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Abstract The behavior of a model of single-crystal strain-gradient viscoplasticity is investi-

gated. The model is an extension of a rate-independent version, and includes a new hardening

relation that has recently been proposed in the small-deformation context [Gurtin and Reddy,

2014], and which accounts for slip-system interactions due to self and latent hardening. Ener-

getic and dissipative effects, each with its corresponding length scale, are included. Numerical

results are presented for a single crystal with single and multiple slip systems, as well as an

ensemble of grains. These results provide a clear illustration of the effects of accounting for

slip-system interactions.

1 Introduction

The hardening behavior of a crystalline metal depends on a number of factors such as elastic

stiffness, strength, dislocation interaction, etc., as well as on the grain size (see for example

[27, 41]). In the context of gradient extended crystal plasticity, which is motivated by the size-

dependent effects that predominate at the micron scale, theories have been proposed by various

authors. The literature on the subject has increasead significantly in the last decade and more,

with representative and important works including those by Fleck and Hutchinson, Gurtin and

Anand, and Nix and Gao [18, 21, 37, 46].

Recently, within the small-deformation framework, Gurtin and Reddy [26] have introduced a

rate-independent, thermodynamically consistent, single-crystal plasticity theory which accounts

for self- and latent hardening. The behavior of the new hardening relation, and in particular its

comparison with other hardening laws that have been in use for some time, have been studied

by Povall et al. [42] for the conventional (that is, non-gradient) theory. These authors show via

selected numerical examples that, while the slip resistances as proposed by the different theories
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vary quite considerably, the overall response of single crystals when subjected to various loading

conditions is qualitatively similar for the different models. Other recent contributions that deal

with self- and latent hardening include works by Bardella [8], Bargmann et al. [12], Conti and

Ortiz [14], Evers et al. [17], Klusemann et al. [31], Levkovitch and Svendsen [33], Wulfinghoff

and Böhlke [48], Yalcinkaya et al. [49].

The Gurtin-Reddy model [26] has the advantage of simplicity: it is defined as a function of the

generalized accumulated slips, while established models such as that due to Pierce, Asaro and

Needleman [40] are defined implicitly via a system of differential equations. The purpose of this

contribution is essentially to extend the work carried out in [42], by investigating computationally

the behavior of the model of interactive slip resistances, for the strain-gradient theory. This is

done in a large-deformation context, and for a viscoplastic extension of the model presented in

[26].

2 Basic kinematics: Single crystal plasticity

In large-deformation plasticity, the main assumption is the classical multiplicative split of the

deformation gradient F into an elastic F e and a plastic part F p:

F = F e · F p . (1)

The plastic part F p is assumed to arise due to inelastic slip in the preferred crystallographic

planes. The elastic contribution F e accounts for lattice distortion and rotation. The Green–

Lagrange strain and the right Cauchy–Green stretch tensors are defined by

E :=
1

2
[F t · F − I], C = F t · F (2)

and their elastic counterparts by

Ee :=
1

2
[[F e]

t · F e − Ī], Ce = F t
e · F e, (3)

where I and Ī denote the identity tensors in the reference and intermediate configurations

respectively.

2.1 Glide system kinematics

As usual, the crystal plasticity model is based on the glide-system geometry described by the

glide direction sα and glide-plane normal nα, both fixed unit vectors in the intermediate con-

figuration Bi. Together with the direction pα = nα × sα transverse to sα in the glide plane,
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they form an orthonormal system. It is well known that often two or more crystallographically

equivalent systems contribute to the plastic deformation.

In terms of the glide-system geometry, the evolution of the plastic part F p of the deformation

gradient is given in terms of the glide-system geometry and slip rates να by

Ḟ p =
∑

α

να sα ⊗ F t
p · nα . (4)

Thus, the plastic flow Lp = Ḟp · F
−1
p is governed by the slip rates να. Further, it is convenient

to define a generalized slip rate Γα by

Γα =

(

να
ld,α∇Xνα

)

, (5)

where ld,α is a dissipative length scale associated with slip system α. It is not directly related to

microstructural length scales [20, 47]. The idea of introducing more than one internal material

length scale within the context of higher-order strain-gradient plasticity has been followed by

several authors; see e.g., [1, 7, 11, 18, 26, 32, 36, 44].

2.2 Stress measures

Relevant stress measures are the first Piola–Kirchhoff stress

P := det(F )σ · F−t, (6)

and the elastic second Piola–Kirchhoff stress Se defined by

Se := det(F )F e
−1 · σ · F e

−t = [Fe]
−1 · P · [Fp]

t . (7)

Whereas the Cauchy stress tensor σ is a stress measure in the current configuration Bt, the

second Piola–Kirchhoff stress Se is a stress measure in the intermediate configuration.

The resolved shear or Schmid stress τα is defined by

τα = sα ·M e · nα (8)

where M e = Ce · Se is the Mandel stress.

