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Abstract

Dental enamel is the outermost layer of a tooth crown consisting of a hierarchical and graded structure.

Approx. 85 vol.% of enamel consist of the hydroxyapatite mineral, the rest being protein and water. This

contribution is concerned with the modeling and computation of the mechanical behavior, in particular with

the failure, of the enamel of a bovine tooth. For the underlying model description, we resort to a non-linear

Neo–Hookean model for the mineral and to the Arruda–Boyce model for the protein, in combination with

a cohesive zone approach. The model accounts for non-linear, large-deformation kinematics and softening

at the first level hierarchy and it is validated against experimental data. The numerical implementation is

carried out with the help of the finite element method. Here, we resort to a three-dimensional cohesive zone

model which maps cracking of the mineral fibers as well as debonding between the mineral fiber and the

protein. A complex microstructure representing bovine enamel is studied in the numerical examples. The

results capture major features of the physical experiments, such as nonlinear stress-strain behavior, stiffness

and failure strength.
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1. Introduction

Motivated by the fascinating mechanical properties of mineralized biological hierarchical materials,

such as bone, dentine enamel or wood [1, 2, 3], research on the synthesis of biomimetic hierarchical or-

ganic/inorganic materials has been going on worldwide since about two decades. Most techniques are based

on self-assembly [4, 5, 6, 7] and are restricted to only one level of hierarchy. Among the different methods,

freeze casting allows producing materials very similar to nacre with distinguished fracture toughness [8, 9].

However, for freeze casting the first level of hierarchy is limited in the order of 1− 10µm.

The Collaborative Research Center SFB 986 ”Tailor-Made Multi Scale Materials Systems - M3”, which

has been established in Hamburg recently, aims at the synthesis of a self-similar hierarchical material with

the first level of hierarchy well below 1µm and a second level of hierarchy in the range of 1− 10µm. First
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results on the assembly of the first level of hierarchy have been published recently [10]. By adding another

level of hierarchy, the question of the optimal design with respect to geometry and mechanical properties

arises. The additional degrees of freedom result in a rather low chance of producing a material with improved

properties based on an empirical approach alone.

To overcome this problem, it is important to understand and correctly predict the mechanisms of defor-

mation and fracture of a material having more than one level of hierarchy. It is therefore crucial to start

identifying the relevant properties and geometrical features of an existing hierarchical material on each level

of hierarchy. This approach provides the required insight into the function of soft and hard phases as well as

the interfaces in between and, furthermore, delivers a validated modeling approach. In the following, dental

enamel is used as an optimized hierarchical material. A model is built for the first level of hierarchy based

on the behavior of the real material, representing the fundamental building block for the next level.

Dental enamel is a load-bearing natural biocomposite, which has evolved to resist fracture and wear. The

most striking behavior of enamel from the material scientist point of view is its longevity in the existence

of cracks (under mastication stresses up to 2.5 GPa) in spite of its high mineral volume content. The

mechanisms hindering the brittleness of this highly mineralized tissue have been mostly attributed to its

hierarchical structuring and also its nanocomposite nature consisting of soft organic matter. For instance,

the investigations on the structure-mechanical property relation of enamel could aid to develop human body

armor [11], or aid for a better selection of dental restoratives [12].

In this work, we formulate a mathematical thermodynamically consistent model for the material behavior

of dental enamel of bovine teeth which accounts for: i) size effects, ii) non-linear elasticity, and iii) softening

and iv) different fracture mechanism. In this work, the mechanical behavior of the representative volume

element (RVE)1 is simulated representing the microstructure of the first hierarchy level based on Scheider

et al. [15, 16].

The three-dimensional cohesive zone approach accounts for two failure modes: breaking of the mineral

fiber and debonding of the interface between the mineral and the protein. We validate our model against

experimental data. The model correctly predicts a size-dependent stress-strain response and different failure

modes.

1In general, the existence of an RVE is questionable as soon as localized material degradation and damage occurs, see e.g.

[13, 14] - if the damage behavior is incorporated into the continuum model. In a cohesive model, damage and deformation are

modeled by two different models, a continuum model and a cohesive model. Since the fracture process zone for the cohesive

model is reduced to zero, the absolute size of it is incorporated in the model parameters and not in the geometry. The continuum

model then only contains deformation.
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2. Dental enamel of bovine teeth

Dental enamel, the hard protective layer of tooth crown, is a naturally occurring but a non-vital bio-

logical tissue. It has to survive millions of chewing cycles under complex-stress state conditions in the oral

environment of the host even in the existence of severe internal cracks and flaws [17, 18]. In order to meet

this functional requirements enamel should possess damage tolerance capability as evidenced in the recent

studies [19, 20, 21, 22, 23, 24], which has been mainly attributed to the complex hierarchical and graded

arrangement of its fiber-like mineral crystals and organic constituents.

