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Abstract

The current paper deals with the assessment and the numerical simulation of low cycle fatigue of an aluminum 2024 alloy. Ac-
cording to experimental observations, the material response of Al2024 is highly direction-dependent showing a material behavior
between ductile and brittle. In particular, in its corresponding (small transversal) S-direction, the material behavior can be charac-
terized as quasi-brittle. For the modeling of such a mechanical response, a novel, fully coupled isotropic ductile-brittle continuum
damage mechanics model is proposed. Since the resulting model shows a large number of material parameters, an efficient, hybrid
parameter identification strategy is discussed. Within this strategy, as many parameters as possible have been determined a priori by
exploiting analogies to established theories (like P’ law), while the remaining free unknowns are computed by solving an opti-
mization problem. Comparisons between the experimentally observed and the numerically simulated lifetimes reveal the prediction
capability of the proposed model.
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1. Introduction

High-performance materials like aluminum alloys are fre-
quently employed in structural components of transportation
vehicles (e.g., airplanes, automobiles and motorcycles). They
have a high strength-to-weight-ratio and a high corrosion-resis-
tance resulting in high efficiency. In particular, Al2024 is fre-
quently used for components in the aerospace industry, e.g., for
airframes or the fuselage of airplanes. This special aluminum
alloy is known to be very damage tolerant and a good fatigue
performer, cf. [1]. Due to practical relevance, the material prop-
erties of aluminum alloys have been analyzed extensively to as-
sess their performance under single loading events (monotonic
loading) as well as under repeated loading at low stress levels
(high cycle fatigue (HCF)), cf. [1].

Engineering structures frequently made of high-strength al-
loys such as aerospace structures are usually subjected to a
number of loading incidents during service life which are often
of cyclic nature like recurrent landing operations or alternate
pressure loadings at high altitudes. In benign situations, the
stress levels are comparatively low. However, during critical
overloads, e.g., experienced during unpredictable mechanical
events like tough landing operations, bad weather conditions,
etc., the material may experience higher local stresses. Even
though the bulk of the material may be below the yield limit, lo-
cal flaws or inhomogeneities may increase the local stress level
above the elastic regime, which may promote material degra-
dation at higher stress levels (low cycle fatigue (LCF)). Thus,
the experimental assessment of the LCF behavior of aluminum
alloys is of great importance. Usually, a number of experiments
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have to be conducted under distinct loading conditions which is
costly and time-consuming. The demand for numerical models
for the simulation of LCF is, thus, obvious.

Evidently, the LCF behavior of aluminum alloys such as
Al2024, or more precisely, their mechanical response in gen-
eral, is strongly affected by the kind of manufacturing process.
For instance, the thermomechanical treatment during wrought
processing like hot working can produce highly directional grain
structures and a significant degree of texturing. As a result, the
material response may be direction-dependent. Recently, the
material behavior in the longitudinal (L-), the transversal (T-)
and the small transversal (S-) directions of a block of Al2024-
T351 have been analyzed, cf. [10, 26]. In monotonic loading
tests, the material response for specimens loaded in S-direction
was less ductile and had a reduced rupture strain compared to
those loaded in L- or T-directions. Moreover, in contrast to the
L- and T-direction, necking was negligible and the final frac-
ture surface was almost perpendicular to the loading direction.
In summary, the material behavior in S-direction can be char-
acterized as quasi-brittle, i.e., it lies in a certain range between
ductile and brittle. Even though the underlying damage process
is driven by local plastic strain accumulation as well, i.e., can be
considered as ductile, the amount of global plastic deformation
and the total energy absorbed is comparably small. The afore-
mentioned quasi-brittle damage mechanism might also have a
considerable effect on the damage process under LCF. There-
fore, a novel material model capable of describing such a quasi-
brittle damage is elaborated within the present paper. It is based
on a new approach for brittle damage combined with a well-
established model for ductile material degradation.

Models describing the failure processes in ductile materi-
als, can be classified into two major groups: Micromechani-
cally based models and those which approximate the respec-
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tive damage processes by means of rather phenomenological
approaches. So-called ductile fracture models belong to the
first class. They are based on (semi-) analytical homogeniza-
tion procedures of void growth in representative volume el-
ements, cf. [24, 3]. In the past, either coupled approaches
[8, 22], where the softening behavior is simulated by means
of a fully coupled elasto-plastic yield criterion, or uncoupled
criteria [21], where failure is assumed when the evolution of
the damage variable reaches a critical threshold, were used.
In the last three decades, this modeling class has seen a rapid
development. For the modeling of the monotonic loading be-
havior of Al2024 in S-direction, refer to [23]. Even though
ductile fracture models can be quite general and may include
rather complex void shapes or may consider damage accumula-
tion under cyclic loading (see [11] and references therein), their
(semi-) analytical tractability is naturally limited. In more re-
cent analyses of material degradation, multiscale finite element
approaches are thus used, cf. [25].

In the second class of models, the damage process is de-
scribed by means of a more phenomenological approach. An
explicit micro-mechanical modelling of defect evolution such
as void growth in a representative volume element is not consid-
ered and no homogenization procedure is applied. Different to
ductile fracture models, where the yield function depends on a
softening variable, material degradation is taken into account by
reducing the stored energy function, while the respective evolu-
tion equations are derived by considering certain general prin-
ciples like the effective stress concept or the principle of strain
equivalence [13] or energy equivalence [5]. Starting from the
early proposition by K [9] for ductile creep damage,
this phenomenological approach has already been applied to a
wide range of different mechanical problems with great success.
Especially the ductile damage model of L [13] became
very popular. It has been generalized to a fully anisotropic dam-
age law in [15]. This modeling class is often referred to as con-
tinuum damage mechanics (CDM).

