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Abstract The present contribution is concerned with the
computational modelling of non-classical diffusion in amor-
phous polymers. Special attention is paid to the limiting case
of Case II diffusion. Application of the dual-phase-lag con-
cept to Fick’s first law leads to a description of Case II be-
haviour. The change in material properties during the glass
transition is explicitly accounted for by a concentration de-
pendent formulation of the material parameters.

The proposed model is well suited for modelling the
sharp diffusion front and linear uptake kinetics associated
with Case II diffusion. Application of a concentration de-
pendent diffusion coefficient reduces the concentration gra-
dient behind the front to a minimum. For the solution proce-
dure, a finite element scheme in space and a finite difference
method in time are applied. Three-dimensional numerical
results are presented for classical Fickian and non-classical
Case II diffusion. This paper adds to the basic understand-
ing of the computational modelling of the Case II diffusion
phenomenon.

Keywords amorphous polymers· non-Fickian diffusion·
Case II sorption

1 Introduction

Diffusion processes in polymers occur in a large number of
technical fields, ranging from membrane filtration to appli-
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cations in semiconductor lithography. The diffusion may be
undesirable, but in many cases it is used deliberately, e.g.,
for microstructuring of polymer surfaces [1]. Other applica-
tions include photoresists [2], membranes [3] and controlled
release drugs [4, 5]. This wide range of possible applications
calls for a deep understanding of diffusion in polymers.

Classically, diffusion is described by Fick’s laws, but in
polymers at and below the glass transition temperature, non-
Fickian behaviour is regularly encountered. These anoma-
lies are attributed to relaxation within the polymer, whichis
necessary to admit the solvent into the molecular network. A
considerable macroscopic swelling accompanying the diffu-
sion of vapours and liquids into polymers is the result of this
rearrangement.

In systems exhibiting Fickian diffusion, relaxation takes
place so fast that it can be considered instantaneous. Espe-
cially in glassy polymers, however, relaxation occurs much
slower and, thus, can inhibit the diffusion process. The lim-
iting case, in which relaxation rates are much slower than
the solvent mobility and consequently determine the diffu-
sion kinetics, is called Case II diffusion. Here, the relaxation
hinders the solvent uptake and, thus, causes the formation of
a characteristic sharp diffusion front that propagates with a
constant velocity in a wave-like manner through the speci-
men.

This front results in steep concentration and stress pro-
files. In addition, the coupling between diffusion and de-
formation is very strong, which renders the modelling of
Case II behaviour a challenging task. In the past centuries,a
large number of theoretical models describing Case II diffu-
sion have been developed, most of them under the limiting
assumption of infinitesimal deformation. A few prominent
examples are presented in Section 2. For a more detailed
overview of diffusion in polymers - experimental as well as
modelling approaches - the reader is referred to, e.g., the re-
view papers [6–8] and references therein. The textbook by
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Crank [9] gives not only a comprehensive introduction to the
mathematical description of Fickian diffusion but also an in-
sight into non-Fickian behaviour and other special diffusion
processes.

In the present contribution, a formulation of Case II be-
haviour based on a dual phase-lag approach originally sug-
gested for high rate heating [10] is proposed. Choosing a
formulation that is analogous to heat conduction stands to
reason as Fick’s 1st law is of the same mathematical struc-
ture as Fourier’s law of heat flow.

To illustrate the suitability of the proposed approach,
comparative three-dimensional simulations of Fickian and
Case II diffusion are presented. An in-house C++ code is
used to implement and solve the equations for pure diffu-
sion numerically. In Section 2, a brief review of the current
state of research regarding the diffusion process of Case IIis
given and its characteristic features are described. The cho-
sen mathematical formulation is presented in Section 3. Sub-
sequently, the discretisation in space and time is described.
The numerical examples and their results are presented in
Section 4.2. Finally, the results are discussed and conclu-
sions are given.