The hierarchical organization of bovine enamel, which is very similar to human enamel, can be charac-

terized in 3 different levels, see Fig. 1. The simplest and smallest structural units are hydroxyapatite (HAP)

nano-fibers glued by proteins (level 1). At the next level of hierarchy HAP nano-fibers are grouped together

to form micron-scale structures known as “enamel rods” (level 2) with a diameter of about 5µm. These rods

are covered by organic layers [25]. The rods arrange in a straight and parallel fashion in the layer close to the

outer surface (outer enamel); however, in the inner layer close to the dentin (inner enamel), groups of rods

with same orientation decussate each other periodically forming so-called “Hunter–Schreger bands” (level

3). The width of the bands vary between 20− 50µm in bovine enamel. The mechanical properties such as

the stress-strain behavior or the elastic modulus (see, e.g., [23]) differ greatly on the different hierarchical

levels.

The mechanical functionality of enamels hierarchical structure is an on-going issue. For example, mea-

surements with Vickers indents (Indentation Crack Lengths Method, [26]) gave a small fracture toughness

of the order of 1 MPa m1/2 [27, 28, 29]. This led to the prevailing opinion that enamel is a brittle material.

More recently, R-curve measurements [20, 22] revealed that the fracture resistance of enamel rises up to

4 MPa m1/2 due to its graded structure and toughening mechanisms operating on all hierarchical levels [19].

This offers an additional explanation for the well-known crack arrest at the dentin enamel junction [30]. In

addition to a drop in the stress intensity factor for a crack crossing the dentin enamel junction due to an

elastic modulus drop of a factor three, the toughness of long cracks in enamel is equal or may even surpass

the toughness in dentin [22]. A quantitative mechanical understanding of these effects is only possible, if the

complex hierarchical microstructure of enamel is modeled. First steps in this regard are Gao’s self-similar

concepts [31]. In this paper, we intend to be closer to the real microstructure of enamel, which necessitates

a numerical simulation based on the microstructure.

A non-linear elastic fracture mechanics model of an entire tooth is presented in Ichim et al. [32] who

numerically study damage and fracture in enamel. However, their numerical results support that dentine

possesses a higher fracture toughness than enamel. This is in contrast to our experimental results which

show that the enamel’s fracture toughness is as large as dentine’s [21]. Crack propagation in human teeth

3



single enamel rod consisting inner enamel layer

of bundled HAP nano-fibres

outer enamel layer

1 mm

10 mm

10 mm 5 mm

enamel
250 mm

parallel rod
arrangement

Hunter–
Schreger
bands

rod arrangement

outer
enamel

inner
enamel dentin

tooth crown

interwoven

(a) (c)

(b) (d) (e)

dentin

Figure 1: Hierarchical structure of bovine enamel. Picture taken from Bechtle et al. [23]. a) Single enamel rod consisting of

bundled HAP nano-fibers (level 1: intra-rod). b) Outer enamel layer with parallel rod arrangement (level 2: multiple rods).

c) Inner enamel layer with interwoven rod arrangement (level 3: Hunter–Schreger bands). d) Enlarged figure of the outer and

inner enamel layer. e) Bovine teeth cross section.

based on the extended finite element method is computationally modeled in [33]. Both analyses are limited

to the macroscale and completely ignore the underlying microstructure. A numerical study on the role of

crystal arrangement and property gradients on the mechanical performance of enamel is presented by An et

al. [34, 35]. Gao [31] discusses analytical solutions in a simple fracture mechanics concept. He applies it to

hierarchical bones, but in general it is also applicable to hierarchical teeth. Yao and Gao [36] introduce a

multi-scale cohesive law for self-similar hierarchical bone-like structures and present exact traction-separation

curves for a premature model which allows for a first idea on the mechanics and mechanical properties of

hierarchical materials. Wu et al. [37] present a constitutive theory for protein-based materials based on the

Arruda–Boyce [38] model. The experimental findings on micropillars of hydroxyapatite-based exoskeleton

of a fish of Han et al. [39] show that the direction dependence is less pronounced than expected by the

orientation of the HAP fibers. In addition to the experiments, a finite element analysis on the micropillars
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is presented. Their model is able to capture the anisotropic behavior of the ganoine under the compression

deformation.

3. Continuum mechanical model

All physical processes are governed by the balance equations characterizing the state of any body. In

the following, we concentrate on the mechanical behavior and, therefore, on the balance of momentum. We

formulate all equations thermodynamically consistent and in a geometrically non-linear framework.

