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The energy-in�ux / entropy-in�ux relation in the Green�Naghdi Type III theory of heat

ondution is examined within a thermodynamial framework à la Müller�Liu, where that

relation is not spei�ed a priori irrespetively of the onstitutive lass under attention. It

is shown that the lassial assumption, i.e., that the entropy in�ux and the energy in�ux

are proportional via the absolute temperature, holds true if heat ondution is, in a sense

that is made preise, isotropi. In addition, it is proven that the standard assumption

annot be postulated in general in ase of transversely isotropi ondution.
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1. Introdution

A key assumption in the standard ontinuum theory of heat propagation is that,

for q,h and r, s the in�ux vetors and the external soures of, respetively, energy

and entropy, the energy in�ow (q, r) is proportional to the entropy in�ow (h, s),
the proportionality fator being the absolute temperature ϑ:

(q, r) = ϑ(h, s), ϑ > 0. (1.1)

Whether or not this assumption is generally tenable has been the subjet of

onsiderable debate (see e.g. the papers by Müller (1971) and Liu (1972, 1973)).

The issue an be taken up in the framework of one or another ontinuum theory

of heat ondution: Podio�Guidugli (2012) uses the framework of the standard

theory, whih leads to a paraboli heat equation, Bargmann & Steinmann

(2007) that of the Type III theory of Green & Naghdi (1993), whih allows for

propagation of heat waves with �nite speed (we summarize these two theories in

Setion 2). In this paper, we use the latter framework, in a manner that di�ers

from Bargmann and Steinmann's in a number of points. As in Podio�Guidugli

(2012) for the standard theory, we prove: in Setion 3, that for thermodynami
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onsisteny (1.1) must hold true when heat ondution is, in a sense that we

make preise, isotropi; in Setion 4, that (1.1) may be violated in the transversely

isotropi ase. In our proofs, we exploit ertain simple mathematial tools that

are desribed in Appendies A and B.

2. Heat ondution theories

Thermal and deformational phenomena an be onsidered oupled, as is done,

e.g., in thermoelastiity. For our present purposes, it is su�ient to onsider the

simplest instane, namely, heat propagation in a rigid ondutor. Consequently,

we need not distinguish between referene and urrent on�gurations; we also

leave all spatial dependenes tait.

The standard ontinuum theory of heat ondution is based on the following

two laws:

� (energy balane)

ε̇=−divq+ r, (2.1)

where ε denotes the volume density of the internal energy, and ε̇ its time rate;

� (entropy imbalane)

η̇≥−divh+ s, (2.2)

with η the entropy. It is ustomarily assumed that (1.1) holds. With this and the

notion of Helmholtz free-energy :

ψ = ε− ϑη,

the following free-energy growth inequality is arrived at:

ψ̇ + ηϑ̇+ ϑ−1 q · ∇ϑ≤ 0 . (2.3)

When a set of state variables is hosen � say, {ϑ,∇ϑ, ϑ̇} � this inequality is used

to derive restritions on the hoie of the state funtions delivering ψ, η, and q,
in the manner devised by Coleman and Noll in their lassi paper (Colemann &

Noll 1963).

Green & Naghdi (1991) modi�ed the lassi path, in that they took the

following entropy law as their point of departure:

� (entropy balane)

ξ = η̇ + divh− s, (2.4)

and they hose not to assume that the internal entropy prodution ξ is

nonnegative. As to internal energy, they aepted the balane equation (2.1),

impliitly exluding any internal prodution of energy; as to entropy and energy

in�ows, the lassi proportionality expressed by (1.1). Consequently, they arrived

at the following version of (2.4) in terms of Helmholtz free energy:

ψ̇ + ηϑ̇+ h · ∇ϑ+ ξ =0. (2.5)

Moreover, in their Type III theory, they assumed that the onstitutive mappings

delivering ψ, η, and h, depend on the following list of state variables:

S := {α, α̇,∇α,∇α̇}, (2.6)



3

where the thermal displaement α, a �eld whose preise interpretation in

statistial mehanis is still wanted, is somehow indiretly haraterized by

postulating that its time derivative equals an empirial temperature T :

α̇(t) := T (t).1

As antiipated in the Introdution, Müller and Liu questioned the general

appliability of assumption (1.1) and proposed a thermodynami format within

whih to test whether or not it �ts a given onstitutive lass. This format amounts

to onsidering the energy balane (2.1), with r=0, as an internal onstraint to

be appended to the entropy imbalane (2.2), with s=0, after multipliation by a

so-alled `Lagrange multiplier' λ, a positive salar to be onstitutively spei�ed:

η̇ + divh− λ
(
ε̇+ divq

)
≥ 0, λ > 0. (2.7)

When the onstitutive mappings involved in (2.7) depend on the Green�Naghdi

list (2.6) of state variables, one an try and use a Coleman�Noll type proedure to

see whether the multiplier λmay be shown to be, if not equal, at least proportional

to oldness (Müller 1971), that is, the inverse ϑ−1
of the absolute temperature.