2.3 Dislocation densities

During plastic deformation, two types of dislocations are present: statistically stored dislocations

(SSDs) which are accumulated by a random trapping process and are responsible for plastic
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deformation [3]; and geometrically necessary dislocations(GNDs) which arise due to the locally

heterogeneous plastic shear. The first concepts of GNDs were introduced in [39] and [6] to

account for modes of plastic deformation, where an internal accumulation of dislocation densities

is required to accommodate the gradients of plastic strain induced by the deformation [35]. In

this regard, GNDs are necessary to preserve lattice compatibility and represent an additional

source of dislocations in the material due to inhomogeneous plastic flow [19]. In a continuum

theory there are no discrete dislocations. However, non-uniform slips and slip gradients on the

individual glide systems result in quantities that mimic the behavior of microscopic dislocations.

The GNDs are usually subdivided into edge and screw dislocations, where edge dislocations are

characterized by the fact that the Burgers vector is perpendicular to the dislocation line direction,

while for screw dislocations the Burgers vector and one direction are parallel.

The simplest class of models for dislocation evolution is obtained for the case of self-interaction,

in which the dislocations on each glide system interact only with themselves.

GNDs do not contribute to the plastic deformation: rather, they act as obstacles to the motion

of the SSDs, leading to hardening in the material. The edge and screw dislocation densities are

internal state variables defined by ([25], Sec. 107.4)

ρ̇geα = −
1

b
∇Xνα ·

[

F−1
p · sα

]

, (9)

ρ̇gsα =
1

b
∇Xνα ·

[

F−1
p · pα

]

, (10)

where b is the magnitude of the Burgers vector. The initial conditions are assumed to be

ρgeα (X, 0) = 0 resp. ρgsα (X, 0) = 0. The dislocation densities may be positive or negative.

Our definition of the GND density differs from that in [26] by the use of the length of the

Burgers vector b. This is due to the fact that in [26] the theory is based strictly on continuum

mechanics in which the GND is a quantity measured per unit length. In this work, we follow

the approach generally used in material science where the GND represents a quantity measured

in dislocations per unit area.

3 The mathematical model

3.1 Force balances

The macroscopic force balance equation is

0 = DivP + f , (11)

where f(x, t) : B0 × R+ → R
dim is the body force. Here and henceforth Div refers to the

divergence with respect to the reference configuration, i.e., Div{•} = ∇X · {•}
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On the microlevel, we follow the approach in [21, 23] and introduce the microforce balance

equation 1

0 = Div ξX,α + τα − πα, (12)

where πα is the scalar internal microforce and ξX,α is the referential vector-valued microstress

power-conjugate to the slip rate gradient ∇Xνα. The microforce balance (12) has to hold for

every slip system α. The microstress ξX,α is split into an elastic and a dissipative contribution,

see e.g., [24]:

ξX,α = ξenX,α + ξdisX,α, (13)

whereas the internal microforce πα is purely dissipative in nature.

3.2 Boundary conditions

Associated with the momentum balance (11) is the traction condition

t(N) := P ·N , (14)

where t denotes the macroscopic traction vector and N is the macroscopic outward unit vector.

The traction vector t is prescribed on the boundary Γ0,t. On the complementary part Γ0,u the

displacement u is prescribed such that

u := ū on Γ0,u. (15)

The microscopic boundary conditions are assumed to take the form

να = 0 on Γν ,

ξX,α · n = 0 on Γξ ,
(16)

in which Γν and Γξ are complementary parts of the boundary Γ0 in the reference configura-

tion, with unit outward normal n. The boundary condition on the slip rate is referred to as

micro-hard, whereas that in terms of the microstress is called a micro-free boundary condition.

The homogeneous boundary conditions correspond to the assumption of null expenditure of

microscopic power on the boundary [24].

3.3 Dissipation inequality

The local dissipation inequality takes the form (see for example [25])

ψ̇ − Se : Ėe −
∑

α

[πανα + ξX,α · ∇Xνα] ≤ 0 . (17)

1The existence of the microforce balance (12) is a consequence of the principle of virtual power; cf. Gurtin [21]

for a detailed derivation.
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Now consider a free energy function of the form

ψ(Ee,ρ
ge) = ψe(Ee) + ψgnd(ρ

ge)

=
1

2
Ee : C : Ee +

1

2
b2
∑

α,β

hg0 lα [χαβ + ιαβ] lβρ
ge
α ρ

ge
β (18)

with ρge being the set of edge GNDs, C the fourth order elasticity tensor, lα and lβ characteristic

length scales and hg0 the gradient hardening modulus. χαβ are coplanarity moduli with

χαβ =

{

1 for α and β coplanar,

0 for α and β noncoplanar,
(19)

see e.g., [4, 26, 29]. The interaction moduli ιαβ are defined via

ιαβ = |sα · sβ ||nα × nβ|, (20)

as suggested by Nix2. A similar form (sα ·sβ) has been used by [22, 34, 12, 9]. For coplanar slip

systems as well as for sα and sβ being orthogonal, the interaction moduli vanish. As a conse-

quence, if the Burgers vectors of colliding dislocations are orthogonal, the modeled interaction

between those glide systems is small, see e.g., [13].

