4)1/4 and g(x) 5 x(1 1 x4)1/4 to

enable transitions between the different regimes. Values

of the tuning parameters appropriate for Rayleigh–

Bénard convection are given in Grossmann and Lohse

(2001), and it is argued that these can be used also for

double diffusion by Yang et al. (2015).

Equation (29) is equivalent to our (25), so no modi-

fications are needed for the double-diffusive case. The

appropriate form of (28) for double diffusion can be

found from (16) and looks like

«
u
5

RaPr22n3

H4
[Nu(12R

f
)2 11 tR

r
] . (32)

In our DNS, we have t 5 0.01, Rr 5 5, and Rf ’ 0.14.

These values suggest that (32) is close to (28) and that

perhaps GL theory can be applied unmodified to the

double-diffusive case. Yang et al. (2015) applied the

theory without modifications to the salt-finger case

with a good result, and we shall start with that approach

as well.

Using our DNS, we can diagnose how the dissipation

is partitioned between the mixed and boundary layers.

Figure 8 shows the kinetic energy dissipation as a func-

tion of zT* and zS*, where zT* is defined as

z
T
*5

����2 z2H

h
T

���� , (33)

and hT, the thermal interface thickness, is given by hT5 kT
DT/FT. The definition of zS* is analogous but useshS instead
of hT. We thus have z

T
*5 1 (z

S
*5 1) at the edge of the

thermal (haline) boundary layer. Slightly less than 30% of

the kinetic energy dissipation typically occurs within the

thermal boundary layer in our runs. We thus know that «u
has important contributions both from the boundary and

mixed layer, given that hn $ hT. Figure 9 shows that «T is

mostly boundary layer dominated. To derive the heat flux

scaling from GL theory we must also determine the rela-

tive size of the thermal and viscous boundary layers. The

thermal and haline boundary layer thicknesses (hT and hS)

are easy to estimate, while the viscous boundary layer

thickness is more difficult. Petschel et al. (2013) sought to

remedy this problem by introducing so-called dissipation

layers. Dissipation is typically enhanced in the boundary

layers, and the edge of a dissipation layer is defined as the

distance from the boundary where the horizontally aver-

aged dissipation equals the volume average. This defini-

tion can be used just as easily on thermal or haline variance

dissipation as on kinetic energy dissipation. However, the

kinetic energy dissipation in the center of the interfaces is

often weaker than the volume-averaged dissipation in our

runs. When this is the case, one gets a nonexistent dissi-

pation layer with the definition above. To remedy this

problem we define the dissipation layer as the distance

from the boundary to the level outside of the dissipation

peak where the horizontally averaged dissipation equals

the volume average.

Figure 10 shows how the thermal and haline dissipa-

tion layer thicknesses (h«T and h«S) compare to the usual

boundary layer thicknesses hT and hS. For the viscous

boundary layer thickness (we call it h«u rather than hn
here to signify that it is a dissipation layer), we get two

different estimates depending on whether the zero iso-

haline or isotherm is chosen to be the boundary (these

are distinguished by having S or T as a superscript). The

dissipation layer definition is more robust for tracer

variance than for kinetic energy dissipation, where we

see a larger spread in the estimates. All our runs have

hn . hT. The kinetic energy dissipation thus appears to

have an important contribution both from the mixed

layer and the boundary layer, while the thermal variance

dissipation is mostly boundary layer dominated (see

Figs. 8 and 9). For «T ’ «BLT , GL theory gives Nu }Ra1/5,

when «u is mixed layer dominated and Nu }Ra1/4Pr21/12

for the boundary layer–dominated regime. However,

the 1/5 regime has never been observed cleanly in any

laboratory or numerical experiments for thermal con-

vection, only its effect on neighboring regimes has been

observed (D. Lohse 2016, personal communication).