Granted an appropriate generalization of the format we just introdued,

the same issue has been onsidered by Bargmann & Steinmann (2007) for

thermoelasti materials. We here reah more omplete onlusions than theirs

under less stringent assumptions and by a di�erent train of reasoning.

3. Isotropi ondution implies proportionality of energy and entropy in�uxes

On hoosing the state variables as in (2.6), inequality (2.7) reads:

(
∂αη − λ∂αε

)
α̇+

(
∂α̇η − λ∂α̇ε

)
α̈+

(
∂∇αη − λ∂∇αε

)
· ∇α̇+

(
∂∇α̇η − λ∂∇α̇ε

)
∇α̈+ divh− λdivq≥ 0,

(3.1)

where

divh− λdivq=
(
∂αh− λ∂αq

)
· ∇α+

(
∂α̇h− λ∂α̇q

)
· ∇α̇+

+
(
∂∇αh− λ∂∇αq

)
· ∇2α+

(
∂∇α̇h− λ∂∇α̇q

)
· ∇2α̇.

(3.2)

We apply the Coleman�Noll proedure (Coleman & Noll 1963) to the

inequality that is obtained by ombining (3.1) and (3.2), that is, we require that it

1

Here is a quotation from Green & Nagdi (1991): �The temperature T (on the marosopi

sale) is generally regarded as representing (on thermoleular sale) some `mean' veloity

magnitude or `mean' (kineti energy)

1/2
. With this in mind, we introdue a salar α=α(X, t)

through an integral of the form

α=

∫ t

t0

T (X, τ ) dτ + α0, (7.3)

where t0 denotes some referene time and the onstant α0 is the initial value of α at time t0. In

view of the above interpretation assoiated with T and the physial dimension of the quantity

de�ned by (7.3), the variable α may justi�ably be alled thermal displaement magnitude or

simply thermal displaement. Alternatively, we may regard the salar α (on the marosopi

sale) as representing a `mean' displaement magnitude on the moleular sale and then T = α̇.�
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be satis�ed whatever the loal ontinuation {α̈,∇α̈,∇2α,∇2α̇} of eah admissible

proess. This requirement is satis�ed if and only if

sym

(
∂∇αh− λ∂∇αq

)
= 0,

sym

(
∂∇α̇h− λ∂∇α̇q

)
= 0,

∂α̇η − λ∂α̇ε= 0,

∂∇α̇η − λ∂∇α̇ε=0,

(3.3)

and, moreover, inequality (2.7) redues to

(
∂αη − λ∂αε

)
α̇+

(
∂∇αη − λ∂∇αε+ ∂α̇h− λ∂α̇q

)
· ∇α̇+

(
∂αh− λ∂αq

)
· ∇α≥ 0.

(3.4)

Conditions (3.3)

1,2 are expedient to prove our main result:

For eah hosen value of the independent variables α, α̇, let the energy
and entropy in�uxes and the Lagrangian multiplier be delivered by

isotropi onstitutive mappings q̂(α, α̇, ·, ·), ĥ(α, α̇, ·, ·), λ̂(α, α̇, ·, ·),
the �rst two vetor-valued, the third delivering positive salars.

Then, the energy in�ux is proportional to the entropy in�ux via

the Lagrangian multiplier, whih depends neither on the thermal

displaement gradient ∇α nor on the temperature gradient ∇α̇:

h= λq, λ= λ̂(α, α̇)> 0. (3.5)

Our proof is ahieved as follows. For simpliity, we let the dependene on α and

α̇ be tait, and write u for the third state variable in the list (2.6), and v for the

fourth. On making use of the representation formula (5.3) from Appendix A, we

set:

ĥ(u,v) = h1u+ h2v, hj = ĥj(|u|, |v|,u · v) (j =1, 2),

q̂(u,v) = q1u+ q2v, qj = q̂j(|u|, |v|,u · v) (j =1, 2),
(3.6)

whene

h− λq= (h1 − λ q1)u+ (h2 − λ q2)v; (3.7)

provisionally, we also set

λ= λ(|u|, |v|,u · v).