Due to the complex microstructure of Al2024 (see [26, 10]),
a micromechanically based model does not seem to be promis-
ing for analyzing the resulting LCF response. Instead, a phe-
nomenological CDM approach is considered in the present pa-
per. In our earlier analyses in the past, only ductile damage was
taken into account, cf. [26, 10]. However, since the microstruc-
tural arrangement of Al2024, as observed in our current sample
[20], may favor also brittle failure modes, a fully coupled model
is proposed here. While ductile damage is modeled in a similar
fashion as advocated in [13] (with few modifications), a novel
approach is elaborated for brittle damage. In sharp contrast
to the ductile damage model, material degradation can already
evolve below the yield limit. Since early work on a large num-
ber of smooth and notched specimen demonstrated that wide
variations in commercial aluminum alloys caused little or no
detectable differences in fatigue strength [1], the novel coupled
damage model is also applicable to a wider range of aluminum
alloys.

The paper is structured as follows: In Section 2, the mi-
crostructure of Al2024-T351 is described. The micromecha-
nisms associated with material damage are briefly explained in

Section 3. The novel CDM model is elaborated in Section 4.
Based on mechanical experiments summarized in Section 5,
the calibration of the CDM model to Al2024 is discussed in
Section 6. Finally, the numerical simulations presented in Sec-
tion 7 reveal the prediction capability of the novel quasi-brittle
damage model for low cycle fatigue.

2. The microstructure of Al2024-T351

The material currently investigated is the aluminum alloy
Al2024-T351. Typically, this material is used in thin sheets,
e.g., for aircraft components. All specimens were cut from a
block of Al2024 with a thickness of 100 mm.

The matrix is precipitation hardened by finely dispersed sec-
ondary phases Al2Cu and Al2CuMg [20]. The chemical com-
position is given in Tab. 1. Copper is the main alloying compo-
nent. Manganese, together with magnesium, improves in par-
ticular the quenching properties and chromium enhances the
corrosion resistance.

Table 1: Chemical composition of the considered AL2024 alloy (weight %)

Cu Mg Mn Si Fe Cr Al
4.11 1.12 0.46 0.048 0.05 0.003 Rest

The label T351 characterizes the wrought processing rou-
tine where T3 indicates solution heat treatment, air quench-
ing and cold working, while 51 stands for stress relief by cold
stretching. Before repeated rolling, the blocks are roughly 300-
600 mm thick. Already after cooling down, the secondary phases
are coarsely distributed throughout the Al-matrix. During hot
rolling, particle clusters are formed (henceforth called particles
of level I) aligned in rolling direction which form internal net-
works separating the structure into flat disks of Al-matrix do-
mains surrounded by particle free bands (PFB). A confined re-
crystallization initiated during hot working leads to a texture
with grain dimensions elongated in rolling direction. During
solution heat treatment after hot working some coarse parti-
cles are dispersed into the Al-matrix favorably at grain bound-
aries (grain boundary segregation; henceforth labeled particles
of level II) with precipitates-free zones (PFZ) around. During
mild quenching in air, ageing occurs allowing a precipitation
of fine particles into the Al-matrix (henceforth labeled as par-
ticles of level III) which hardens the alloy by acting as disper-
soids or grain refining agents. To relieve residual stresses and
to straighten the plate, it is work-hardened by stretching until a
plastic deformation of 1.5-3% is reached.

Some words on microstructural dimensions (see Tab. 2):
The network-like connected particle clusters of level I have a
particle size of 23.5 ± 16.7 µm and are surrounded by PFB of
approximately 5 µm-thickness. The matrix domains are formed
like disks with an average radius 236.5 ± 125.5 µm and thick-
ness of 26.3 ± 11.3 µm, hardened by secondary particles of
level III with a particle size of 0.036 ± 0.038 µm. The parti-
cles of level III are finely distributed throughout the Al-matrix
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and are shaped like small needles. The dispersoids and some
external inclusions (oxides, etc.) of level II with a particle size
of 0.30 ± 0.21 µm are located at the grain boundaries. The
grains are aligned in rolling direction and are formed in a pan-
cake shape with an average width of 120 µm and an average
thickness of 52 µm.

Particle size Mean diameter Volume fraction
Level I 23.5±16.7 µm 3.2±0.7 %
Level II 0.30±0.21 µm 4.8±2.1 %
Level III 0.036±0.038 µm 2.3±1.2 %

Table 2: Dimensions and volume fractions of the particles of level I, II and III,
cf. [20]

3. Characterization of the microstructural failure modes

In the following, the failure modes under monotonic and
cyclic loading are briefly discussed (see also [10]). To ana-
lyze the corresponding failure processes, tests on smooth and
notched round bars (RB) were conducted in different loading
directions as shown in Fig. 1. Experimental evidence in form
of SEM pictures, which were taken from the fracture surfaces,
is provided. With the aid of imaging software it was possible
to produce also three-dimensional visualizations of the fracture
surfaces for a better characterization of the failure mechanisms.

S

LT

2 0 0 0  � mm

Figure 1: Characterization of S-, L- and T-directions and specimens taken

3.1. Monotonic loading
Monotonic uni-axial tensile tests on smooth round bars as

presented in Fig. 2 revealed that the plastic deformation follows

the same characteristics in the beginning of the loading process
in all tested directions. However, while the plastic behavior

5 0 0
4 0 0
3 0 0
2 0 0
1 0 0
0
0 5 1 0 1 5 2 0 2 5 3 0

S t r a i n  e 1 1  [ % ]

L  o r i e n t a t i o n
T  o r i e n t a t i o n
S  o r i e n t a t i o n

Ca
uc
hy
 str

ess
 s 1

1 [M
Pa
]

Figure 2: Stress-strain diagrams for uni-axial tension for smooth round bars

in L- and T-directions is nearly uniform even in the non-linear
range, the ductility in S-direction is reduced and fracture oc-
curs already very early. Furthermore, for specimens loaded in
S-direction, necking was almost negligible and a flat-faced type
fracture surface could be detected as illustrated in Fig. 3. In

Figure 3: Fracture surface orientations for different loading directions

summary, for specimens loaded in L- or T-direction mostly a
slant-shear fracture surface was observed and for specimens in-
clined with respect to the S-direction the fracture surface was
flat-faced. Concluding, the overall plastic deformation is re-
duced in S-direction and the failure process is more brittle. More
precisely, it can be characterized as quasi-brittle.