Indeed, Grossmann and Lohse (2000) suggest that a vast

majority of all reported convection experiments are

within or close to the 1/4 regime and that the often re-

ported exponents close to 0.28 are due to the influence of

the neighboring 1/3 regime that occurs for higherRa. This

is a reasonable explanation also for our findings and

those of Flanagan et al. (2013). Moreover, it should also

be noted that if we use only the two runs with the highest

Ra to calculate an exponent, we get 0.288, instead of

0.267, so there is a tendency toward larger exponents for

higher Ra both in our simulations and in those of

Flanagan et al. (2013), which is consistent with a gradual

transition from a 1/4 to a 1/3 exponent.

To make a more exact extension of the GL theory to

double diffusion, we must include also the salinity vari-

ance equation. Figure 9 shows that the haline boundary

layer is thinner than the thermal and thus also the ki-

netic. The suggested scaling in the thermal case is

Nu}Re1/2Pr1/2 , (34)

when hT . hn, and

Nu}Re1/2Pr1/3 , (35)
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when hT , hn. How these scalings are derived is shown

in appendix B. Using the same reasoning in the sa-

linity case gives equations similar to (34) and (35), but

where Nu is substituted for NuS (the Nusselt number

for the salinity flux) and Pr is substituted for Sc5 n/kS
(the Schmidt number). Given that hS , hn, it is the

latter approximation that is of interest to us. Now we

can use the scaling laws (34) and (35) in the exact

relation

Nu
S

Nu
5

R
f

R
r
t

(36)

to get an expression for Rf, which can then be eliminated

from (32). The most relevant case for us is hT,hn and

hS,hn, which gives Rf } Rrt
2/3. Another option is that

hT . hn and hS , hn, in which case we get Rf } Rrt
2/3

Pr21/6. One last option that is probably not so impor-

tant in oceanography is that hT . hn and hS . hn, which

leads to Rf } Rrt
1/2.

Carpenter et al. (2012) show an extensive list of

earlier estimates of Rf. The only exponent suggested

for theRr dependence, except zero, has been 1, which is

proposed by Newell (1984), Fernando (1989), and

Carpenter et al. (2012). For the t dependence, there is a

much larger spread in the estimates: Newell (1984)

finds an exponent of 1, and an exponent of 1/2 is found

by Shirtcliffe (1973), Linden and Shirtcliffe (1978),

Fernando (1989), and Stamp et al. (1998), while Takao

and Narusawa (1980) finds an exponent of 21/3.

Carpenter et al. (2012), meanwhile, found an exponent

of 4/5. The GL prediction of 2/3 is thus well within the

range of earlier estimates. It is interesting that the most

commonly found value of 1/2 is the one we arrived at

FIG. 8. Kinetic energy dissipation as a function of (a) zT* and

(b) zS*. The total dissipation is normalized so that it is 1 in all cases.

Values shown are cumulative, that is, they show the amount of

dissipation that occurs between zT*5 0 (zS*5 0) and the coordinate

value on the x axis. The vertical lines are situated at zT*5 1 and

zS*5 1 and signify the edges of the boundary layer.

FIG. 9. As in Fig. 8, but for thermal and haline variance dissipation.
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when hT . hn and hS . hn, a situation that seems un-

likely to occur in a heat–salt system.

6. Discussion and conclusions

The large Rayleigh numbers that often occur in dif-

fusive staircases in the ocean are difficult to achieve both

in numerical simulations and in laboratory experiments.

This poses a difficult challenge for researchers trying to

derive accurate flux laws. In this paper, we have focused

on a range of Rayleigh numbers that commonly occur

both in lakes (Sommer et al. 2013; Scheifele et al. 2014)

and in the Amundsen Basin in the Arctic Ocean

(Guthrie et al. 2015), as can be seen in our Fig. 5. This

choice of focus is not done simply because of the earlier

success the model has had in simulating the diffusive

convection in Lake Kivu (Sommer et al. 2014). It is

rather limitations in computational power that limits our

ability to simulate higher Rayleigh number environ-

ments for long enough times to achieve a steady state.

This is one of the reasons whyGL theorymay prove very

useful in oceanography. For GL theory to be useful in

the oceanographic context, it is enough to know how the

tracer variance and the kinetic energy dissipation are

partitioned between the mixed and the boundary layer.