2 Case II diffusion in solid polymers

The term Case II diffusion was coined by Alfrey et al. in
1966 [11]. There exists a large number of earlier experimen-
tal works, e.g. [12–15], describing deviation from Fickian
behaviour for diffusion of comparatively small molecules
in glassy polymers and the sharp diffusion fronts and large
swelling accompanying it. Based on their own experimental
work, Alfrey et al. introduced Case II diffusion as a limiting
case for extremly non-Fickian conditions and gave the first
systematic description of the process.

Case II diffusion exhibits solvent penetration at a con-
stant velocity with a well-defined, sharp front. By increasing
the molecular mobility considerably, the penetrant causes
the solid to undergo plasticisation, i.e., a transition from the
glassy to a rubber-like state. The plasticisation is associated
with large macroscopic deformations, i.e., swelling of the
polymer. Swelling and relaxation take place at a finite rate
that for Case II diffusion is significantly slower than the dif-
fusion. Due to this imbalance, the relaxation hinders the sol-
vent uptake and, therefore, is the rate-controlling process.
The delayed uptake causes the formation of a characteristic
sharp diffusion front with constant propagation velocity.

Behind this front, the swollen polymer is in an equilib-
rium state, due to the fact that the diffusion kinetics are much
faster than the relaxation. This manifests in a constant con-
centration behind the front and, thus, in a step-like concen-
tration profile.

The constant propagation velocity is equivalent to a mass
uptake which is linear in time. Describing the mass uptake

over timem(t), normalised by the equilibrium mass uptake
m∞, by

m(t)
m∞

= k tn , (1)

with k as an arbitrary constant, allows to differentiate be-
tween different types of diffusional behaviour, see e.g. [11].
For Case II diffusion, the exponentn takes the value of 1,
while for Fickian diffusion it is equal to 0.5. Diffusion in
the range 0.5< n < 1 is termed “anomalous diffusion” (see
e.g. [6]) and occurs for systems in which relaxation and dif-
fusion time are of the same order. These values for the ex-
ponentn are only valid for diffusion in a slab. The effect of
other geometries on the power law, i.e. Eq. (1), have been
investigated in [16, 17]. In [18], Peppas and Sahlin reformu-
lated the power law to reveal the superimposed contributions
of Fickian and Case II transport in anomalous diffusion be-
haviour.

While the distinction between anomalous behaviour and
Fickian or Case II is in some case clearly visible, cf. the lin-
ear concentration profiles measured in [19], in other cases,
anomalous diffusion may exhibit some of the characteristic
features of Case II diffusion. In [20], for example, the poly-
mer swells due to the solvent uptake but the concentration
profiles show no front formation. On the other hand, in [21],
the experimentally obtained concentration profiles reveala
sharp front but are not step-like, while in [22] an equilibrium
concentration plateau is reached but it is accompanied by a
considerably broadened front. To classify the behaviour ofa
given polymer-solvent sample as Case II, all of the charac-
teristics have to be visible, namely a sharp front with a con-
stant velocity, a step-like concentration profile and swelling
of the polymer.

The relation of relaxation rate and penetrant mobility de-
termines the kind of diffusive behaviour a polymer-penetrant
system exhibits. As a consequence, Vrentas et al. [23, 24] in-
troduced the diffusional Deborah numberDe as a parameter
to characterise diffusion. The Deborah number is defined as

De =
τ
tc
, (2)

whereτ denotes the relaxation time andtc is the character-
istic diffusion time. For Case II diffusionDe = O(1), indi-
cating the dominating nature of relaxation.

Both, the relaxation time and the characteristic diffusion
time, depend on a large number of factors, such as tempera-
ture, steric effects, polymer-penetrant interaction or thermal
and mechanical history [6]. Depending on these factors, a
given polymer-penetrant system exhibits different types of
diffusion. Thus, for temperatures well above the glass tran-
sition temperatureTg of the mixture, Fickian diffusion oc-
curs in an amorphous polymer, while belowTg, anomalous
and Case II behaviour is observed.
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Since the first systematic description of Case II diffu-
sion, numerous experimental studies have been carried out,
observing Case II behaviour in different polymers, includ-
ing the widely used poly(methyl methacrylate) [3, 25, 26]
and polystyrene [27, 28], among others [1, 29, 30].