Fracture in commercial aluminum alloys is typically caused
by microvoid formation at second-phase particles either by de-
cohesion at the particle/matrix interfaces or by fracture of large
and brittle intermetallic particles or coarse precipitates, some-
times also at smaller dispersoids and precipitates [23]. During
coalescence, the rupture of the ligament, void impingement or
shear rupture may follow. An important failure mode in alu-
minum alloys with a high amount of larger particles is void
sheet coalescence by the process of linking up of smaller voids
along bands of shear between larger voids, leading to prema-
ture void coalescence. Since larger constituents are prevalent
in Al2024, which cannot be further resolutioned by heat treat-
ment, the fracture toughness is generally reduced in aluminum
alloys. The direction-dependent behavior can be explained by
taking the softer PFB around the particle clusters of level I and
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the softer PFZ near the grain boundaries (level II) into account,
which are denuded zones devoid of particles (see [6]). They
are preferential sites of localized plastic slip. For specimens
loaded in L- and T-direction, damage may nucleate in the weak-
est part of the microstructure, the PFB, but has to cross the
tougher matrix material leading to higher strength and dominant
slant-shear fracture. By way of contrast, for specimens loaded
in S-direction, the damage rate in the softer PFB is increased
and the fracture process follows mode I along the interfaces
between the PFB and particle clusters of level I (transgranular
cleavage or quasi-cleavage) or the interfaces between the PFZ
and the grain boundaries (intergranular separation). Since both
microstructural features are preferentially oriented in rolling di-
rection (direction of the long grain dimension), the fracture sur-
face becomes flat-faced.

In Fig. 4, 3D-visualizations of the fracture surface for the
L- and S-directions are presented. For the L-direction, the frac-
ture process can be characterized as a dimple rupture, since the
shear lips between the dimples and a rough surface structure
are clearly visible. For the S-direction, the fracture surface is
flat-faced with different height levels connected by walls of in-
tense shear rupture (“shear lips”). As can be seen in Fig. 5,
where a dimple structure can be observed for both loading di-
rections, the primarily damage process is caused by ductile frac-
ture, i.e, microvoid nucleation and coalescence. However, for
the S-direction this is more localized in the softer precipitate
free zones leading to a flat-faced fracture surface with less ex-
penditure of overall energy.

3.2. Cyclic loading
The failure process in cyclic loading is different than that

in monotonic loading. The plastic strain range is smaller, but
for a high number of cycles, the accumulated plastic strain may
exceed that of a corresponding monotonic loading test by far
leading to intense plastic strain accumulation.

The damage process for cyclic loading can be divided into
three regimes: In the first of those, the accumulation of plastic
strain and the increase in dislocation density leads to a three-
dimensional arrangement of slip bands. In the beginning, pla-
nar slip arrangements prevail where the dislocation movement
is confined to local bundles or veins due to primary slip, until
a three-dimensional cell structure is finally formed when sec-
ondary slip becomes more active. For higher load levels, the
transformation to a cell-like structure occurs earlier which is
also dependent on other intrinsic factors, cf. [1]. When an al-
most stable arrangement of dislocation structures is reached, a
saturated cyclic stress-strain curve (CSS) is formed. For alu-
minum alloys in overaged conditions where the larger fraction
of particles is incoherent and non-shearable, cyclic hardening
instead of cyclic softening can be observed during saturation.
The aforementioned process defines the initiation phase of dam-
age. It bears emphasis that this phase can take up to one half or
more of the total lifetime. In the second phase of the damage
process, microcracks are initiated which may nucleate at mi-
crostructural stress raisers like voids, inclusions, grain bound-
aries, stronger second-phase particles or notches where the lo-
cal stresses and plastic strains are concentrated, cf. [2, 12].

Finally, during the last phase, the microcracks, which are dis-
tributed over the structure, evolve to mesocracks forming even-
tually a dominant macrocrack which propagates until the struc-
ture fails.

For the definition of mesocrack initiation, the first stage of
microcrack propagation is important. The crack initiation and
propagation phase is typically divided into two stages. Within
stage I, crack growth follows the direction of the maximum
shear stress and nucleation starts typically at the surface where
slip bands have produced intrusions and extrusions leading to a
rough surface structure and micronotches generating stress con-
centrations. Subsequently, the crack growth changes to a direc-
tion perpendicular to the principal tensile stress direction. This
is called stage II crack growth. Since this is usually correlated
to macrocrack growth, only stage I is of interest for the predic-
tion of mesocrack initiation. Roughly, a mesocrack is initiated,
if a certain characteristic crack length is reached which is typi-
cally in the range of 0.5 to 1 mm. The duration of shear crack
growth is longer, if the plastic strain is more localized or the
stress range is higher. This is the case, if the structure contains
coherent particles which are shearable (underaged condition),
since they can be easily cut by dislocations and favor planar
slip bands. For incoherent particles which are non-shearable
(overaged condition), the dislocations cannot cross the particles
such that the mean intercepts of the incoherent particles define
the length of the active parts of the slip bands with fewer dis-
locations initiated, moving and piling-up against the obstacles
leading to a higher overall fatigue resistance, cf. [1]. To the
best knowledge of the authors, the current sample of Al2024 is
in an overaged condition with a mixture of shearable and non-
shearable particles which leads to good fatigue performance,
since the plastic slip is more homogeneous. The softer PFB and
PFZ are also regions of intense plastic strain localization and fa-
tigue crack growth, but participate only, if the sample is loaded
such that the particle-free interfaces are oriented in direction of
maximum shear [1].