This type of information can potentially also be found

from microstructure field measurements, which could

greatly extend our knowledge of what scaling laws apply

for double diffusion in the high Ra range that is cur-

rently beyond our modeling capabilities.

In any case, it has become quite clear through this and

earlier work (e.g., Kelley 1990; Flanagan et al. 2013) that

the 4/3 law is an over simplification and often inadequate

to parameterize double-diffusive fluxes in the oceans. In

fact, the 1/3 exponent on the Rayleigh number that is a

necessity for the 4/3 law is not found in any our runs, and,

to our knowledge, neither is it found in any other ex-

perimental study of diffusive convection (see Table 1).

Furthermore, it is clear from our runs that the range of

Rayleigh numbers in nature is too large to accommodate

an accurate flux law with a single Ra exponent; the flux

laws must therefore be functions of the Rayleigh number,

just as in the GL theory for thermal convection. This does

not mean, however, that the 1/3 exponent and its conse-

quence, the 4/3 law, is always inaccurate. For thermal

convection there is a regime with a 1/3 exponent that oc-

curs when both kinetic energy and thermal variance is

mixed layer dominated and hn . hT. This is likely to occur

also for double diffusion at high enough Ra and may well

be the case in some of the thicker diffusive layers in the

Arctic Ocean. In fact, Guthrie et al. (2015) found a decent

agreement between observed fluxes and fluxes calculated

using the 1/3 exponent, although the agreement was even

better with a 0.29 exponent. More research is needed

before we can propose an accurate flux law for diffusive

convection that applies to all ocean and lake environ-

ments. However, we think that the method of character-

izing the flow by how the dissipation is partitioned

between the boundary and themixed layer used in theGL

theory, and in this manuscript, is a step toward finding a

universal flux law for diffusive convection. Such a flux law

is a necessity for an accurate description of double-

diffusive fluxes in future GCMs and is therefore of great

importance for oceanography and climate studies.

With our current knowledge, it is at least possible to

pinpoint some likely regimes that occur for different

Ra. However, caution is needed since the Ra exponent

may also be a function ofRr, and more experiments are

needed to investigate such a functional dependence. In

our experiments, which are to our knowledge the only

experiments that probe also very low Ra, we found

that a power law does not give an accurate description

of the fluxes for Ra much lower than 106. We also find a

small range in between 106 , Ra , 107, where a very

low exponent of 0.09 is found.Whether this small range

is better thought of as a regime of its own or as the

upper part of the region where a power law is in-

accurate is not clear. However, there is at least clear

support from the simulations of Flanagan et al. (2013)

that the exponent in this range is smaller than those

typically found for diffusive convection at a higher

Rayleigh number. An exponent of 0.28 is found by

Flanagan et al. (2013) in the Rayleigh number range

between 3 3 107 and 7.6 3 109. We find a similar expo-

nent (0.27) for Ra between 1.6 3 107 and 8.2 3 107. The

FIG. 10. Comparison of the boundary layer thickness based on

the conventional definition and as dissipation layers (Petschel

et al. 2013).
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question of if there exists an upperRa limit for this scaling,

as it does in thermal convection, is an important one that

requires further experiments at higher Ra before it can be

answered. Caution is therefore advised, since it is not

possible to state whether the 0.27–0.29 scaling prevails

throughout the higher end of the Ra distribution in

oceanic staircases. The differences in the observa-

tionally estimated exponents of Sommer et al. (2013;

0.2) and Guthrie et al. (2015; 0.29), mentioned in the

introduction, could perhaps then be explained by the

fact that the average Ra is smaller in Lake Kivu than

in the Amundsen Basin of the Arctic Ocean.

The next topic to discuss is how well the predictions

from the GL theory agree with the results of our DNS

experiments. As discussed before, an exponent close to

0.28 is often found also for thermal convection, and even

though none of the regimes in the GL theory gives this

scaling, it is rationalized as a superposition of the 1/4 and
1/3 regime. The 1/4 regime occurs when both thermal

variance and kinetic energy is boundary layer domi-

nated, while the 1/3 regime occurs when they are both

mixed layer dominated. Our runs are clearly between

these regimes and are thus in agreement with the theory.