Substitution in the free energy inequality leads, after the usual arguments, to the elastic law

Se = C : Ee, (21)

which we assume to model a St. Venant type material. Defining the referential energetic mi-

crostress ξenX,α by

ξenX,α = −
1

b

∂ψgnd

∂ρα

[

F−1
p · sα

]

, (22)

we obtain the reduced dissipation inequality

∑

α

[

πανα + ξdisX,α · ∇Xνα

]

≥ 0 (23)

or, in compact form,

Σdis
α : Γα ≥ 0, (24)

where the inner product Σdis
α : Γα is to be understood componentwise and the dissipative

generalized stress Σdis
α is defined by

Σdis
α =

(

πα
l−1
d,αξ

dis
X,α

)

. (25)

2in a private communication with Gurtin, see also [26]
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4 Description of plastic behavior

In the literature, there exists a variety of descriptions of hardening behavior for single crystals.

We focus here on a relation introduced by Gurtin and Reddy [26], which accounts for both self-

and latent-hardening as a function of the accumulated generalized slips Γacc,α, defined here for

the large-deformation case by

Γacc,α :=

∫

t

dα dt ,

in which

dα := |Γα| =
√

|να|2 + l2d,α|∇Xνα|2

is the magnitude of the generalized slip rate.

We make use of the form of the hardening relation in which the dependence on Γacc,α is linear,

and is given by

Sα = S0 + Sslf
∑

β

χαβΓacc,β + Slat
∑

β

ιαβΓacc,β . (26)

Here, χαβ and ιαβ are the moduli defined by Eqs. (19) and (20), and Sslf and Slat are constants.

The hardening relation (26) is calibrated in [26] against that of Anand and Kothari [2] for the

conventional (non-gradient) theory; when extended to the gradient case it is shown to take the

form

Sα = S0+[Ss − S0]

[

1−
1

1 + Ss−S0

Ss

h0

Ss

∑

β χαβΓacc,β

]

+q [Ss − S0]

[

1−
1

1 + Ss−S0

Ss

h0

Ss

∑

β ιαβΓacc,β

]

.

(27)

The parameter q > 0 is the ratio of latent-hardening to self-hardening and stipulates the degree

of interaction of the slip systems, h0 is the initial hardening rate of each system, Sα|t=0 = S0
the initial slip resistance and Ss the saturation value of S.

4.1 The standard crystal plasticity theory without gradient effects

For the standard crystal plasticity theory the yield function is defined on the αth slip system by

Φα(πα, Sα) =

[

|πα|

Sα

]

1+m0
m0

− 1 ≤ 0 . (28)

The set of yield functions defines a convex elastic region E := {(πα, Sα)| Φα(πα, Sα) < 0}. Its

boundary {(πα, Sα)|Φα = 0} is the yield surface. The flow relation is assumed to be of the

associative type and the yield surface smooth, so that

να = λα
∂Φα

∂πα
, (29)
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in which λα is the set of Lagrange multipliers. This equation must be supplemented by the

complementarity conditions

λα ≥ 0, Φα ≤ 0, λαΦα = 0 . (30)

From (29) the scalar multipliers are given by

λα = Sα
m0

1 +m0

|να|. (31)

Substitution of Eq. (31) in Eq. (29) then gives

να = |να|

[

|πα|

Sα

]
1

m0

sign(πα). (32)

We are aiming at a rate-dependent theory, which is obtained as a regularization of the rate-

independent theory. Here, we choose a viscoplastic approximation for the regularization and

add a penalty term of the Norton–Hoff type [38] to the reduced dissipation inequality (23). In

order to obtain the rate-dependent counterpart of (32), the resulting Lagrangian is minimized,

yielding

να =
1

t⋆,α

[

|πα|

Sα

]
1

m0

sign(πα), (33)

where t⋆,α is the relaxation time. Within a standard crystal plasticity framework, the microscopic

stresses ξα vanish. Thus, the microforce balance (12) reduces to

τα = πα. (34)

Moreover, the relation for the slip resistance Sα given in Eq. (27) simplifies to

Sα = S0 + [Ss − S0]

[

1−
1

1 + Ss−S0

Ss

h0

Ss

∑

β χαβ

∫ t

t0
|νβ|dt

]

+q [Ss − S0]

[

1−
1

1 + Ss−S0

Ss

h0

Ss

∑

β ιαβ
∫ t

t0
|νβ |dt

]

. (35)

4.2 Gradient extended crystal plasticity theory: energetic theory

In this Section, we extend our analysis to gradient extended crystal plasticity. It is assumed

that the microstress is entirely energetic in nature, i.e.