Microcrack growth initiates dominantly at the surface, since
single slip leading to higher strain localization is more easily ac-
commodated in surface grains than in constrained bulk grains
where a large amount of multiple slip is necessary. In Fig. 6,
a visualization of an initial mesocrack at the notch root of a
notched round bar is presented. On the right-hand side of Fig. 6,
it is visible that the particles of level I and II are partly broken
and partly intact which shows that the sample has a mixed state
of ageing. Concluding, the plastic strain accumulation, which
is the primary ductile micromechanism, leads to plastic strain
localization. Localized plastic slip may produce large slip off-
sets at the surface generating micronotches and microcracks.
Any microstructural feature that results in an inhomogeneous
plastic strain distribution leads to undesirable local stress con-
centrations at microstructural stress raisers. Such concentration
sites could be the particle/matrix interfaces which can be clearly
seen in Fig. 6 where the crack path follows the path between the
fractured larger particles.
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Figure 4: Monotonic loading. 3D-visualizations of the fracture surfaces for different loading conditions: a) L-direction; b) S-direction

3 0 m m 3 0 m m

Figure 5: Monotonic loading; fracture surfaces: a) L-direction (ductile); b) S-direction (quasi-brittle)

Figure 6: Cyclic loading. Lateral SEM micrographs of cyclically damaged notched specimens. a) Mesocrack initiation; b) Coherent and incoherent particles
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3.3. Conclusion
In summary, the material behavior in S-direction can be

characterized as quasi-brittle. More precisely, plastic strain ac-
cumulation as damage driving process as well as small fatigue
crack growth as brittle damage mechanism can be observed for
LCF. Therefore, a coupled ductile-brittle damage law seems to
be promising. Such a model will be elaborated within the next
section.

4. CDM material modeling

In the current section, a novel coupled ductile-brittle dam-
age model suitable for the numerical analysis of LCF in alu-
minum alloys is outlined. For the ductile damage model, an
evolution law is used which depends on the plastic strain rate
and the energy release rate as proposed in L, cf. [13].
However, in contrast to the framework in [13], not only effective
C stresses but also effective hardening stresses are con-
sidered, cf. [7]. For the brittle damage accumulation, a novel
damage indicator function is introduced which depends also on
the energy release rate and thus, on the elasto-plastic strain ac-
cumulation. Its related damage evolution is controlled by the
damage mechanism associated with fatigue crack growth. The
introduction of a shift tensor, which plays a similar role as the
back stress tensor in elasto-plasticity, allows the consideration
of damage accumulation under cyclic loading.

This section is structured as follows: First, the ductile and
the brittle damage models are introduced and explained in de-
tail. Finally, they are combined to yield a fully coupled ductile-
brittle damage law. Throughout the paper, a geometrically lin-
ear setting is used, where the strains are coupled additively ac-
cording to

εεε = εεεe + εεε p . (1)

Here, εεε represents the total strains, and εεεe and εεε p are the elastic
and the plastic parts of εεε.

4.1. The ductile damage model
For describing typical plastic effects such as the B

effect, cyclic hardening up to saturation as well to allow a good
approximation of the plastic hysteresis curve (see [14],p. 234),
three back stress tensors Q( j)

k , (j=1,2,3) and an isotropic harden-
ing stress Qi are introduced. With these assumptions, a H
energy potential of the type

ρΨep = ω

εεεe : C : εεεe

2
+

3∑
j=1

H( j)
k

ααα
( j)
k : ααα( j)

k

2
+ Hi

α2
i

2

 (2)

is adopted in what follows. Here, C = κ I ⊗ I + 2 µPdev is the
isotropic elastic stiffness tensor involving the bulk and shear
moduli κ and µ, respectively, Hi and Hk are hardening mod-
uli and αi and ααα( j)

k represent the strain-like dual variables to Qi

and Q( j)
k , respectively. ω = (1 − D) is the so-called continuity

function which depends on the damage variable D. According
to Eq. (2) and in contrast to [13], the complete stored energy
function is reduced by ω which may lie in the range [0,1].

Based on Eq. (2), the state variables can be derived in stan-
dard manner, i.e., by means of the gradients to the energy po-
tential (2). More precisely,

σσσ = ρ
∂Ψep

∂εεεe = −ρ
∂Ψep

∂εεε p = ωC : εεεe , (3)

Q( j)
k = −ρ

∂Ψep

∂ααα
( j)
k

= −ωH( j)
k ααα

( j)
k ( j = 1, 2, 3) , (4)

Qi = −ρ
∂Ψep

∂αi
= −ωHi αi . (5)

Clearly, in contrast to the stress-like internal variables Q( j)
k and

Qi being defined by Eqs. (4) and (5), the C stress tensor
σσσ as dual variable to εεεe follows from the second law of thermo-
dynamics for fully reversible processes.

For modeling damage accumulation, the effective stress con-
cept is utilized which is based on the principle of strain equiv-
alence. According to this principle, the strain associated with
the damaged state under the applied stressσσσ is equivalent to the
strain associated with the undamaged state under the effective
stress σ̃σσ, cf. [13]. The undamaged state is defined by consid-
ering the virgin moduli C, Hi and H( j)

k for vanishing damage
(D = 0). Thus, the effective state variables (•̃) are given by

σ̃σσ = C : ε̃εεe , Q̃( j)
k = −H( j)

k α̃αα
( j)
k ( j = 1, 2, 3) , Q̃i = −Hi α̃i .(6)

By enforcing the conditions of strain equivalence, i.e., ε̃εεe = εεεe,
ε̃εε p = εεε p, α̃αα( j)

k = ααα
( j)
k and α̃i = αi, the relationships

σ̃σσ =
σσσ

ω
, Q̃( j)

k =
Q( j)

k

ω
( j = 1, 2, 3) , Q̃i =

Qi

ω
. (7)

between the effective stress-like variables (•̃) and their physical
counterparts (•) can be derived.