The linear balance of momentum expresses that the change of the total momentum ρu̇ equals the sum

over all forces acting on the body, i.e. the sum of the surface (contact) forces T and the volume (far field)

forces b. The well-known Cauchy stress theorem relates the surface forces T to a stress tensor, i.e., the first

Piola–Kirchhoff stress tensor P : via T = P · n. Application of the divergence theorem leads to

ρü = DivP + ρb, (1)

where u = x −X represents the linearized displacement. ρ denotes the constant material’s density. The

first Piola–Kirchhoff stress tensor P relates spatial forces to material area elements. It is related to the

well-known Cauchy stress tensor σ via a push forward to the spatial configuration

P = Jσ · F−t, (2)

with the Jacobian J = detF and the deformation gradient F .

The balance equation (1) is material-independent. Therefore, constitutive equations are introduced in

order to describe the mechanical behavior of the tooth. In case of geometrically non-linear hyperelasticity,

we assume that the constitutive equations to depend on the deformation gradient F and that the free energy

density ψ acts as a potential for the Cauchy stress:

P =
∂ρψ

∂F
. (3)

The mineral and the protein phases have different material responses. In particular, the protein layer

responses softer in comparison to the mineral fibers, cf. e.g. [23]. The material behavior of the mineral is

modeled by the hyperelastic, non-linear Neo–Hookean law

ρψm =
µ0

2

[
J−2/3trb− 3

]
+
K

2
[J − 1]

2
, (4)

with K being the initial bulk modulus, µ0 is the initial shear modulus, and b := F · F t is the left Cauchy–

Green strain tensor. Thus, the first Piola–Kirchhoff stress tensor reads

Pm = µ0J
−2/3

[
−F−t − 1

3
trbF−t

]
+K [J − 1] JF−t. (5)
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For the protein, following [37], we resort to the hyperelastic model based on Arruda–Boyce [38] to describe

the non-linear elastic mechanical behavior of the dental enamel, i.e.,

ρψp := µ

5∑
j=1

Cj
λ2j−2

[
(J−2/3trb)j − 3j

]
+
K

2

[
J2 − 1

2
− ln J

]
, (6)

where

C1 =
1

2
, C2 =

1

20
, C3 =

11

1050
, C4 =

19

7000
, C5 =

519

673750
.2 (7)

µ0 = µ
[
1 + 3

5λ2 + 99
175λ4 + 513

875λ6 + 42039
67375λ8

]
relates the initial shear modulus to µ, and λ is referred to as the

locking stretch. Consequently, we obtain

P p = 2µ

5∑
j=1

jJ− 2
3 jCj

λ2j−2

[[
−F−t]j−1− 1

3
F−t(trb)j

]
+
K

2

[
J2−1

]
F−t. (8)

Inserting the constitutive equation into the balance equation (1) leads to

ρü =


Div

(
µ0J

−2/3
[
F−t − 1

3 trbF−t]+K [J − 1] JF−t)+ ρb mineral

Div

(
2µ
∑ jJ− 2

3
jCj

λ2j−2

[[
F−t]j−1− 1

3F
−t(trb)j

]
+K

2

[
J2−1

]
F−t

)
+ ρb protein

. (9)

4. Modeling failure: a cohesive zone approach

In this contribution, we study failure modes of the bovine enamel. From experimental data [19, 21, 40],

it is known that in bovine teeth failure is dominated by fiber debonding or fiber breaking in the vicinity

of the protein layers. Thus, it is reasonable to resort to a cohesive zone model as proposed in the early

1960s by Barenblatt [41] and Dugdale [42] to represent the region where a material may separate. Such

an approach presupposes the presence of a fracture process zone and, consequently, is computationally less

costly - in terms of computational time as well as the complexity of the implementation. The cohesive zone

model is widely used in particular for fiber reinforced composites, for fiber breaking and debonding, see e.g.

[43, 15, 44, 45].

The key ingredient of a cohesive zone model is the traction-separation relation for the interface. In

the cohesive zone, we assume a linear elastic behavior and we account for the evolution of damage. If the

traction across the interfaces reaches a critical value, the material sustains damage which is modeled via the

damage parameter d ∈ [0, 1]. As the most extreme option (d = 1), complete decohesion is achieved. The

cohesive zone model is capable of predicting damage evolution, crack initiation and propagation as well as

final failure of specimens and structures. Here, we only briefly iterate the main steps.

2The values of the coefficients Cj arise from a series expansion of the inverse Langevin function L−1(x) with L(x) =

coth(x)− 1/x.
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As usual, the material separation is modeled by the displacement jump

[[u]] = u+ − u−, (10)

where u− denotes the displacement field on the left hand side of the crack and u+ the counterpart on the

right hand side.