ξX,α = ξenX,α.

Consequently, the second term on the left-hand side of Eq. (23) vanishes and the reduced dissi-

pation inequality reads
∑

α

πανα ≥ 0 . (36)
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Via the microforce balance (12) the microforce πα is given by

πα = τα +Div ξenX,α (37)

and can be inserted into Eq. (33). This leads to a flow rule in which the plastic slip rate να (via

τα) depends on the slip rate itself as well as the slip rate gradient ∇Xνα (via ρgeα )

να =
1

t⋆,α





∣

∣

∣
τα +Div

(

−b
∑

α,β hg0 lα [χαβ + ιαβ ] lβρ
ge
β F−1

p · sα

)
∣

∣

∣

Sα





1

m0

sign(πα). (38)

The glide system interaction in the material’s hardening behavior is modeled via relation (35).

Thus, although the flow rule is gradient-dependent, the slip resistance is not (since for this case

the dissipative length scale vanishes ld,α).

4.3 The full gradient theory

The theory discussed in this Section includes, in addition to energetic hardening driven by the

slip gradient, dissipative hardening associated with plastic strain rate gradients.

The starting point for a theory based on an associative flow relation is the reduced dissipation

inequality (24): following [43, 44, 45], but here generalized to the rate-dependent case, we define

the yield function Φ by

Φα(Σ
dis
α , Sα) =

[

|Σdis
α |

Sα

]

1+m0
m0

− 1 ≤ 0. (39)

The rate-independent flow law now reads

Γα = λdisα

∂Φα

∂Σdis
α

, (40)

together with the the complementarity conditions λdisα ≥ 0, Φα ≤ 0, λdisα Φα = 0. Following

the same procedure as that leading to Eq. (33), the generalized, rate-dependent counterpart of

Eq. (33) yields

Γα =
1

t⋆,α

[

|Σdis
α |

Sα

]

1

m0 Σdis
α

|Σdis
α |

. (41)

Evaluation componentwise of the generalized flow rule (41) yields

να =
1

t⋆,α

[

|Σdis
α |

Sα

]

1

m0 τα +Div ξX,α

|Σdis
α |

,

l2d,α∇Xνα =
1

t⋆,α

[

|Σdis
α |

Sα

]

1

m0 ξdisX,α

|Σdis
α |

, (42)
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with |Σdis
α | =

√

[

τα +Div
(

ξenX,α + ξdisX,α

)]2

+ l−2
d,αξ

dis
X,α · ξdisX,α. The glide system resistance Sα is

obtained from (35).

5 Numerical results

The following numerical examples elucidate the theory presented in the previous sections. We

restrict our analysis to two-dimensional plane strain problems with glide systems lying in the

plane of deformation. Thus, the transverse direction pα is perpendicular to the plane, resulting in

no screw GNDs. Further, sα and nα are assumed to be equal to the corresponding vectors in the

undeformed configuration (isoclinic assumption). Single as well as polycrystals are investigated.

The material properties of the simulations are listed in Table 1. Our main goal is the discussion

of the hardening behavior of the material under the different hardening descriptions.

Parameter Symbol Value

Young’s modulus E 210 [GPa]

Poisson’s ratio ν 0.3

relaxation time t⋆,α 1000 [s]

rate sensitivity parameter m0 1

Burgers vector magnitude b 0.256 [nm]

characteristic length lα 0.1 [mm]

gradient hardening modulus hg0 1.5 · 104 [MPa]

initial hardening rate h0 180 [MPa]

initial slip resistance S0 16 [MPa]

saturation of slip resistance Ss 148 [MPa]

ratio of latent-hardening to self-hardening q 1.4

dissipative length scale ld 0.05 [mm]

Table 1: Material parameter values for soft metals adopted for the mathematical model: h0, S0,

Ss are chosen as in [2]. q is given as in [5, 40]. The chosen value for the gradient hardening

modulus hg0 is in accordance with values suggested by other authors: for example, in [17] it

is given in terms of Young’s modulus E and Poisson’s ratio ν by E/[16 [1 − ν2]], resulting in

a similar value. For the current model formulation of the free energy density (18), the ratio

of characteristic sample size, i.e. smallest edge length, to characteristic material length lα is of

importance but not their absolute values. In the current work the choice m0 = 1 is made for

simplicity, analogous to discrete dislocation modeling based on linear drag, for example.

In the current work, the numerical implementation is based on a dual-mixed finite element

formulation (see e.g., [10, 16]), in which the gradient of the plastic slip rate is treated as a global

variable, while the plastic slip rate is solved for locally.
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The dual-mixed formulation imposes the micro-hard slip boundary conditions only in a weak

sense. Furthermore, the plastic slip rate is only zero in the normal direction at the boundary.

We explicitly account for micro-hard boundary conditions with boundary elements of finite

thickness which have the advantage at mimicking different types of boundary conditions, e.g.,

grain boundaries partially transparent to dislocations based on the misorientation between the

grains (see for example [15, 9]).