For deciding whether a considered loading step is dissipa-
tive or fully reversible, a yield function φp is introduced. It is
assumed that this function depends solely on effective stresses.
More precisely, a M yield function of the type

φp =

√
3
2

dev(σ̃σσ − Q̃k) : dev(σ̃σσ − Q̃k) − (Q̃i + Qeq
0 ) ≤ 0 (8)

is adopted, where Qeq
0 represents the initial radius of the elastic

domain and dev(•) is the deviatoric projector, i.e., dev(σσσ) =

σσσ − 1/3 trσσσ111. Hence, according to the effective stress con-
cept, damage and elasto-plastic effects are uncoupled, i.e., the
yield function is independent of D. However, a kinetic coupling
still exists, since the damage evolution is affected by the plastic
strain rate. This will be shown explicitly later.

The model is completed by suitable evolution equations.
For providing enough flexibility even for non-linear kinematic
hardening, the framework of generalized standard media is uti-
lized here, cf. [14]. Within this framework, the evolution laws
are derived from a plastic potential φ̄p. Similar to [13, 14], φ̄p

is assumed to be of the type

φ̄p = φp +
Y M

M S 1 ω (1 − D)K +

3∑
j=1

B( j)
k

H( j)
k

Q̃( j)
k : Q̃( j)

k

2
+

Bi

Hi

Q̃2
i

2
.(9)
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Here, M, S 1 and K are material parameters describing the dam-
age evolution and B( j)

k and Bi are material parameters control-
ling the saturation values of the hardening stresses according to
A-F. Furthermore,

Y = −ρ
∂Ψep

∂D
=
εεεe : C : εεεe

2
+

3∑
j=1

H( j)
k

ααα
( j)
k : ααα( j)

k

2
+ Hi

α2
i

2
(10)

is the energy release rate. Complying with the framework of
generalized standard media (see [14]), the evolution laws are
postulated as

ε̇εε p = λp ∂φ̄
p

∂σσσ
= λp ∂φ̄

p

∂σ̃σσ
:
∂σ̃σσ

∂σσσ
=
λp n
ω

= p n , (11)

α̇αα
( j)
k = λp ∂φ̄p

∂Q( j)
k

= λp ∂φ̄p

∂Q̃( j)
k

:
∂Q̃( j)

k

∂Q( j)
k

( j = 1, 2, 3) ,

=
λp

ω
(−n +

B( j)
k

H( j)
k

Q̃( j)
k ) = −p (n + B( j)

k ααα
( j)
k ) , (12)

α̇i = λp ∂φ̄
p

∂Qi
= λp ∂φ̄

p

∂Q̃i
:
∂Q̃i

∂Qi

=
λp

ω
(−1 +

Bi

Hi
Q̃i) = −p (1 + Bi αi) , (13)

Ḋ = λp ∂φ̄
p

∂Y
= p

Y M−1

S 1 (1 − D)K . (14)

Here, the definitions p := λp

ω
and n := ∂φ̄p

∂σ̃σσ have been intro-
duced. Hence, p equals the equivalent plastic strain rate, i.e.,√

2
3
ε̇εε p : ε̇εε p = p . (15)

The plastic multiplier λp ≥ 0 fulfills the K-T comple-
mentarity conditions

λp ≥ 0 , φp(σσσ,Q( j)
k ,Qi) ≤ 0 and λp φp = 0 (16)

as well as the consistency condition

λp φ̇p = 0 . (17)

Considering φ̇p = 0, together with Eqs. (11) to (13), the plastic
multiplier p is derived as

p =
n : C : ε̇εε

n : C : n +
3∑

j=1
H( j)

k ( 3
2 + B( j)

k n : ααα( j)
k ) + Hi (1 + Bi αi)

.(18)

It can be proved in a straightforward manner that the dissipation

D = σσσ : ε̇εε−ρ Ψ̇ep = σσσ : ε̇εε p+

3∑
j=1

Q( j)
k : α̇αα( j)

k +Qi α̇i+Y Ḋ ≥ 0 ,(19)

as predicted by the discussed model, is non-negative and thus,
the second law of thermodynamics is indeed fulfilled. This is a
direct consequence, of the convexity of the plastic potential φ̄p,
cf. [14].

4.2. The brittle damage model
According to Sections 2 and 3, a quasi-brittle-type dam-

age mechanism can also be observed in Al2024. Therefore, the
ductile damage model as discussed in the previous subsection is
supplemented by an additional brittle-type damage model here.
For deciding whether this additional model is active or not, a
novel damage indicator function is proposed (analogous to a
yield function). It reads

φd =
|YN − Γ|

S 2
− (Qd + Qd0) ≤ 0 . (20)

Here, (Qd + Qd0) defines a threshold with a constant value Qd0
and a variable value Qd. Γ is the so-called shift tensor which has
been introduced for describing cyclic loading effects (similar to
A-F-type hardening), Y is the energy release
rate (see Eq. (10)) and N is a material parameter. Assuming the
internal variables governing ductile and brittle damage to be un-
coupled, an additive form of the H energy is assumed.
More precisely,

ρΨd = ωY + Hd
α2

d

2
+ HΓ

α2
Γ

2
. (21)

αΓ and αd are the strain-like variables dual to the energy-like
variables Γ and Qd, respectively. Both sets of variables are re-
lated by the state equations as

Γ = −ρ
∂Ψd

∂αΓ

= −HΓ αΓ and Qd = −ρ
∂Ψd

∂αd
= −Hd αd . (22)

Accordingly, HΓ and Hd can be interpreted as hardening param-
eters.