The nominal traction stress vector T consists of three components: Tn, Ts, Tt which are located in a

local coordinate system (n denotes the component normal to the interface, s and t are in-plane components).

The corresponding components of the separations are δn, δs, δt; an effective separation reads

δe =

√
〈δn〉2 + δ2

s + δ2
t . (11)

The elastic behavior of the interface is described by a diagonal stiffness matrix, K, i.e., the elastic

traction-separation relations are completely uncoupled:

T̄ =


Tn

Ts

Tt

 =


Knn 0 0

0 Kss 0

0 0 Ktt

 ·


δn

δs

δt

 = K · [[u]] (12)

Damage is initiated when the criterion

max

{
〈Tn〉
T 0
n

,
Ts
T 0
s

,
Tt
T 0
t

}
= 1 , (13)

is fulfilled; the evolution equation for the damage parameter d then depends on the effective separation

defined in Eq. (11):

d =
δfe (δmax

e − δie)
δmax
e (δfe − δie)

(14)

with δmax
e being the maximum value of δe reached during the loading history, that is, the damage is

monotonically increasing. δie denotes the value of separation at which damage starts, and δfe states the

separation at complete decohesion.

In case that damage occurs (i.e., d 6= 0), the traction is calculated by

T = [1− d]T̄ = [1− d]K · [[u]] . (15)
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A thermodynamically consistent version of the cohesive zone model, in particular taking into account

large rotations and thus derivatives of the normal vector, has been developed in [46]. For the sake of efficiency

a simpler version not taking into account finite rotations is used in this contribution, since only single failure

modes, either shear or normal separation, occur locally and the cohesive elements will not rotate severely.

The traction is linearly decreasing for increasing separation, when damage is initiated. For decreasing

separation after damage initiation, the stress is linearly going to zero with a reduced stiffness, see the dashed

line in Fig. 2. It is worth noting that the normal traction is not multiplied by d under compression, i.e.:

Tn =

 [1− d]T̄n, if T̄n ≥ 0 (tension)

T̄n, if T̄n < 0 (compression)
(16)

Tn Tt

T0 T0

f
 n

ft
n t

i
n

it

Normal Tangential

A A

Figure 2: Traction-separation law for uniaxial traction (left: normal; right: tangential) using the damage evolution (14). When

the local separation is reversed at point A, the unloading/reverse loading curve is shown by the dashed line.

Remark: Equation (16) does not prevent the displacement jump [[u]] from becoming negative, i.e., pene-

tration in general is possible, see also the branch for negative traction in Fig. 2. This effect is controlled by

the stiffness Knn of the cohesive zone element, i.e., the higher the stiffness the less penetration. In addition,

the interface may also have a finite thickness, which at least for a physical interface has its validity. This

thickness is then reduced under compression. Throughout this paper, the stiffness of the cohesive element

is rather representing a penalty term than a physical parameter. It is set to a value such that δie ≈ 10−4δfe .

5. Set-up for nanoscale modeling of dental enamel

Enamel is the hardest part of any mammal due to its high volume of very stiff hydroxyapatite fibers.

In this work, we study the mechanical properties of the first hierarchical level (level 1), cf. Fig. 1. In

this level, the hydroxyapatite (HAP) fibers within the protein matrix are parallel aligned and staggered
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together. The mineral volume fraction is about 90%-95% [47]. The diameter of a single HAP fiber is

approximately 50 nm, surrounded by a a protein layer of a few nanometer thickness, [19]. All simulations are

done within the commercial finite element code Abaqus. The entire structure is divided into material with

damage-free properties (continuum elements) and interfaces with damage properties (cohesive elements).

The cohesive interfaces are a phenomenological representation of various failure mechanisms and do not

necessarily coincide with the material’s interfaces.

The mechanical behavior of the bovine dental enamel at level 1 is simulated with the help of (i) a

representative volume element, RVE, and (ii) a columnar structure. The RVE allows to study the failure

mechanisms in detail, while microstructural features, e.g. twisting of the fibers, can only be studied with a

model of the complete microstructure. Numerical results for the RVE are shown and discussed in Sect. 5.2

and those for the columnar structure are analyzed in Sect. 5.3.

Figure 3: Micropillar compression test of level 1 dental enamel microstructure, picture taken from [40].