In addition to these experimental works, there has been
considerable effort in the development of a theoretical model
describing Case II diffusion. The first model taking the cou-
pling between diffusion and swelling into account was intro-
duced by Thomas and Windle [31, 32]. This model explicitly
considers the osmotic pressure caused by penetration being
responsible for the viscous response of the polymer. In con-
trast to Fickian diffusion, the gradient of the chemical po-
tential is regarded as the driving force for diffusion. This
approach is pursued in the vast majority of later models.

Durning et al. [33] used the Maxwell viscoelastic model
instead of the viscous one suggested by Thomas and Win-
dle and derived a model for differential sorption from ther-
modynamical considerations that incorporates the Thomas-
Windle model as a special case for small Deborah numbers
[34]. Wu et al. [35] extended Durning’s model to integral
sorption under assumption of ideal mixing and small defor-
mations. Like the other presented models, this framework is
limited to one spatial dimension.

The model presented in [36] follows a different approach.
It is based on a seperation of the diffusive flux into a sum of
different contributions, each with their own relaxation time.
The model qualitatively describes transport with Fickian and
Case II as well as intermediate, anomalous behaviour.

A more general formulation of Case II diffusion was in-
troduced by Govindjee and Simo [37]. Their model is ther-
modynamically consistent and formulated within the frame-
work of nonlinear continuum mechanics. Basic balance equa-
tions are used to describe the motion of the mixture and the
diffusive behaviour of the solvent, while the free energy is
calculated using information about the system’s microstruc-
ture. The model accounts for the viscoelastic material re-
sponse as well as for the large deformations occuring during
Case II diffusion. In [37] the authors show that their model
is able to reproduce the characteristics of Case II diffusion
for the example of a traction free slab. Based on the work by
Govindjee and Simo [37], McBride et al. [38, 39] derived
a continuum thermomechanical framework for non-Fickian
diffusion that can be specialised for Case II by an appropri-
ate formulation of the Helmholtz free energy. In this frame-
work, inelastic deformation is coupled to diffusion and heat
conduction and surface effects are accounted for. In our pre-
vious work [40], this general framework is developed in the
configurational setting of continuum mechanics.

The strong coupling and the steep profiles in stresses and
concentrations are sources of possible instabilities in numer-
ical simulations of Case II diffusion. Therefore, particular
care has to be put into the numerical treatment and con-

currently few thorough numerical studies are to be found in
the literature. In [41], Wu et al. describe a finite difference
scheme for simulations of the method introduced in [35].
This approach is reviewed by Vijalapura et al. in [42, 43] and
deficiencies in the solution procedure are addressed. Fur-
thermore, Vijalapura et al. propose a numerical procedure
for the solution of Govindjee and Simo’s method [37]. For
spatial discretisation, a finite element approach is used and
an adaptive finite difference scheme is formulated with great
rigour for time discretisation.

Wang et al. [44] follow the works of Govindjee and Simo
[37] and McBride et al. [39] to include viscoelastic behaviour
into the modelling of polymeric gels and present examples
of numerical simulations. However, their work does not con-
cern anomalous diffusion. Similarily, in [45], the coupling
of diffusion and large deformations is modelled and simu-
lated without consideration of anomalous behaviour. A re-
cent contribution regarding the coupling between large de-
formations in amorphous polymers and temperature is pre-
sented in [46, 47].

3 Mathematical description of diffusion

In 1855, Fick [48] published the results of his investigation
of diffusion in which he proposes the diffusive fluxj to be
proportional to the concentration gradient

j(x, t) =−D(x) ·∇c(x, t) , (3)

whereD is the second order diffusion coefficient tensor and
c denotes concentration. The nabla operator∇ represents a
gradient in space. Assuming that diffusing particles are nei-
ther destroyed nor created (e.g., by chemical reactions) al-
lows to express the conversation of diffusing species mass
as

∂c
∂ t

+div j = 0. (4)

Applying this continuity equation to Fick’s 1st law, Eq. (3),
gives

ċ = div(D ·∇c) , (5)

where div is the divergence operator and the superscript ˙•
denotes the time derivative.