This is, however, not a very strong support of the theo-

ry’s applicability to diffusive convection since the Ra

range between the 1/4 and 1/3 regimes may be very large.

Our DNS at high Ra appear to be close to a regime

where the thermal variance dissipation is boundary layer

dominated and the kinetic energy dissipation is mixed

layer dominated. This regime has the scaling exponent
1/5 in the GL theory. This regime is absent in our simu-

lations. This may, however, be explained by the fact that

for thermal convection this regime occupies a small

parameter range and has never been found cleanly in

any laboratory or numerical experiments (D. Lohse

2016, personal communication). However, Sommer et al.

(2013) found an exponent of 1/5 for their Lake Kivu data,

so perhaps it is more prevalent for diffusive convection.

One may summarize by saying that the findings from our

DNS are in agreement with GL theory, but a much larger

parameter range would have to be probed in order to re-

ally put the theory to the test.

Another important finding in this work is the excellent

performance of the simplified energy and variance

budgets. The three-term energy balance is especially of

interest, since it corresponds to a slight modification of

the integrated Osborn (1980) relation. This modification

becomes less important as Ra increases but is still im-

portant in much of the relevant range for oceanography.

Guthrie et al. (2015) shows that Ra 2 [106, 108] are

commonly found in Arctic staircases, where we find that

the volume-averaged diffusive buoyancy flux is about

20% of the interfacial buoyancy flux in this range, and

thus that the volume-averaged advective buoyancy

flux is significantly different from the interfacial

buoyancy flux.
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APPENDIX A

Budgets with a Nonlinear Equation of State

In this section, we derive the energy budget for a

diffusive staircase with a nonlinear equation of state

under the Boussinesq approximation. The equations are

the same as before, but we replace (5) with an expression

for buoyancy of the form b5 ~b(S, T, z). The next step is

to introduce the so-called Boussinesq dynamic enthalpy

(Young 2010) defined as

~hz(S,T, z)[
ðzref
z

~b(S,T, z0) dz0, (A1)

where zref is an arbitrarily chosen reference depth. The

integral can be interpreted as the energy required to

move a water parcel adiabatically from its vertical po-

sition z to the reference depth. The Boussinesq dy-

namic enthalpy plays the same role in the energy

budget of the Boussinesq model with a nonlinear

equation of state as the gravitational potential energy

does in the Boussinesq model with a linear one. A

budget equation for Boussinesq dynamic enthalpy is

found by taking the material derivative of (A1) and

integrating, which gives

d

dt

ð
V

r
0
hz dV52

ð
›V

r
0
hzu

out
� n̂ dA1

ð
V

wgr0 dV

1 r
0

ð
›V

�
k
T
=T

›hz

›T
1k

S
=S

›hz

›S

�
� n̂ dA2 r

0

ð
V

�
k
T
=T � =›h

z

›T
1 k

S
=S � =›h

z

›S

�
dV . (A2)
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Using the same approximations as before and (14), we

get a balance of the form

Fe 5Ge 1 «u , (A3)

where Fe is an interfacial dynamic enthalpy flux [the

third term on the right-hand side of (A2)], and Ge is a

generation term for dynamic enthalpy [the fourth

term on the right-hand side of (A2)]. The difference

between (20) and (A3) is thus that Fb is replaced by Fe

and Fcond
b is replaced by Ge. The generation term can

also be rewritten as

G
e
5

ð
V

g

�
k
T

›r

›T

›T

›z
1 k

S

›r

›S

›S

›z

�
dV1

ð
V

r
0

�
k
T
j=Tj2›

2hz

›T2
1 k

S
j=Sj2›

2hz

›S2
1 (k

S
1 k

T
)=S � =T ›2hz

›S›T

�
dV , (A4)

which shows that the first term on the right-hand side of

(A4) is equal to its sister term in the linear case [see(12)]

but with the key difference that (›r/›T) and (›r/›S) are

not assumed to be constants.

The numerical values of Fe andGe depend on the choice

of zref, since the partial derivatives of hz with respect to S

and T grow with the distance jz 2 zrefj. This means that if

we choose zref to be far from z then Fe will grow and this

growth will be balanced by a growth in the second term in

Ge, while the first term in Ge will remain unchanged.