The experiments of Bechtle et al. [22, 23] show a uniform parallel and sometimes twisted orientation of

the nanofibers inside of bovine enamel3. According to bending tests of Bechtle et al. [22], cracks are likely to

propagate along the protein layers. As a consequence, we consider debonding of the fibers at the interfaces

as well as breaking of the mineral fibers as possible failure modes in the RVE. Both modes can happen at

once. Moreover, it is possible that damage starts and develops at the fiber matrix interface, then stagnates

and the mechanism of fiber breaking takes over (or vice versa). Additional micropillar compression tests

have been performed by the same group, see [40]. These experiments revealed the main failure mechanisms

as fiber buckling, fiber fracture and debonding of fiber bundles from the main column.

There is a diversity in rod shapes and fiber orientation within the rods in the enamel depending on the

species, tooth region and angle of the cross-section cut from the tooth [48]. In our opinion, it is reasonable

to assume that the bovine rod possesses a honeycomb or circular cross section and is twisted, see e.g., [Fig.

3The paper by An et al. [35] numerically compares a uniform and a non-uniform (gradual change in nanofiber orientation

within the rod) fiber arrangement in key-hole shaped rods.
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6 (a) and (b) in [23]]. The focus of our work is primarily to learn from biological materials fundamental

construction principles which can be applied for the development of synthetic materials.

5.1. Parameter used for modeling the constituents of the dental enamel

The macroscopic mechanical behavior of the tooth strongly depends on the properties of its two com-

ponents: the mineral HAP fibers and the thin protein matrix layers. For the mineral, experimental data

documents a Young’s modulus between 80 GPa [49] and 129 GPa [50]. Even though the elasticity is reported

to be anisotropic [51, 52], an isotropic averaged Young’s modulus of E = 80 GPa is used for the longitudinal

and transverse orientations. The Poisson ratio in mineral is found to be 0.23 [53]. The uncertainty of these

parameters is very large, since it is a biological material, and hence the properties have a large variation

even within any tooth, and even more among different mammals. In addition, the fibrils are so small that

single aggregates cannot be tested without effect of the boundary or surrounding material.

The literature is even sparser with respect to the damage properties of the constituents. While the

strength of HAP-single fibers is known to be in the range of 2 GPa, see [23], the fracture energy, Gm

or, alternatively, the fracture toughness, KIc,m, is not reported. In the following, a fracture energy of

Gm = 10 J/m
2

is assumed together with T0,m = 2 GPa. From these parameters the critical separation can

be calculated as δfe,m = 10 nm.

For the protein, an elastic modulus of 900 MPa is reported [23]. We assume a Poisson ratio of 0.495. The

fracture strength of the protein also varies in a wide range within 50 to 300 MPa; here we set T0,p = 200

MPa with a fracture energy of Gp = 56 J/m
2
, resulting in a critical separation δfe,p = 1.56µm.

The interface between protein and HAP fibers has no deformation but only material separation properties.

Since no parameters can be retrieved from experiments due to the very small scale, cohesive model parameters

are presumed. The cohesive shear strength is set to T0,deb = 200 MPa, the fracture energy to Gdeb =

100 J/m
24. The resulting critical separation is δfe,deb = 1.0µm.

In summary, we use the following parameters for the simulations: Em = 80 GPa, νm = 0.23, Ep = 900

MPa and νp = 0.495. Consequently, the bulk modulus K and the shear modulus µ0 are determined via

3K = E/[1− 2ν] and 2µ0 = E/[1 + ν], resulting in 3Km = 49.38 GPa, Kp = 30000 MPa, µ0m = 32.52 GPa

and µ0p = 301 MPa. In case of the protein, the locking stretch λ needs to be specified. Following [37], we

set λ = 1.

4The fracture toughness of enamel is approximately 1 MPa m1/2 and the elastic modulus 10GPa. Then, Gdeb = K2
Ic,m/E =

100 J/m2.
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5.2. Representative volume element

An equilateral triangular prism is assumed for the shape of the RVE, see Fig. 4 (right). The side length

of the RVE’s base triangle (see Fig. 5) is always S = 52 nm in the simulations. The protein layer between

the fibers is 2 nm thick, leading to a hexagon side length of approximately efib = 29 nm. The length of the

mineral fibers is not known. In order to study different failure mechanisms and compound stiffnesses, we

vary the fiber aspect ratio lfib/efib = [1.9, . . . , 20]. The volume ratio depends slightly on the fiber length, we

always obtain a fiber volume fraction of around 90% in the RVE.

Figure 4: Schematic description of the microstructure of the RVE model. Regular hexagonal prisms are chosen for the fibers.

The RVE is a triangular prism indicated by the yellow line.