In the following, the results are presented in terms of the accumulated generalized slip

Γacc,αn+1 = Γacc,α n +∆tn+1

√

∑

α

[

ν2αn+1 + |ld,α∇Xναn+1|2
]

, (43)

and the effective GND

ρeffn+1 =

√

∑

α

ρ2αn+1. (44)

We present results showing the response of the material for the gradient theory with only ener-

getic microstresses, and for the full gradient theory, that is, with both energetic and dissipative

microstresses.

5.1 Single crystal, single slip

First, we have a look at the hardening behavior for the case of single slip (with orientation

ϕ = 15◦ with respect to the x-axis). The benchmark problem of simple shear of a square single

crystal with side length l0 = 1.1mm is considered. The imposed macroscopic shear rate ε̇ is

0.01 s−1. During the observation time of 50 s, two full loading and one full unloading cycles are

run. In the finite element mesh, a boundary layer with a thickness of 0.05 mm is introduced

(see Fig. 1). The mechanical boundary conditions read u([x, 0], t) = 0 and u([x, 1.1mm], t) =

[1.1mm × ε(ε̇, t), 0], where

ε(ε̇, t) = ε̇×











t , 0s ≤ t < 10s,

20s− t , 10s ≤ t < 30s,

−40s + t , 30s ≤ t < 50s,

as depicted in Fig. 1 and να(X ∈ boundary elements) = 0 in the boundary elements for all slip

systems α. The remaining boundary conditions read t([0, y], t) = 0 and t([1.1mm, y], t) = 0.

The initial conditions are u(X, 0) = 0 and να(X, 0) = 0 for all α and all X.

In Fig. 2 the results for the plastic slip Γacc are shown for the gradient theory in which the

microstress is modeled as purely energetic. A gradual plastic slip distribution develops within
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a)

P u̇ u̇

x

y

❍
❍

boundary
elements

b)

Figure 1: a) Sketch of single crystal. Size l0× l0 of edge length l0 = 1.1 mm. Boundary elements

are introduced. The applied boundary conditions are indicated as well. b) FE discretization of

single crystal. The thickness of the boundary layer is chosen to be 0.05 mm.

the crystal with a rather smooth maximum in the middle. The shape of the plastic deforma-

tion distribution is mainly determined by the glide system orientation ϕ = 15◦. As is usually

observed in gradient plasticity, the plastic slip decreases gradually to the boundary. The cor-

responding distribution of the geometrically necessary dislocations is shown in Fig. 3. Clearly,

strong dislocation pile-up at the boundary is visible. The maximum is reached at the transition

between bulk material and boundary element.

uP (10s) = 0.11 mm uP (30s) = −0.11 mm uP (50s) = 0.11 mm

(Avg: 75%)
gamma

+0.000e+00
+7.500e−02
+1.500e−01
+2.250e−01
+3.000e−01
+3.750e−01
+4.500e−01
+5.250e−01
+6.000e−01

Γacc[−]

Figure 2: Energetic gradient crystal plasticity theory: Γacc-distribution in a single crystal for

single slip at three deformation states (denoted by displacement at point P : uP ). The plastic

slip distribution gradually decreases to the boundary due to the fact that micro-clamped slip

boundary conditions are assumed.

Fig. 4 shows the average stress-strain behavior.Local hardening is visible for the standard crystal

plasticity theory. The load reversal indicates that hardening as well as rate effects are purely
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uP (10s) = 0.11 mm uP (30s) = −0.11 mm uP (50s) = 0.11 mm

(Avg: 75%)
Field−1

+0.000e+00
+1.250e−01
+2.500e−01
+3.750e−01
+5.000e−01
+6.250e−01
+7.500e−01
+8.750e−01
+1.000e+00
+1.487e+00

ρeffb[mm−1]

Figure 3: Energetic gradient crystal plasticity theory: ρeff -distribution in a single crystal for

single slip at three deformation states (denoted by displacement at point P : uP ). The dislocation

distribution decreases after the transition due to the fact that within the boundary elements no

plastic slip is present.

isotropic. Although a simplified form of local hardening is implemented, the slope indicates

saturation behavior as intended.

In contrast to the standard crystal plasticity theory, the hardening is significantly higher for the

gradient case. Considering the microstress as purely energetic, the resolved shear stress increases

with an almost-linear slope behind the elastic region. The change in the loading direction clearly

reveals that a large amount of the hardening is kinematic, capturing the well known Bauschinger

effect. Fig. 5 displays the average local hardening behavior Sα vs. the average effective plastic

slip Γacc. The local hardening of the energetic theory is slightly lower than in the standard

crystal plasticity theory - which might be a result of the difference in the plastic slip distribution

having an effect on the plastic slip rate behavior.