The diffusion coefficientD is a scalar constant for isotro-
pic materials like amorphous polymers. In this case, Eq. (5)
is reduced to Fick’s 2nd law

ċ = Ddiv∇c . (6)

Fick’s laws have the drawback of mapping an instan-
taneous information propagation. In addition, this formula-
tion is insufficient for the description of Case II behaviour.
To counteract this drawback, it seems natural to replace the
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parabolic Eq. (6) by a hyperbolic one (cf. [49]) and, thus,
introduce a finite propagation velocity. The drawback of in-
finite propagation speed and the lack of possibilities to cap-
ture certain non-classical effects is also known for Fourier’s
theory of heat conduction [50], see e.g. [51–56].

For heat conduction, a number of approaches addressing
the finite propagation speed use hyperbolic or hyperbolic-
like equations, cf. e.g. [55, 56]. The first, and probably most
well known, of these approaches was published indepen-
dently by Maxwell [57], Cattaneo [58] and Vernotte [59].

Another approach is the dual-phase-lag model [10, 60,
61] which was developed for description of the microstruc-
tural effects during rapid heating causing wave-like heat con-
duction. In [62] the dual-phase-lag model is transferred to
layer growth, a process involving species diffusion and chem-
ical reactions. In the present contribution, we apply the dual-
phase-lag concept to the description of Case II diffusion.

The diffusion in glassy polymers is hindered by inter-
actions of the solvent with the polymer molecules and re-
laxation processes within the polymer. In the context of the
dual-phase-lag approach, these molecular effects are inter-
preted as causing a lagging response in the diffusion be-
haviour, which gives

j(x, t + τ j) =−D(c)∇c(x, t + τc) , (7)

where the positive relaxation timesτ j andτc represent the
retardation of the diffusion flux and the delayed formation
of the concentration gradient, respectively. These relaxation
times are intrinsic properties of the considered polymer-solvent
system.

Equation (7) is expanded by a Taylor series. Keeping in
mind that a change of the unit systems should not change
the constitutive relations, a first order approximation is suf-
ficient:

j(x, t)+ τ j
∂ j(x, t)

∂ t
=−D(c)∇c(x, t)− τc D(c)

∂∇c(x, t)
∂ t

.

(8)

In combination with the continuity equation (4), this yields
the following diffusion law

ċ+ τ j c̈ = div(D(c)∇c)+ τc div(D(c)∇ċ). (9)

For τ j = τc = 0, this equation reduces to Fick’s 2nd law
and forτ j > 0 andτc =0, Eq. (9) is the same as the Maxwell-
Cattaneo-Vernotte approach applied to species diffusion.

The glass transition inherent in Case II diffusion is as-
sociated with considerable changes in the material which in
turn manifest in changes of the material constants. Ahead
of the diffusion front, the polymer is still glassy and thus
the relaxation timesτ j and τc are high and the diffusion
coefficientD is low, while behind the front, relaxation and
diffusion become faster. The change of the diffusion coef-
ficient during anomalous diffusion has been investigated in

[15] for different halocarbons in polystyrene and is shown
to follow D = D0exp(α ν), where the underlying diffusion
coefficientD0 and the parameterα are constants for any
polymer-penetrant system at constant temperature andν is
the penetrant volume fraction. Due to the constant density
of the pure penetrant, the concentration may be used instead
of the volume fraction

D = D0exp(α c) . (10)

This formulation of the concentration dependence is ap-
plicable for different polymers, cf. [35]. The concentration
dependence of the retardation times can be formulated in a
similar manner

τ j = τ j0 exp(−β c) and τc = τc0 exp(−β c) . (11)

Here,τ j0 andτc0 denote the base values of the relaxation
times andβ is the factor determining the range of variation.

4 Numerical examples

4.1 Numerical treatment

For the discretisation of Equations (6) and (9) the method
of lines is used. First, the equations are discretised in space
with the finite element method. The resulting time-dependent
equations are solved by application of a temporal finite dif-
ference scheme. In the following, details of this treatment
are presented.