We assume a perfect RVE, i.e., no pre-cracks and no initial damage. The mesh is built using 3D continuum

elements using linear shape functions (8 nodes) and linear cohesive elements (8 nodes). The complete finite

element structure is shown in Fig. 5 (left) for the aspect ratio L/S = 3.8. The cohesive elements are placed

along the side walls of all fibers, and also along the relevant planes normal to the loading direction of the

RVE. Fig. 5 (right) shows the cohesive elements.

The applied loading is displacement controlled with a uniaxial displacement in fiber direction (maximum

1 µm), symmetry conditions for the bottom and the side faces apply. That is, the RVE is exposed to

uniaxial straining, which is applied under tension and compression. Tensile deformation leads to failure of

the interface and/or fiber breaking, whereas due to the strict boundary conditions of the side faces, failure

can hardly occur under compression. However, the compression case is important for the comparison of the

stiffness of the structure. As we see in the following, the structure fails before the maximum displacement is

reached. All simulations are run using an additional hourglass stiffness in Abaqus. This did not affect the

material’s response, but improved convergence.
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Figure 5: Left: Meshed RVE. The triangular prism has a side length of S = 52 nm, the length is shown for the aspect ratio

L/S = 3.8. Right: Cohesive elements in the model with three different damage properties.

5.3. Columnar structure simulation

The arrangement of the fibers within the rods affects the stiffness and strength of the enamel material.

Thus, a columnar microstructure of a number of HAP fibers compounded by protein matrix is modeled.

Since the structural dimension of this model is much bigger than the RVE developed in the previous section,

some simplifications are introduced. In the current model, the protein matrix is not modeled by continuum

elements with the Arruda–Boyce material model, rather cohesive elements are used with elastic properties

equivalent to the Young’s and shear moduli given in Sect. 5.1. These cohesive elements are able to model

the damage of the fiber matrix interface with the parameters already used in the previous section. It is

assumed that the fibers are infinitely long, that is, no debonding at the fiber ends occur. Several parameters

(numbers of fibers, twist angle) are varied. The resulting mesh for a fiber diameter of approximately 50 nm

(hexagon side length 30 nm) and a protein layer thickness of 5 nm is shown in Fig. 6.

The boundary conditions are such that they reproduce the micro compression test shown in [40], however,

with smaller dimensions. The bottom plane is fixed in all directions, the side walls are free surfaces, and

the top surface is subject to displacement loading in the direction of the column. Additional simulations are

conducted using contact to flat punch (modeled as a rigid surface with and without friction) and with fixed

transverse displacement at the top surface, but none of these changes had a significant effect on the results.
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Ø 0.23 µm
Ø 0.335 µm

Ø 0.44 µm

Figure 6: Mesh of the compression column. Different cross section sizes between 0.23 and 0.44µm are studied. The column

has a length of L = 1µm and the regular hexagon of the HAP fiber has a side length of efib = 30 nm. The column twist angle

(see right) is varied between 0 and 90◦.

6. Numerical results

6.1. Representative volume element

6.1.1. Tension tests

First, numerical tension tests for the nanoscale RVE are performed. We apply a maximum displacement

of 1 µm. The elastic deformations of the standard elements are small. In the cohesive zone elements, however,

large deformations may and do occur. Fig. 7 shows the stress-strain response in dependence of the aspect

ratio S/L, whereby S = 52 nm is kept fixed. We vary the length of the RVE L from 90 nm to 1000 nm. The

length dependent behavior is clearly visible. For large aspect ratios (S/L > 6), the material withstands high

stresses, but damage occurs at smaller strains leading to a small fracture energy, see Fig. 8. In accordance

to experimental findings [23], the protein layer is mechanically weaker compared to the mineral fibers.

Further, depending on the aspect ratio S/L, different failure modes occur, cf. in Fig. 9. The change of

failure mode leads to a sharp drop in the fracture energy, since much energy is dissipated during debonding

along the fiber walls. Both strength and energy are linearly depending on the fiber length due to the stress

transfer along the fiber matrix interface as has been reported in [15, 16]. It must be noted that even though

the stress drops almost to zero abruptly for the breaking mode, tearing the RVE completely apart happens

at very high strains. The soft protein carries the remaining portion of the load further on.
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Further comparison with the experimental results of [23] also shows a very good agreement regarding

the fracture strength of approximately 1 GPa and the fracture strain of 2% for long nanofibers with aspect

ratios of about 300 (aspect ratio S/L > 6 in Fig. 7). That is, the first level of the enamel microstructure

seems to be designed for high strength, not for high toughness, see Fig. 8. This agrees with [31, 54],

where a gradual increase of fracture energy, combined with a decrease in fracture strength from level to

level is theoretically predicted, as in level 2 the aspect ratio is much smaller than in level 1. The transition

from brittle to damage tolerant behavior is experimentally already measured at aspect ratios of 9 [23], but

regarding the uncertainties of the used materials parameters this is in very good agreement with the findings

of this simulation were the transition is at an aspect ratio of 6.
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Figure 7: Stress-strain response of the RVE under tension (aspect ratio S/L). Experimental data taken from [23].