Fully analogous to the elasto-plastic model presented be-
fore, the novel approach discussed here is further elaborated by
postulating suitable evolution equations. For that purpose, the
(convex) damage potential

φ̄d = φd +
Bd

Hd

Q2
d

2
+

BΓ

HΓ

Γ2

2
(23)

is introduced. Here, BΓ and Bd are material parameters which
have a similar meaning as the saturation parameters Bi or B( j)

k in
the elasto-plastic rate problem. Based on Eq. (23), the evolution
equations are derived by applying the framework of generalized
standard media (see [14]), i.e.,

α̇Γ = λd ∂φ̄
d

∂Γ
= −λd (

sign(YN − Γ)
S 2

+ BΓ αΓ) , (24)

α̇d = λd ∂φ̄
d

∂Qd
= −λd (1 + Bd αd) , (25)

Ḋ = λd ∂φ̄
d

∂Y
= λd sign(YN − Γ)

S 2
N YN−1 . (26)

The multiplier λd ≥ 0 fulfills the K-T complementar-
ity conditions

λd ≥ 0 , φd(Y,Γ,Qd) ≤ 0 and λd φd = 0 , (27)

together with the consistency requirement

λd φ̇d = 0. (28)
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Considering φ̇d = 0, the damage consistency parameter can be
obtained as

λd =

sign(YN−Γ)
S 2

N YN−1 Ẏ

BΓ
sign(YN−Γ)

S 2
(Γ∞ − Γ) + Bd (Qd∞ − Qd)

(29)

where the limit stresses Γ∞ =
HΓ sign(YN−Γ)

S 2 BΓ
and Qd∞ =

Hd
Bd

have
been introduced by assuming the limit values

sign(YN − Γ)
S 2

+ BΓ αΓ∞ = 0 and 1 + Bd αd∞ = 0 (30)

in combination with Eqs. (22). A careful analysis of the the
damage rate

Ḋ =

(
N
S 2

)2 Y2 (N−1) Ẏ

BΓ
sign(YN−Γ)

S 2
(Γ∞ − Γ) + Bd (Qd∞ − Qd)

(31)

reveals that Γ∞ and Qd∞ define an implicit threshold at which
the damage rate accelerates significantly. In contrast to Ḋ it
can be shown that the evolution of Γ or Qd is not affected by
the limit values Γ∞ or Qd∞. This is in sharp contrast to the
elasto-plastic rate problem where Bi or B( j)

k actually define the
saturation values for the hardening stresses.

For the sake of completeness, the dissipation predicted by
the model is given as well. It reads

D = Γ α̇Γ + Qd α̇d + Y Ḋ ≥ 0 . (32)

As mentioned before, since the evolution equations have been
derived from a convex potential, i.e., within the framework of
generalized standard solids, the second law of thermodynamics
is automatically fulfilled.

4.3. The coupled ductile-brittle damage model

Finally, both models as outlined in the previous two sec-
tions are integrated into one ductile-brittle damage model. In
line with the previous subsection, the H energy of that
model is assumed to be of the type

ρΨ = ω

εεεe : C : εεεe

2
+

3∑
j=1

H( j)
k

ααα
( j)
k : ααα( j)

k

2
+ Hi

α2
i

2


+Hd

α2
d

2
+ HΓ

α2
Γ

2
. (33)

While the elasto-plastic part of the model is governed by the
yield function (8), together with the evolution equations im-
plied by the plastic potential (9), the brittle damage evolution is
driven by Eqs. (20) and (21). The total material degradation D
is assumed to be a superposition of the plastic part Dd and the
brittle part Db. More precisely, by introducing the composition
factor γd = (1−γb) ∈ [0, 1] fulfilling the compatibility equation
γd + γb = 1, the coupling of both models is provided by

ω = (1 − γd Dd − γb Db). (34)

This choice leads to an additive decomposition of the energy
release into a ductile and a brittle part, i.e.,

Yd = γd

εεεe : C : εεεe

2
+

3∑
j=1

H( j)
k

ααα
( j)
k : ααα( j)

k

2
+ Hi

α2
i

2

 , (35)

Yb = γb

εεεe : C : εεεe

2
+

3∑
j=1

H( j)
k

ααα
( j)
k : ααα( j)

k

2
+ Hi

α2
i

2

 (36)

which in turn, yields the additive structure of the damage evo-
lution D = γd Dd + γb Db ∈ [0,Dcrit] with

Ḋd = p
Yd M−1

S 1 (1 − Dd)K , Dd ∈ [0,Dd
crit] , (37)

Ḋb = λd sign(Yb N − Γ)
S 2

N Yb N−1 ,Db ∈ [0,Db
crit]. (38)

It can be shown in a relatively straightforward manner that this
additive decomposition is also fulfilled for the dissipation, i.e.,

−D Ẏ = −λp ∂φ̄
p

∂Yd Yd − λd ∂φ̄
d

∂Yb Yb . (39)

Since each submodel (ductile damage and brittle damage) is
thermodynamically consistent, i.e., obeys the second law of
thermodynamics, the resulting model is indeed physically sound
as well and the dissipation inequality is thus fulfilled. To guar-
antee a positive damage evolution for brittle damage, damage
growth is considered for a half-cycle only, i.e., in case of a pos-
itive sign of (Yb N − Γ).