With this, ondition (3.3)

1
reads:

(
h1 − λq1

)
I+

(
∂1h1 − λ∂1q1

)
|u|−1 u⊗ u+

(
∂3h2 − λ∂3q2

)
v ⊗ v+

(
∂3h1 + ∂1h2|u|

−1 − λ
(
∂3q1 + ∂1q2|u|

−1
))

sym

(
u⊗ v + v ⊗ u

)
= 0,

(3.8)

and has to be satis�ed for all u and v (here ∂i (i= 1, 2, 3) denotes di�erentiation
of a funtion with respet to the i-th of its arguments). An appliation of the �rst
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of the two algebrai lemmas proved in Appendix B permits us to onlude that:

h1 − λq1 =0,

∂1
(
h1 − λq1

)
+

(
∂1λ

)
q1 = 0,

∂3h2 − λ∂3q2 =0,

∂3h1 − λ∂3q1 + (∂1h2 − λ∂1q2)|u|
−1 =0.

(3.9)

Quite analogously, ondition (3.3)

2
yields:

h2 − λq2 =0,

∂2
(
h2 − λq2

)
+

(
∂2λ

)
q2 =0,

∂3h1 − λ∂3q1 = 0,

∂3h2 − λ∂3q2 + (∂2h2 − λ∂2q2)|v|
−1 =0.

(3.10)

Now, (3.9)

1,2 and (3.10)

1,2 imply that the Lagrange multiplier λ annot depend

on |u|, |v|; moreover, (3.9)

3
and (3.10)

1
allow to onlude that it does not depend

on u · v as well, whih establishes the seond of (3.5). Consequently, again with

the use of (3.9)

1
and (3.10)

1
, we arrive at the following preise statement of (3.5)

1
:

ĥ(α, α̇,∇α,∇α̇) = λ̂(α, α̇) q̂(α, α̇,∇α,∇α̇). (3.11)

A diret onsequene of (3.11) is that, when two material bodies are in ideal

thermal ontat, that is, by de�nition, when neither the energy nor the entropy

�ux su�ers a jump at a point of a ommon interfae oriented by the normal �eld

n:

[[q · n]] = [[h · n]] = 0, (3.12)

then the Lagrange multiplier is also ontinuous at the interfae:

[[λ]] = 0. (3.13)

At this point, in the words of Müller, �. . . there is a prie to pay for not having

introdued the temperature so far in rational thermodynamis with Lagrange

multipliers" (Müller 1985, p. 168). The desideratum is a proof that

λ∝ ϑ−1, (3.14)

with ϑ−1
the oldness; hene, in partiular, that λ̂ is a universal funtion. This

an be ahieved, as Müller himself proposed in (Müller 1971), by onsidering

a situation when a material body of whatsoever onstitutive nature is put in

ideal thermal ontat with an ideal gas, for whih the kineti theory permits to

show that (3.14) indeed holds, provided ϑ is taken proportional to the empirial

temperature T . We leave it to the reader to deide whether or not suh an

argument is onvining. For us, in that it relies on importing a result from a

theory taitly regarded as more foundational in nature, it is for sure suggestive

of assuming (3.14) right away, without any need to imply, let alone aept, a

vassalage between theories.
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4. A ounterexample to proportionality: transversely isotropi ondution

In this Setion, we show that assumption (1.1) is not tenable in general. Within the

framework of a standard theory of heat ondution modi�ed by the introdution

of a Lagrangian multiplier, this result has been announed by Liu (2009), who

proposed to onsider the ase of transversely isotropi materials to exhibit a

ounterexample to proportionality of energy and entropy in�uxes; the proof he

o�ered is faulty, although easily amendable (Podio�Guidugli 2012). We here

exploit the same ounterexample within the Green�Naghdi theory of Type III.

For e∈ V any hosen unit vetor, onsider the lass of vetor-valued mappings

over V × V of the following form:

f̃(u,v; e) =ϕ1 u+ ϕ2 v + ϕ3 e, ϕi = ϕ̃i(|u|, |v|,u · v,u · e,v · e) (i= 1, 2, 3)
(4.1)

(one again, we have left the dependene on α and α̇ tait). Clearly, eah mapping

f̃ in this lass is transversely isotropi with respet to the axis e, in the sense that

it satis�es

Qf̃(u,v) = f̃(Qu,Qv), ∀u,v ∈ V, ∀Q∈Orth(e), (4.2)

where Orth(e) denotes the ontinuous group of all rotations about the span of e.