The weak forms for Fickian and Case II diffusion are
obtained by multiplication with a test functionδc and inte-
gration over the volume
∫

V
δc ċdV = D

∫
V

δcdiv∇cdV , (12)

∫
V

δc [ċ+ τ j(c)c̈]dV =

∫
V

δc [div(D(c)∇c)

+div(τc(c)D(c)∇ċ)]dV .
(13)

The right hand sides of Equations (12) and (13) are inte-
grated by parts. Utilising Gauß’s theorem yields , withn be-
ing the normal vector field of the boundary∂V ,
∫

V
δcDdiv∇cdV =−

∫
V

D∇δc ·∇cdV

+

∫
∂V

Dδc∇c ·ndA ,
(14)

∫
V

δc [div(D(c)∇c)+div(τc(c)D(c)∇ċ)]dV

=−
∫

V
D(c)∇δc · [∇c+ τc(c)∇ċ]dV

+

∫
∂V

D(c)δc[∇c+ τc(c)∇ċ] ·ndA .

(15)
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The volume is discretised into finite elements using a
standard Galerkin-Bubnov approach, i.e., both the concen-
trationc and the test functionδc are approximated with the
same, here linear, functionsNi over then nodes, according
to

c =
n

∑
i=1

Nici , δc =
n

∑
i=1

Niδci .

For the gradients of the concentration and the test functions,
the following approximations are applied

∇c =
n

∑
i=1

∇Nici , ∇δc =
n

∑
i=1

∇Niδci .

Furthermore, the isoparametric concept is applied, so that
the shape functions interpolating the geometry are equal to
Ni.

The semi-discretised time-dependent system is solved
with a finite difference scheme. The second derivative in
time of the concentration is approximated by a second or-
der central difference

c̈ ≈
c j+1−2c j + c j−1

∆ t2 , (16)

while for the first derivative a backward Euler scheme is ap-
plied

ċ ≈
c j − c j−1

∆ t
. (17)

Here, the superscriptj denotes the current time step and∆ t
is the time step width. For better readability, the subscript
marking the concentrationc as a vector of nodal values is
dropped.

The initial condition for Fickian behaviour, i.e., Eq. (6),
reads

c(x,0) = c0(x) .

Accordingly, the initial conditions for Case II behaviour,i.e.,
Eq. (9), are chosen as

c(x,0) = c0(x) and ċ(x,0) = 0 .

4.2 Model set-up

In order to test the applicability of the proposed approach for
modelling of Case II diffusion and to compare it to Fick’s
law, numerical simulations are carried out. In this and the
following sections, details of the implementation of Case II
are given before the results for both diffusion mechanisms
are compared. The diffusion of a fluorinated hydrocarbon
(3,5-bis(trifluoromethyl)aniline)vapour into solid polystyrene
is examined. The values for the diffusion coefficient (D =

7.2·10−10cm2/min) and the relaxation time (τ j = 157.2min)

0.9 µm

0
.9

µ
m

3.
0

µ
m

central fibre

front face

Fig. 1: Geometry of the specimen.
The specimen is discretised with brick elements. On the
front face, a constant concentration is applied. A one-
dimensional fibre is defined in the centre of the specimen
for evaluation of the concentration profiles.

are taken from [27], where they were measured at a temper-
ature of 295.65K. The delay of gradient formation is set to
τc = 6.3min, such that it is considerably smaller thanτ j .
This restriction is due to the fact that the experiments (e.g.
[28]) show that the delay of the flux dominates the behaviour
of Case II diffusion. Because of the choiceτ j ≫ τc, Eq. (9)
is essentially a Maxwell-Cattaneo-Vernotte-like model.

The basic geometry of the polystyrene specimen is de-
picted in Fig. 1. It is cuboidal, with lengthl = 3µm, height
h = 0.9µm and widthw = 0.9µm, and it is discretised us-
ing 3,000 cubical finite elements. Forl = 3µm, the Deborah
numberDe, which is defined in Eq. (2) with the character-
istic time tc = l2/D, is 1.258 and, therefore, the system ex-
hibits Case II behaviour.