Conversely, if we choose zref to be close to the depth of the

mixed layer, thenFe and the second term inGewill be small.

If we do as before and put z5 0 at the center of the top

interface, z52H at center of the bottom interface, and

zref 5 0, we get the following expression for Fe:

F
e
5 g

ð
›Vb

�
k
T
=T

ð0
2H

›r

›T
dz1 k

S
=S

ð0
2H

›r

›S
dz

�
� n̂ dA ,

(A5)

which, as we can see, reduces to Fb from the linear case if

(›r/›T) and (›r/›S) are constants.

It is also instructive to look at the buoyancy budget

with a nonlinear equation of state. Equation (8) of

Hieronymus and Nycander (2013) gives this expression

for the buoyancy sink due to the effects of the nonlinear

equation of state:ð
›V

›b

›T
F
T
� n̂ dA5

ð
V

QdV , (A6)

where Q is the buoyancy sink within the domain, and

(›b/›T)FT is the buoyancy flux due to the heat flux. The

contribution from the salinity flux is negligible, since

(›b/›S) is nearly constant. The physical meaning of (A6)

is that for a steady state to be possible, a net buoyancy

flux into (out of) the domain must be compensated by a

sink (source) within the domain. For a diffusive stair-

case, (A6) can be written as

hF
T
i
xy

D
›b

›T
H

5 hQi
xyz

, (A7)

where D(›b/›T ) 5 (›b/›T)(z 5 0) 2 (›b/›T)(z 5 2H).

The term hQixyz is thus always negative in a diffusive stair-

case, since (›b/›T) increases with both increased pressure

and temperature. Buoyancy is therefore always consumed

within diffusive staircases. The only thing that changes in

the salt-finger case is thatD(›b/›T)5 (›b/›T)(z52H)2
(›b/›T)(z 5 0). However, this change implies that hQixyz
may have either sign, since the increase in (›b/›T) due to

temperature can be balanced by that due to pressure.

The fact that the buoyancy flux is different at the top

and bottom of an interface due to the difference in

temperature was discovered more than 30 yr ago by

McDougall (1981a,b). McDougall (1981b) also ob-

served how this led to interface migration for strong

temperature differences. It is therefore doubtful to

what extent the zero interfacial advection assumption

can be justified in the presence of nonlinear equation of

state effects.

APPENDIX B

Deriving the Scaling Law for Boundary
Layer–Dominated Salinity Variance Dissipation

Here, we look in more detail on how the GL theory

scales «BLT and how we can use this to find a scaling for

«BLS . The most straightforward scaling for (29), or its sa-

linity counterpart, in the boundary layer–dominated case

is «BLT } kTDT2NuH22; however, this information corre-

sponds exactly to (29), so it is not useful. The path taken

byGrossmann and Lohse (2000) is instead to use the heat

equation in the thermal boundary layer. The equation is

u
›T

›x
1w

›T

›z
5 k

T

›2T

›T2
. (B1)

They then argue that the two terms on the left-hand side

are of the same order and thus that ›x } H21 and

kT›
2
z } kTh

22
T . The velocity scaleU is used when hT. hn,

and UhTh
21
n is used when hT , hn. This leads to

Nu}Re1/2Pr1/2 (B2)
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in the first case and

Nu}Re1/2Pr1/3 (B3)

in the second. Here, we usedH also as a horizontal length

scale. In Rayleigh–Bénard convection where we have a

square domain with solid walls, this is an obvious choice,

but in double diffusion in nature, the horizontal length scale

is typically many orders of magnitude larger than the ver-

tical. However, the horizontal extent of individual con-

vection cells is likely similar to the vertical one, which

serves as our justification. Another option is to instead fo-

cus on the vertical advection term; this has the advantage

that it is evident that the same temperature or salinity scale

can be used.Usingw}UhTH
21 also gives the scalings (B2)

and (B3). The scaling forw here is derived using continuity

and assuming H is the relevant horizontal length scale.
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