5. Mechanical testing

Two types of specimens were tested. A so-called Damage
Low Cycle specimen (DLC, smooth round bar) was designed
for tension-compression tests showing a stress state close to
the uni-axial one. Additionally, circumferential Round Notch
Bars (RNB) with various notch radii were designed to achieve
a variation of the stress state in the middle cross section of
the specimens. For detailed information, refer to [10]. All
specimens were cut from the same plate of Al2024-T351 in S-
(small transversal)-direction and they were mechanically treated
with a turning machine. The length of the specimens is equal
to the thickness of the plate. Hence, the effective measuring
length is associated with the mid-plane of the plate under inves-
tigation. Since scratches at the surface of the specimens could
result in stress concentrations which affect the lifetime, the sur-
faces of the specimens were ground and mechanically polished
in the direction of loading.

All experiments were conducted in a 60 kN servo-hydraulic
testing machine. Specially designed gripping of the testing
setup and clamping threads of the specimens allow for tension-
compression reversal loading. The cyclic tests in all cases were
performed displacement-controlled. The displacements were
measured using an extensometer attached to the working dis-
tances in the case of the DLC-specimen as shown in Fig. 7,
while the extensometer was attached to specially manufactured
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Figure 7: Experimental test specimens. a) DLC (Damage Low Cycle specimen); (b) RNB (Round Notch Bars) R = 10mm; (c) RNB R = 2mm

grooves in case of the RNB-specimens, see Fig. 7. A sym-
metric cycle (R=-1) based on a triangular wave shape was im-
posed with various displacement amplitudes ∆l. The time pe-
riod was not varied (T=100s). All tests were conducted until
complete failure (separation of the specimens into two parts).
Time-force-displacement responses during the tests were recorded
with a digital acquisition device. The gauge length of the smooth
round bars (DLC) was 10 mm and that of the RNB 25 mm.

The experimental results (number of cycles) for different
strain ranges are presented in Fig. 8, where ∆ε p represents the
strain amplitude for stabilized conditions, i.e., when the peak
stress remains constant from cycle to cycle.

6. Parameter identification

In the present section, the parameter identification strategy
is outlined. First, the brittle damage law is calibrated to small
fatigue crack growth considering Al2024 alloys. Then, the plas-
tic moduli are defined by matching the experimentally observed
elasto-plastic hysteresis curve for a medium strain range. For
defining damage initiation, a reasonable activation criterion is
presented which is finally calibrated to Al2024 by comparing
the experimentally observed and numerically simulated num-
ber of cycles. For this purpose, the time of damage initiation,
as observed in the experiments, has been identified by the mo-
ment when the peak stress starts decreasing. Finally, the soften-
ing process is described by the proposed ductile-brittle damage
law. Its material parameters are found by comparing the experi-
mentally observed and numerically simulated lifetimes. As op-
timization strategy, an iterative approach has been used accord-
ing to NM, cf. [16]. The parameter identification has
been done for a one-dimensional uni-axial tension-compression
test.

6.1. Calibration of the brittle damage model to Al2024

The novel brittle damage law discussed in the present pa-
per is used for describing the damage process of fatigue crack
growth. A well known model which describes fatigue crack
growth for rather long cracks was proposed by P [17]. It
reads

da
dN

= C (∆K)η , (40)

where C and η are material parameters. ∆K is the stress inten-
sity factor range which can be computed by ∆K = Kmax−Kmin =

Kmax = K, if Kmin = 0 is assumed (cyclic loading with R = 0).
In general, the rate of small crack growth can be different to

that of long crack growth. However, according to [1], the small
crack growth rate can be reasonably approximated by a model
for long cracks. Consequently, P’ law is also considered
here. For Al2024, the material parameters for the P law are
documented in [19]. For two different geometrical scaling fac-
tors, two distinct values of η, 2.73 and 3.24, are reported. In
what follows, an average value of η = 3.0 is considered. Re-
garding the stress intensity factor, it can be computed in terms
of the energy release rate (see [13], p. 71). More precisely,

K =
√

E G =
√

E Y , (41)

where G is G’s energy release. Clearly, in case of crack
growth, it equals the energy release rate Y .

For relating P law to the brittle damage model elabo-
rated in the previous subsection, the time derivative of Eq. (40),
evaluated over one cycle, is computed. It gives

ȧ = ηC Kη−1 K̇ . (42)

Consequently, by inserting Eq. (41) into Eq. (42), a relation
between the energy release rate and the crack growth of the
type

ȧ = ηC (
√

E Y)η−1

√
E

2
Y−1/2 Ẏ = C̄ Yη/2−1 Ẏ , (43)

can be derived. Here, C̄ is a material constant. By further as-
suming Ḋ ∼ ȧ, the proposed brittle damage is related to P
law by

Ḋ ∼ Y2 (N−1) Ẏ . (44)

Accordingly, a comparison of both models yields the material
parameter N = 1.25.

Considering the damage evolution rate (31), S 2 can be ne-
glected. Here, the admissible choice S 2=N=1.25 is made. For
the sake of further simplification and to reduce the unknown
material parameters, the variable damage threshold value Qd

will be neglected in our numerical simulations, i.e., an evolving
damage threshold will be modelled by means of the shift ten-
sor Γ only. Summarizing the aforementioned assumptions and
simplifications yields finally

Ḋ =
N
√

Yb Ẏb

BΓ (Γ∞ − Γ)
=

1.25
√

Yb Ẏb

BΓ (Γ∞ − Γ)
. (45)

Here, (•)∞ denotes the limit values of the respective variable
(•).