For this example, a constant concentrationc∞ is spec-
ified at the front face of the specimen (see Fig. 1). At all
boundaries, the flux over the surface is assumed to vanish
(cf. Section 4.1). The concentration within the specimen is
given as the normalised concentrationc = c(x, t)/c∞. These
boundary conditions represent the specimen being in contact
with a large reservoir of the penetrant, as is schematically
shown in Fig. 2

4.3 Concentration dependence

The concentration dependence of the constantsD, τ j andτc

is described using the exponential laws introduced in Equa-
tions (10) and (11). This continuous change in the properties
is preferable to a sudden change in parameters at a given
concentration because it complies with the physical process
of glass transition. The glass transition is not a phase tran-
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Fig. 2: Illustration of the model set-up.
A polymer slab is on one face in contact with a large reser-
voir of the penetrant.

sition but a kinetic phenomenon occurring over a range of
temperatures. Material properties like the viscosity or the
heat capacity change smoothly in this range, thus, a smooth
change in the diffusion coefficient and the relaxation times
is to be expected.

The experimental values given in [27] are considered as
mean values for the system. Hence, they are adopted as the
values for a normalised concentration ofc = 0.5. The factor
α in Eq. (10) is chosen to be 5 so that the diffusion coef-
ficient changes over a realistically large range of over two
orders of magnitude. The change in the relaxation times is
smaller; withβ = 1.5 in Eq. (11), the valueτ j(c = 1.0) is
4.5 times larger thanτ j(c = 0.0).

IncorporatingD(0.5) = 7.2 · 10−10cm2/min, τc(0.5) =
157.2min andτc(0.5) = 6.3min gives

D(c) = 7.2 ·10−10cm2/min·exp(5 · [c−0.5]) , (18)

τ j(c) = 157.2min·exp(−1.5 · [c−0.5]) . (19)

and

τc(c) = 6.3min·exp(−1.5 · [c−0.5]) . (20)

To illustrate the effect that the concentration dependence
of the material parameters has, Fig. 3 shows the concentra-
tion profile over the one dimensional ‘central fibre’ of the
cuboidal specimen (see Fig 1) forD = const,τ j = const and
τc = const. In comparison, Fig. 4 depicts the solutions of
Eq. (9) including the concentration dependence.

Fig. 4a shows the behaviour with the described concen-
tration dependencies. Ahead of the front, a small divergence
in the concentration profile appears as it does in Fig. 4b.
This divergence is known as the Fickian precursor, a small
amount of penetrant that is admitted into the free volume in
the un-relaxed polymer ahead of the front. This phenomenon
is experimentally visible in Case II diffusion, cf. e.g. Thomas
et al. [31]. In Fig. 4 a change in the diffusion velocity in
comparison with Fig. 3 is apparent. This behaviour is due to
the differing material constants.
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Fig. 3: Case II diffusion: Comparison of the concentration
profiles at different times, neglecting the concentration de-
pendence of the material parameters.
The diffusion front broadens with time.

A comparison of Figures 3 and 4a shows that the front
becomes steeper if the concentration dependence is taken
into account. In particular, this effect is distinct for longer
observation times.

In addition to the narrowing of the front, the concentra-
tion gradient increases behind the front in Fig. 4a. Diffusion
profiles like this one are known from anomalous diffusion
experiments experiments, cf. [21]. In experiments of Case II
diffusion, however, almost no gradient in concentration is
observed behind the front, cf. [63]. If the diffusion coef-
ficient is assumed to be concentration dependent and the
relaxation times are kept constant, the gradient behind the
front vanishes (see Fig. 4b).

4.4 Comparison between Fick and Case II

For both, Fickian and Case II diffusion, the same sample ge-
ometry is investigated. The cuboidal specimen is discretised
by 3000 brick elements. 1000 equidistant time steps are con-
sidered.

In accordance with the results of the previous section,
for Case II, the relaxation times are assumed independent of
the concentration and for the diffusion coefficient, Eq. 18 is
employed. For Fickian diffusion, a constant diffusion coef-
ficient D = 8.7714· 10−9cm2/min is chosen. This value is
identical toD(c = 1.0) for Case II.