On using a representation if type (4.1) for both h̃ and q̃:

h̃(u,v) = h1 u+ h2 v + h3 e, hi = h̃i(|u|, |v|,u · v,u · e,v · e) (i=1, 2, 3),

q̃(u,v) = q1 u+ q2 v + q3 e, hi = q̃i(|u|, |v|,u · v,u · e,v · e) (i= 1, 2, 3),
(4.3)

whene

h− λq= (h1 − λ q1)u+ (h2 − λ q2)v + (h3 − λ q3)e, (4.4)

with the following provisional assumption as to the multiplier λ:

λ= λ(|u|, |v|,u · v,u · e,v · e). (4.5)

Now, ondition (3.3)

1
beomes:

(
h1 − λq1

)
I+

(
∂1h1 − λ∂1q1

)
|u|−1 u⊗ u+

(
∂3h2 − λ∂3q2

)
v ⊗ v+

(
∂4h3 − λ∂4q3

)
e⊗ e+

(
∂3h1 + ∂1h2|u|

−1 − λ
(
∂3q1 + ∂1q2|u|

−1
))

sym

(
u⊗ v + v ⊗ u

)
+

(
∂4h1 + ∂1h3|u|

−1 − λ
(
∂4q1 + ∂1q3|u|

−1
))

sym

(
u⊗ e+ e⊗ u

)
+

(
∂4h2 + ∂3h3 − λ

(
∂4q2 + ∂3q3

))
sym

(
v ⊗ e+ e⊗ v

)
= 0,

(4.6)

for all u and v; ondition (3.3)

2
yields a ompletely analogous identity. By

applying Lemma 2 in Appendix B to eah of these two identities, we reover
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relations (3.9) and (3.10), as well as the following list of additional relations:

∂4h3 − λ∂4q3 =0,

∂4h1 − λ∂4q1 + (∂1h3 − λ∂1q3)|u|
−1 =0,

∂4h2 − λ∂4q2 + ∂3h3 − λ∂3q3 = 0.

(4.7)

and

∂5h3 − λ∂5q3 = 0,

∂5h2 − λ∂5q2 + (∂2h3 − λ∂2q3)|v|
−1 =0,

∂5h1 − λ∂5q1 + ∂3h3 − λ∂3q3 =0.

(4.8)

Now, we have shown that (3.9) and (3.10) imply that λ annot depend

on the �rst three arguments in the preliminary representation (4.5); moreover,

due to (3.9)

1
and (3.10)

1
, we have the following rearrangements of, respetively,

onditions (4.7)

2
and (4.8)

2
and onditions (4.7)

3
and (4.8)

3
:

(∂4λ)q1 + ∂1(h3 − λ q3)|u|
−1 = 0,

(∂5λ)q2 + ∂2(h3 − λ q3)|v|
−1 =0,

(4.9)

and

(∂4λ)q2 + ∂3h3 − λ∂3q3 = 0,

(∂5λ)q1 + ∂3h3 − λ∂3q3 = 0.
(4.10)

The last two relations imply that

(∂4λ)q2 = (∂5λ)q1,

a ondition whih poses no restritions on the hoie of q if and only if λ is

independent of the fourth and �fth argument in (4.5). But, if λ may depend only

on α and α̇, onditions (4.10) oalese and, together with (4.7)

1
, (4.8)

1
, and (4.9),

imply that (h3 − λ q3) may also depend only on α and α̇.
All in all, we have that

h1 − λ q1 =0, h2 − λ q2 = 0, h3 − λ q3 = f with f = f̃(α, α̇), λ= λ̃(α, α̇).
(4.11)

Aordingly, an in�ux disrepany in the diretion of the transverse isotropy

remains:

h− λq= (h3 − λ q3)e= f e, (4.12)

where

h̃3(α, α̇, |∇α|, |∇α̇|,∇α · ∇α̇, ∂eα, ∂eα̇) =

λ̃(α, α̇) q̃3(α, α̇, |∇α|, |∇α̇|,∇α · ∇α̇, ∂eα, ∂eα̇) + f̃(α, α̇).

5. Conlusions

The lassial assumption of proportionality between entropy and energy in�uxes

via the temperature has been aepted even in the ase of non-lassial ontinuum
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theories, suh as Green�Naghdi's, in spite of the objetions raised by Müller (1971)

and Liu (1972, 1973) and of the fat that it has been found inappropriate in several

irumstanes (for instane, when one deals with thermodynamis of di�usion

(Liu 1973, Liu 2009)) and inonsistent with the kineti theory of ideal gases (see

(Liu 1973, Liu 2009) and referenes therein). As this assumption bears diretly

on the mathematial desription of heat propagation, we have foused on rigid

heat ondutors within the framework of Green�Naghdi's Type III theory, and

demonstrated its exlusively onstitutive nature by showing that:

(i) when heat ondution is isotropi (that is, in Green�Naghdi's theory, when

energy and entropy in�uxes are assumed to depend isotropially on the gradients

of both the thermal displaement and its time rate), then entropy and energy

in�uxes must be proprortial, via a multiplier that needs not be the temperature,

although it may depend on it;

(ii) when heat ondution is transversely isotropi, then proportionality annot

be postulated in general, beause an additional entropy �ux along the diretion

of transverse isotropy is possible.