Figs. 10-12 depict the material’s response for L = 250 nm (aspect ratio S/L = 5). A discretization

of 89884 continuum spatial elements and 12077 cohesive elements is used in these simulations. Damage

starts in three protein interfaces and then spreads to the mineral-protein interface. The dental enamel fails

due to debonding, as illustrated in Fig. 10. The damage distribution clearly shows a maximum at the

protein-mineral interface.

Next, we study a material with L = 500 nm (aspect ratio S/L = 10). We apply a discretization of 174934

continuum spatial elements and 22661 cohesive elements. The materials fails due to breaking, cf. Fig. 13.

At the upper interface, the beginning of debonding in longitudinal direction is noticed. Critical separation

is first reached in the centered interface (in the protein). This is in accordance to experimental findings
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Figure 8: The fracture energy and the maximum stress for the RVE under tensile loading are depicted as a function of the

aspect ratio S/L. The longer the rod, the larger the maximum amount of stress the dental enamel can pick up and the less

likely the material cracks.

[23] which state that the protein-mineral-interface is the preferential crack path within the dental enamel.

As expected, the failing interface plane is the position of the highest stress level (at 2.5% strain), see Fig.

14. Fig. 15 illustrates the stress distribution in the continuum elements at 2.5% strain. As expected, the

maximum and minimum stress concentration are found in the vicinity of the mineral interfaces.

6.1.2. Compression tests

The same set-ups as before are simulated under compressive loading. Due to the strong boundary

conditions, no failure occurs here, but the elastic behavior is compared with the tensile results. Again,

stress vs. strain curves are calculated, they are displayed for two aspect ratios, L/S = 3.8 (failure mode

under tension: debonding) and L/S = 10 (breaking) in Fig. 16. It is clearly visible that the difference

between tension and compression is stronger for the debonding case, since damage develops gradually in

this case, while sudden unstable fracture occurs in the fiber breaking mode. The difference for L/S = 10

has two reasons: On the one hand, some debonding occurs also for high aspect ratios under tension; on the

other hand, the material model used for the protein affects the overall strain depending on the loading case.
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Project 2: failure mechanism 

debonding 
breaking 

red line: crack path 

mineral 

protein 

S/L=3 

along the protein-mineral interface 
along the center plane of RVE 
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Figure 9: The failure mechanism depends on the aspect ratio S/L. For small values, debonding along the protein-mineral

interface occurs. For large values, the material breaks along the center plane of the RVE.
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4 

damage of cohesive element   R=5 

Damage 

Figure 10: The damage parameter d is plotted for the cohesive elements, L = 250 nm (aspect ratio S/L = 5, at the end of the

simulation). Red corresponds to a fully damaged element, whereas blue indicates a faultless element. Continuum elements are

depicted in grey color. Simple tension test.
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damage of cohesive element   R=5    这张 

Figure 11: Stress distribution in the cohesive elements, L = 250 nm (aspect ratio S/L = 5, at maximum stress, approximately

3% strain). Simple tension test.

Figure 12: Stress distribution in the continuum elements, L = 250 nm (aspect ratio S/L = 5, at maximum stress, approximately

3% strain). Simple tension test.
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1 

damage of cohesive element   R=10 

Damage 

Figure 13: The damage parameter d is plotted for the cohesive elements, L = 500 nm (aspect ratio S/L = 10, at the end of

the simulation). Red corresponds to a fully damaged element, whereas blue indicates a faultless element. Continuum elements

are depicted in grey color. Simple tension test.

3 

stress of cohesive element R=10    这张 

Figure 14: Stress distribution in the cohesive elements, L = 500 nm (aspect ratio S/L = 10, at maximum stress, approximately

2.5% strain). Simple tension test.
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Figure 15: Stress distribution in the continuum elements, L = 500 nm (aspect ratio S/L = 10, at maximum stress, approxi-

mately 2.5% strain). Simple tension test.
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Figure 16: Stress-strain response of the RVE, comparison between tension and compression tests for two selected aspect ratios

S/L.
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6.2. Columnar structure simulation

The finite element simulations of the column microstructure are performed with the three different cross

sections as shown in Fig. 6 and for twist angles between 0 and 90◦. In each simulation, the elastic stiffness

in terms of stress divided by strain, calculated at 0.4% strain, is calculated. The result serves as the average