Different diffusion types may be defined by considera-
tion of their uptake kinetics, as described in Section 2. In
Fig. 5, the mass uptake for both investigated theories is de-
picted. Fickian diffusion shows the expected proportionality
to

√
t, while the uptake for Case II is clearly linear in time.

In the beginning of Case II diffusion, a small deviation from
the linear behaviour related to the establishing of the front
occurs.
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(a) usingD(c), τ j(c) andτc(c)
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(b) usingD(c), τ j = const andτc = const

Fig. 4: Case II diffusion: Influence of concentration dependent material parameters on the concentration profile.
(a) Considering the concentration dependence steepens thefront but increases the gradient behind it. (b) With constant
relaxation times, the gradient behind the front is minimised.
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Fig. 6: Fickian diffusion.
A smooth concentration gradient that flattens with time is established.
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Fig. 7: Case II diffusion.
The characteristic front is upheld for the whole diffusion process and moves at a constant velocity through the specimen.

Besides the linear mass uptake kinetics, the most im-
portant characteristic of Case II diffusion is the sharp dif-
fusion front. In Figures 6 and 7, the solutions for Fick and
Case II are depicted for the whole specimen at three differ-
ent time steps. The different propagation speeds of Fickian
and Case II diffusion are clearly visible. Figure 6 shows the
typical smooth gradients caused by balancing of the differ-

ence in concentration between both ends of the specimen.
The sharp front and its wave-like propagation through the
specimen are clearly visible in Fig. 7 for all time steps. Be-
hind the front, no gradient occurs.

As expected, Fick’s law is inapplicable to model Case II
diffusion, as the concentration does not propagate as a wave.
However, the discretisation approach suggested in Section4.1
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Fig. 5: Normalised mass uptake over normalised time.
For better comparison of both mechanisms, mass uptake and
time are normalised with respect to their values once a ho-
mogeneous concentration is achieved. The mass uptake for
Fickian diffusion is proportional to

√
t, whereas for Case II

it is proportional tot.

works well for the classical as well as for the non-classical
theory. The mathematical model for Case II diffusion as pro-
posed in this article (based on the dual-phase-lag concept
[10] and related to the well known Maxwell-Cattaneo-Vernotte
approach [57–59]) yields a very good qualitative agreement
with Case II propagation behaviour as observed in experi-
ments. As is evident in Fig. 5, the model exhibits the lin-
ear uptake kinetics described already by Alfrey [11] and ob-
served experimentally, e.g., in [63, 64]. The concentration
profile depicted in Fig. 4b has a very distinct step-form with
a sharp front, which is characteristic for Case II diffusionas
shown experimentally by Stamatialis and coworkers using
microinterferometry [63]. For non-Case II anomalous diffu-
sion the concentration profiles differ strongly from this step-
form, cf. [21, 22].

5 Conclusion

This article deals with non-Fickian diffusion in glassy poly-
mers, especially with the limiting case Case II diffusion. The
significant coupling between species transportation and de-
formation displayed in Case II behaviour was neglected in
favour of modelling and studying of pure diffusion. To this
end, a dual-phase-lag approach was used in three-dimensional
simulations of Case II. The results of this approach were
compared with those of Fickian diffusion to emphasise the
differences between the diffusive behaviours. A combina-
tion of finite element and finite difference schemes was used
in the simulations of a generic example volume. To account
for the changes in the material associated with Case II diffu-
sion, the diffusion coefficient and the relaxation times were
described as concentration dependent. Taking the concentra-
tion dependence into account resulted in an increased steep-

ness of the characteristic diffusion front. This, however,also
caused a more prominent concentration gradient behind the
front. Choosing only the diffusion coefficient to be depen-
dent on the concentration resolved this issue. In fact, the
gradient behind the front vanished almost completely.

It was demonstrated that the proposed model was able to
describe the characteristic features of Case II diffusion.The
model predicts a step-like concentration profile with a sharp
front that moves at a constant, finite velocity as is evident
from the linear uptake kinetics.
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