We believe that these results arry on without any substantial hange for

material lasses more general than that of rigid ondutors. What postulation

about entropy and energy in�uxes �ts one or another non-isotropi type of heat

propagation is an issue that remains open.

Appendix A. Representation of an isotropi vetor funtion of two vetor

arguments

Here we derive a representation formula for isotropi vetor-valued mappings of

two vetor arguments; although the result is well known (Wang 1970, Wang 1971),

our proof is, to our knowledge, new. As a premiss, we reall that a salar-valued

funtion f of two vetorial arguments is isotropi, i.e., suh that

f(u,v) = f(Qu,Qv), ∀u,v ∈ V, ∀Q∈Orth,

where V is a suitable vetor spae and Orth the full orthogonal group, if and only

if

f(u,v) =ϕ(|u|, |v|,u · v). (5.1)

Lemma 1. Let f̂ be an isotropi mapping of V into itself, i.e., suh that

Qf̂(u,v) = f̂(Qu,Qv), ∀u,v ∈ V, ∀Q∈Orth. (5.2)

Then, f̂ has the following representation:

f̂(u,v) = ϕ1(|u|, |v|,u · v)u + ϕ2(|u|, |v|,u · v)v. (5.3)

Proof. Write (5.2) for Q, a point of a smooth urve through I, on the manifold

Orth:

t 7→Q(t), Q(t0) = I, Q̇(t0) =:W ∈ Skw, (5.4)
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and di�erentiate at t= t0, so as to get:

Wf̂(u,v) =F̂1(u,v)Wu + F̂2(u,v)Wv,

F̂1(u,v) := ∂1f̂(u,v), F̂2(u,v) := ∂2f̂(u,v), ∀u,v ∈ V, ∀W∈ Skw.
(5.5)

This ondition is equivalent to

W ·
(
a⊗ f̂(u,v) − F̂T

1 (u,v)a ⊗ u− F̂T
2 (u,v)a ⊗ v

)
= 0, (5.6)

∀u,v,a ∈ V, ∀W ∈ Skw, and then

a× f̂(u,v) − F̂T
1 (u,v)a × u− F̂T

2 (u,v)a × v= 0, ∀u,v,a ∈ V. (5.7)

Now, take the vetor produt with w := u× v and use the identity (a× b)× c=
(a · c)b− (b · c)a so as to obtain:

(a ·w)f̂(u,v) −
(
f̂(u,v) ·w

)
a=

(
a · F̂1(u,v)w

)
u+

(
a · F̂2(u,v)w

)
v (5.8)

∀u,v,a ∈ V. Sine
(
a · F̂1(u,v)w

)
u=

(
u⊗ F̂1(u,v)w

)
a=

(
FT
1 (u,v)u ⊗w

)
a,

(
a · F̂2(u,v)w

)
v=

(
v ⊗ F̂2(u,v)w

)
a=

(
F̂T
2 (u,v)v ⊗w

)
a,

(5.9)

we have that

(a ·w)f̂ (u,v) −
(
f̂(u,v) ·w

)
a=

(
F̂T
1 (u,v)u ⊗w + F̂T

2 (u,v)v ⊗w
)
a, (5.10)

∀u,v,a ∈ V. Given the arbitrariness of a, it su�es to hoose a ·w=0 to dedue

that

f̂(u,v) ·w= 0, ∀u,v ∈ V ⇔ f̂(u,v) = f1(u,v)u + f2(u,v)v. (5.11)

To onlude, one observes that this provisional form of f̂(u,v) is ompatible with

(5.2) i� f1 and f2 are isotropi. Thus, an appliation of (5.1) su�es. �

Appendix B. Two algebrai lemmas

Lemma 2. Let the algebrai equality

αI+ βu⊗ u+ γv ⊗ v + δ(u⊗ v + v ⊗ u) = 0 (5.12)

hold for all u,v ∈ V. Then,

α= β = γ = δ =0. (5.13)

Lemma 3. Let the algebrai equality

αI+ βu⊗ u+ γv ⊗ v+ δ(u ⊗ v + v ⊗ u)+

ϕe⊗ e+ χ(u⊗ e+ e⊗ u) + ψ(v ⊗ e+ e⊗ v) = 0
(5.14)

hold for all u,v ∈ V. Then,

α= β = γ = δ= ϕ= χ=ψ= 0. (5.15)
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