Next, we turn to the full gradient crystal plasticity theory, that is, including the dissipative

microstress. This results in a change of the plastic slip distribution near the boundary where

the geometrically necessary dislocations are accumulated. Contrary to expectations, regions of

higher generalized plastic slip develop near these boundaries, see Fig. 6 (especially in top right

and bottom left corner). However, this is a result of the definition of the generalized plastic slip

Γacc, accounting for the plastic slip as well as the gradient of it multiplied by the plastic length

scale ld. The GND distribution ρeff , shown in Fig. 7, is similar to that for the energetic theory

with a lower maximum value. This indicates that the dissipative microstress mainly influences

the plastic slip distribution but has no significant influence on the GND distribution. The

stress-strain behavior in Fig. 4 shows an additional strengthening effect, occurring directly at

the beginning of yielding, which leads to an initial kinematic hardening contribution. However,

due to the definition of the generalized plastic slip based on the dissipative length scale ld an

effect in the local hardening behavior is observed in Fig. 5 as well.

A central difference between the three theories is the resulting macroscopic stress-strain behavior.

13



F12 [−]

τ
[M

P
a]

standard theory
energetic theory
dissipative theory

-0.1 -0.05 0 0.05 0.1

0.5

-750

-500

-250

0

250

500

750

1000

Figure 4: Single crystal, single slip. Macro-

scopic deformation F12 vs. average resolved

shear stress τ for the standard crystal plastic-
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Figure 5: Single crystal, single slip. Local

hardening development Sα vs. average effec-

tive plastic slip Γacc for the standard crystal

plasticity theory (no gradient effects), ener-

getic and dissipative gradient crystal plasticity

theory.
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Figure 6: Dissipative gradient crystal plasticity theory: Γacc-distribution in a single crystal with

one active slip system at three deformation states (denoted by displacement at point P : uP ).

Including an energetic microstress leads to kinematic hardening and an additional dissipative

microstress results in a strengthening effect of the material.

5.2 Single crystal, multiple slip

In this Section we consider the same single crystal, but with multiple active slip systems. Both

self- and latent-hardening take place.
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Figure 7: Dissipative gradient crystal plasticity theory: ρeff -distribution in a single crystal with

one active slip system at three deformation states (denoted by displacement at point P : uP ).
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Figure 8: a) Single crystal: Slip system directions s1 − s5. b) Polycrystal: Direction of slip

system direction s1 for the 23 grains; Each grain has five active slip systems which are oriented

relative to each other as in the single crystal case a).

Five slip systems with random orientation are considered, see Fig. 8(a). Since conventional

single-crystal plasticity is well documented in the literature we focus on the energetic and the

full gradient theories. Fig. 9 (left) displays the resulting generalized slip Γacc distribution for

the energetic gradient crystal plasticity theory, including self- and latent hardening. A region

of high plastic slip is observed in the middle of the crystal. The plastic slip decreases towards

the boundaries due to the applied micro-hard boundary conditions. Simulation results for the

energetic gradient theory, with self-hardening only, show a very similar distribution of Γacc. This
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indicates that the effect of latent hardening on the shape of the plastic slip distribution (not its

magnitude) is relatively small.

(Avg: 75%)
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Figure 9: Energetic gradient crystal plasticity theory. Left: Γacc-distribution at uP (50s) =

0.11 mm.

Right: ρeff =
√
∑

α ̺
2
α-distribution at uP (50s) = 0.11 mm.

The analysis of the different slip systems shows that the glide systems are loaded very differently.

In our example, glide system α = 1 experiences the lowest stress; glide system α = 3 shows the

highest resolved shear stress and τ1 ≤ τ4 ≤ τ5 ≤ τ2 ≤ τ3 holds. Fig. 10 displays the average

resolved shear stress distribution τα for glide systems 1, 3, and 5.

To investigate the effect of latent hardening on the material response, the results for the energetic

gradient crystal plasticity theory including only self-hardening are also shown in Fig. 10. Clearly,

for the case of self-hardening the resolved shear stress on each glide system is lower than for

latent hardening. As a consequence, the macroscopic stress is lower if only self-hardening is

considered, see Fig. 12. The general stress-strain behavior is similar in both models, e.g., the

initial yield point is the same as well as the shape of the stress-strain curves. However, the

stress level is significantly higher for the model including latent hardening. To quantify this

effect in greater detail, Fig. 11 presents the average local hardening behavior for three exemplar

glide systems. The average local hardening on glide system α = 3 is higher than that for the

other glide systems for both cases. The non-diagonal terms of the matrix ιαβ, representing the

interaction between the different glide systems, is different for each interaction, with a maximum

value 0.5. Considering that q = 1.4, effective 0.7 is the ratio between latent and self hardening

between two glide systems. On glide system α = 3, self-hardening is stronger than the sum of

the latent hardening. In contrast, glide system α = 5 shows a local hardening behavior similar

to the glide system α = 1, although self hardening is much stronger on glide system α = 5.