Young’s modulus of the enamel in the fiber direction. Since the fibers are infinitely long, the 0◦ twist

simulation leads to the same stiffness as the theoretical Voigt bound, approximately 68 GPa. The stiffness

decreases significantly with the twist angle, and also with the size of the column (different sizes are calculated

for a twist angle of 45◦). This effect is due to the plane of the protein layer, which is vertical in the untwisted

case, turning into a more and more inclined position. This is obvious when the angle increases, see Fig. 17a;

but holds also for an increasing radius, see Fig. 17b, since the path length increases for the outermost fibers,

and so does the inclination angle. The size dependence in Fig. 17 shows that there is hardly any difference

between tension and compression; this is expected as long as no buckling occurs.
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Figure 17: Effect of (a) twist angle and (b) column diameter on the stiffness of the column under tension and compression.

The experiments conducted by Yilmaz et al. [40] show that significant damage starts between 2% and3%

strain. In the simulations a maximum compressive displacement of 0.1 mm (=10% strain) is applied. The

results indicate that the structure can withstand very high loads without damage, if the fibers are not twisted

in the model. However, a slight twist (15%) is sufficient to produce damage and fracture the specimen. The

stress-strain behavior of several sizes and twist angles are shown in Fig. 18. The simulation usually aborts
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before the maximum displacement was reached, but at the end of the simulation damage evolves heavily

from the outmost cohesive protein layers towards the center of the column, such that the load is decreasing.

One can see that the strength of the column (highest stress) depends on both the size and the twist angle.

In [40], the columns often break at their heads. This cannot be reproduced in the simulations, since small

imperfections at the column head coming from the FIB production and the exact contact conditions are

difficult to model.
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Figure 18: Columnar structure, compression test: Stress-strain curves.
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7. Summary

The goal of our work is to understand the structure and property relationship of hierarchically structured

biological materials, which could contribute biomimetic material research using the biological systems as

models for engineering applications. A bovine tooth consists of different layers, of which dental enamel is

the outermost one. The dental enamel is a hierarchical composite which consists of two natural materials,

e.g., mineral and protein.

We presented a model of the mechanical behavior of bovine dental enamel, with emphasis on the failure

behavior. The microstructure of bovine teeth is very similar to that of human teeth [55, 56]. Due to their

size and the larger availability, many experiments are performed for bovine rather than human teeth. The

model has been validated against experimental data and we achieved a good agreement. The proposed

model captures accurately size effects and the dependence of the failure mode in regard to the aspect ratio

of fibers. Various failure mechanisms are represented phenomenologically by cohesive interfaces.

The numerical realization relies on the idea of a complete scale separation. The simulations study the

first hierarchy level of the bovine teeth. We consider a three-dimensional, triangular prism representative

volume element.

Findings:

• Long fibers definitely fail by breaking, but some amount of debonding occurs in any case.

• Damage under compression needs some imperfection. This might be a defect, or a twist, maybe also

an ending fiber, which then impinges and damages the protein matrix. A long slim column can also

fail under buckling.

• The twist angle reduces the strength of the column significantly, that is, for large columns containing

many more fibers than simulated here, a small angle will suffice to decrease the strength to the values

observed in the experiment.

The optimized mechanical functioning of these biological materials, like being hard and damage tolerant

at the same time is a desirable property for engineering applications. Thus, there are considerable efforts

underway to understand how these mechanical properties are governed through a hierarchical combination

of the hard and soft structural components. In this view, the modeling of dental enamel was undertaken

in this study. And one of the finding was that the optimization of fracture energy and fracture strength

can be regulated by the hard particle aspect ratio. For example, this could serve as design parameter for

bio-inspired artificial fiber-reinforced composite materials.
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Further, based on the developed model, it is now possible to adjust material parameters and geometrical

features for the first level of hierarchy which are difficult to determine experimentally, such as the twist angle,

by fitting the experimentally measured strength and stiffness from micro bending and micro compression

tests. From the existing literature it is well known that strength and stiffness are reduced by adding further

levels of hierarchy simply due to the fact that the percentage of soft phase is continuously increasing with

each level. The numerical results on the effects of the twist angle and the column diameter under tension

and compression on the material’s stiffness give rise towards an optimized design of a hierarchical advanced

ceramics. It is, however, unclear if and how further levels of hierarchy may be beneficial with regard to other

properties, such as the fracture toughness. Once this question is answered, the resulting model is applicable

studying combinations of materials and geometries for various materials and hierarchy designs. Based on

such an approach it will be possible to clarify if and how the different levels of hierarchy should be tailored

to obtain a synthetic hierarchical material with improved macroscopic properties.
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