For the purely energetic theory with self-hardening accounted for, the scaling of the hardening on

the different glide systems is in accordance to the level of activity. Glide system α = 3 hardens

most and glide system α = 1 experiences negligible hardening. In addition to local latent

hardening, latent hardening due to GNDs (latent gradient hardening) influences the stress level

as well.
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Figure 10: Energetic gradient crystal plastic-

ity theory: Comparison of average local re-

solved shear stress τ over average deformation

F12 between model including self and latent

hardening and the model including only self

hardening (sh) for three exemplar glide sys-

tems. For the glide systems 3 and 5, the typi-

cal stress-strain curves including isotropic and

kinematic hardening are observed.
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Figure 11: Energetic gradient crystal plastic-

ity theory: Comparison of average local hard-

ening Sα over average effective plastic slip Γacc

between model including self and latent hard-

ening and the model including only self hard-

ening (sh) for three exemplary glide systems.

Next, the effective general plastic slip Γacc distribution is shown in Fig. 14 (left) for the full

gradient theory. As in the single slip case, the distribution differs from the results of the energetic

theory near the boundary. As stated above, this results from the definition of the general

plastic slip Γacc which includes the gradient of the plastic slips as well. Here, boundary layer

at all boundaries are visible. Fig. 14 (right) represents the corresponding effective dislocation

ρeff distribution obtained with the full theory, which is very similar to that obtained for the

energetic theory. The dissipative microstress leads to a dissipative strengthening characterized

by an increase in the yield stress. This effect increases with each load change. Due to the coupling

between the dissipative microstress to the current local hardening, an additional strengthening

on each glide system with one-going deformation apart from each load change is observed as well,

see Fig. 13, as well as in the macroscopic behavior (see Fig. 12): If local hardening increases,

the microstress increases as well, leading to additional strengthening in the material. This effect

is stronger for multiple slip compared to single slip where this effect can be anticipated, but is

not clearly recognizable.
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Figure 13: Single crystal, multiple slip: Local

comparison of resolved shear stress τ over de-

formation F12 between energetic gradient the-

ory including self and latent hardening (et)

and dissipative gradient theory (dt) for two

exemplary slip systems.
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Figure 14: Dissipative gradient crystal plasticity theory:. Left: Γacc-distribution at uP (50s) =

0.11 mm.

Right: ρeff =
√
∑

α ̺
2
α-distribution at uP (50s) = 0.11 mm.

5.3 Oligocrystal, multiple slip

The oligocrystal displayed in Fig. 15 is considered next (see [28] for an experimental character-

ization and [30] for a numerical investigation). The orientation for each grain is given in Fig.
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8b)3. Each grain has five active glide systems which are oriented relative to each other as in

the single crystal case (cf. Fig. 8a)). As previously, finite boundary elements of a thickness 0.05

mm are introduced at each grain boundary. We apply tensile loading with a rate ε̇ = 0.01s−1

at the right boundary. The left boundary is fixed. The two outer grains (i.e., the left and the

right grain) are modeled as elastic to act as a transmission zone.
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Figure 15: a) Oligocrystal consisting of 25 different grains. b) FE discretization: approx. 12000

quad elements.

Fig. 16 shows the effective plastic slip Γacc distribution and in Fig. 17 the effective dislocation

density ρeff distributions displayed at F11 = 1.1 for the different theories. With the standard

crystal plasticity theory, significant deformation at the top boundary takes place, in particular

between grains 1 and 3; this may be associated with a type of necking behavior. At this grain

boundary, a strong jump in the plastic deformation is visible. Due to the fact that a continuous

strain transition between the grains over the grain boundaries is satisfied, the large difference

indicates that grain 1 is more favorable to the applied deformation than grain 3. Such examples

are found at several positions within the sample. For the energetic gradient theory, the micro-

3Due to restriction to two dimension and five glide systems, the orientations are artificial chosen and do not

represent the experimental measured orientations.
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Figure 16: Oligocrystal, multiple slip: Γacc-distribution at F11 = 1.1 obtained with standard

crystal plasticity theory, energetic and dissipative gradient theory.

hard boundary conditions lead to a stiffer response (see Figure 18) which restrict the deformation

modes as well. Compared to the standard crystal plasticity theory, more deformation occurs

within each grain. The micro-hard boundary conditions lead to a gradual decrease of the plastic

slip towards the boundaries. Based on the orientations different distributions are observed in

each grain. The boundary layers result in a stiffer behavior between the grains compared to the

free surface of the standard crystal plasticity theory. This may explain why slight contractions

are visible at the surface boundaries in several grains.

A strongly heterogeneous plastic slip distribution is visible, based on the orientations of the

grains. The region of high activity in the standard crystal plasticity theory also represents

the region of most activity in the energetic gradient crystal plasticity theory. The dislocation

distribution displays typical behavior, in which the dislocations of greatest magnitude are seen

near the boundaries. A high plastic slip gradient within a grain leads to a high dislocation

density. For the full gradient theory, the distribution of the effective plastic slip γeff and of the

dislocation distribution are similar to that of the energetic theory. The distribution as well as

the magnitude of the plastic slip do not change significantly when compared with the energetic

theory. Note that the size of each grain is significantly larger compared to the single crystal

structure. The effect of the dissipative microstress is concentrated to the grain boundary solely,

and, therefore, is relatively small for this sample. For the dislocation distribution no significant

differences are visible as well.

The average stress-strain behavior is shown in Figure 18 which confirms the results from the
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Figure 17: Oligocrystal, multiple slip: ρeff -distribution at F11 = 1.1 obtained with energetic and

dissipative gradient theory.
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Figure 18: Oligocrystal, multiple slip: Comparison of macroscopic stress-strain behavior between

standard crystal plasticity theory (st), energetic gradient crystal plasticity theory including

self and latent hardening (et), energetic gradient crystal plasticity theory considering only self

hardening (et-sh) and dissipative gradient theory (dt).

single crystal case. The standard crystal plasticity theory predicts the lowest stress level. The

effect of latent hardening is seen as well by comparing the two cases for the energetic theory

including self and latent hardening as well as self hardening only.
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6 Summary

The objective of this investigation has been, first, to extend to the large-deformation and vis-

coplastic case the hardening model for strain-gradient single-crystal plasticity developed by

Gurtin and Reddy [26]. An algorithm for the solution of the corresponding finite element

approximation has been implemented, and explored numerically via selected examples. The

algorithm is based on a dual-mixed approach in which the gradient of plastic slip rate is treated

as a global variable while the slip rate is solved for locally. This algorithm easily accommodates

the new hardening relations.

Numerical results have been presented for the standard crystal plasticity theory as a benchmark,

and for the gradient theory for both the solely energetic case as well as that with energetic and

dissipative effects present. The examples treated include single- and polycrystals, with various

combinations of single and multiple slip, as well as self- and latent-hardening.

Latent hardening is seen to strongly influence the behavior. Likewise, the inclusion of dissipative

gradient effects through the microstress has a pronounced effect on material behavior for models

in which the domain size is small relative to the gradient length-scale. On the other hand, for

large samples the effect is minimal. Overall, the hardening relation captures interaction between

slip systems effectively, while being simple in structure.

Appendix

The standard, the energetic and full gradient crystal plasticity theories yield non-linear governing

equations which are solved with the help of a Newton–Raphson method. For the discretization a

semi-discretization technique has been applied: In space, finite elements are used while in time,

the algorithmic formulation of the above model relation is based on the following backward Euler

time integration of ḞP = LP · FP over a time interval [tn, tn+1]:

1

∆tn+1

[

I − FPn · F−1
Pn+1

]

=
∑

α

ναn+1 sα ⊗ nα . (45)

Fen+1 is calculated via

Fen+1 = F tr
en+1 ·

[

I −∆tn+1

∑

α

ναn+1 sα ⊗ nα

]

, (46)

where F tr
en+1 = Fn+1 · F

−1
pn = Fn+1 · F

−1
n · Fen. The corresponding stress algorithm is based

on the Green measure Een+1 = 1
2
[Fen+1 · Fen+1 − I] of elastic strain. The stress algorithm is
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completed by the calculation of the different stress measures

Sen+1 = λ tr(Een+1)I + 2µEen+1,

Men+1 = F T
en+1 · Fen+1 · Sen+1 ,

Pn+1 = Fen+1 · Sen+1 · F
−T
pn+1 ,

ταn+1 = sα ·Men+1 · nα.

(47)

In case of the standard crystal plasticity theory, the plastic slip rate is determined via

ναn+1 =
1

t⋆,α

[

|ταn+1|

Sαn+1

]
1

m0

sign(ταn+1). (48)

In case of the gradient theory, the plastic slip rate is determined via

ναn+1 =
1

t⋆,α

[

|ταn+1 +Divξαn+1|

Sαn+1

]
1

m0

sign(ταn+1 +Divξαn+1) (49)

and the simplified version of the vector microstress is calculated as

ξenαn+1 = −sαb
∑

β

lα lβ hg0[χαβ + ιαβ] ̺
ge
β n+1 (50)

where ρgeαn+1 = ρgeαn+∆tn+1 ρ̇
ge
αn+1. The problem is solved applying a dual mixed approach: the

displacement and the GND density ρ̇geαn+1 = −1
b
sα · ∇Xναn+1 are solved for globally, whereas

the slip rate νn+1 is solved for locally.

The dissipative problem is handled accordingly - with the differences that on the global level

the full gradient ∇Xναn+1 is considered and that on the local level, not only the scalar-valued

flow rule (42)1 needs to be solved but also the vector-valued relation (42)2 for the dissipative

microstress ξdα. Both equations are highly non-linear and strongly coupled.
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