For computing the constant damage threshold value Qd0
(initial threshold), the endurance limit is considered in general.
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Specimen / ∆l [mm] ∆ε ∆ε p Nexp
D Nexp

E Nexp
R

ML / 0.8 0.08 0.0664 1 - 1
SR-1 / 0.4 0.04 0.0247 9 1 10
SR-2 / 0.3 0.03 0.0153 27 3 30
SR-3 / 0.25 0.025 0.0115 48 5 53
SR-4 / 0.2 0.02 0.0063 116 22 138
SR-5 / 0.18 0.018 0.00487 145 21 166 0 5 0 1 0 0 1 5 00

2 0 0

4 0 0

6 0 0

N e x p
D

N e x p
R

 T e n s i o n  ( e x p )
 C o m p r e s s i o n  ( e x p )Str
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s p

ea
ks 

[M
Pa

]

N u m b e r  o f  c y c l e s

N e x p
E

Figure 8: (a) Experimental results for smooth round bars (abbreviation DLC or SR); S-loading direction. Sketches for definitions of (b) cyclic strain range; (c)
Nexp

D , Nexp
E and Nexp

R

However, for aluminum such a clear endurance limit does not
exist. Given that the endurance limit can be set for a number
of cycles at fracture N f∼ 107-108, the C stress lies in
the range σ f∼50-75 MPa. Knowing σ f and assuming instanta-
neous damage initiation in the first cycle, i.e.,

φd =
Yb N

N
− Qd0 = 0 (46)

Qd0 can be computed from

Qd0 =

(
γb σ2

f

2 E

)N

N
. (47)

Here, a purely elastic material state has been considered. For an
average value σ f =62.5 MPa, Qd0 is computed as 0.009636272
(MJ/m3)N (γb=1.0, E=67000.0 MPa, N=1.25).

6.2. The approximation of the elasto-plastic hysteresis curve

To permit a good approximation of the plastic hysteresis
curve, three back stress tensors are superposed (see [14], p. 234).
In particular, the introduction of a linear kinematic hardening
rule (third back stress tensor) improves the description of strain
ratcheting, i.e., the growth of permanent strains from cycle to
cycle. A single A-F rule usually overpredicts
the ratcheting effect. The linear rule defines in particular the
slope of the hysteresis curve at the point of strain reversal. The
set of plastic parameters has been found by matching the ex-
perimentally obtained and numerically simulated elasto-plastic
hysteresis curves for a medium strain range of ∆ε = 0.025 with
53 number of cycles to fracture, see Tabs. 3 (consider a factor 2

3

for H( j)
k in the three-dimensional case). In Fig. 9, the stress-

Table 3: Computed material parameters characterizing the elasto-plastic re-
sponse (DLC specimen, ∆ε=0.025)

H(1)
k (MPa) H(2)

k (MPa) H(3)
k (MPa) Hi (MPa) E (MPa)

180000.0 5000.0 6010.0 1026.496 67000.0
B(1)

k B(2)
k B(3)

k Bi Qeq
0 (MPa) ν

3050.0 20.0 0.0 6.8433 225.0 0.3

strain diagrams obtained experimentally and those simulated
numerically are presented for the first four loading cycles. The
approximation is not completely in line with the experimental
data, but reproduces the cyclic behavior quite satisfactorily.

6.3. The damage initiation phase
The instant of damage initiation is related to the amount of

energy expended on the incubation of defects. Hence, it is cor-
related to the storage of internal plastic energy. In line with
[4], a modified energy functional is considered here. More pre-
cisely, the energy expended on the incubation of defects related
to isotropic hardening is assumed to be of the type

ŵs =

∫ t

0
R∞ (1 − e−br)

( A
m

)
r

1−m
m ṙ dt . (48)

Here, A and m are scaling parameters. The same model has
been used in our earlier works [10] for defining damage initia-
tion. r is the accumulated plastic strain (see [15],p. 28), while
R∞ and b are related to an exponential decay rule. Since in the
current setting an A-F rule is used, which is
defined by Hi and Bi, both parameter sets have to be consistent.

Evidently, the stored energy corresponding to the back stress
tensor affects damage initiation as well. However, since the first
back stress saturates very fast, while the last back stress would
lead to a too large energy (linear hardening), only the second
back stress is considered in what follows. Thus, the energy ex-
pended on the incubation of defects is approximated by

ws = ŵs +
H(2)

k

2
(ααα(2)

k : ααα(2)
k ) (49)

and damage initiation is assumed, if

ws ≥ wD (50)

with wD being a threshold value.
In summary, defining damage initiation requires to deter-

mine the set of material parameters [A,m,wD].

6.3.1. Parameter identification strategy
In order to determine a set of material parameters A, m and

wD, the objective function

{A,m,wD}
∗ = arg min

{A,m,wD}

( n∑
1

abs(logNexp
D, i − logNsim

D, i )
)
. (51)
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Figure 9: Elasto-plastic hysteresis; Experimental data and simulations for a strain range of ∆ε=0.025

is minimized. Here, Nexp
D, i are the experimentally observed cy-

cles, Nsim
D, i are the numerically simulated counterparts and n

is the number of experiments with different strain ranges (see
Fig. 8; n=5; SR-1 to SR-5).

The final material parameters are summarized in Tab. 4.
Within the computations, R∞=150.0 MPa and b=6.82 have been

Table 4: Optimized parameters for defining damage initiation

m A wD (MJ/m3)
4.8972 0.009824 0.66295

used for the exponential decay rule. Using R∞ and b, nearly
96.6% saturation of cyclic hardening is reached for an accumu-
lated plastic strain of

∑
Ncycles

∆ε p=0.5. The consistent material
parameters Hi and Bi are defined according to Tab. 3.

6.4. The coupled damage model

Although a ductile damage model similar to that proposed
in the present paper has already been calibrated and applied in
our analyses [10, 26], all material parameters associated with
the ductile damage model are re-calibrated here. Hence, by
assuming K = 0, M and S 1 have to be determined. Adding the
till now unknown parameters BΓ and HΓ for the brittle damage
model and the composition factor γd, the parameter set to be
defined is [M, S 1, BΓ,HΓ, γ

d]. A mescoscopic crack is assumed,
if the critical values of the damage variables Db,d

crit = Dcrit=0.23
are reached.

6.4.1. The crack closure effect
For the modeling of crack closure, a prefactor of 0.2 is con-

sidered for the ductile composition factor γd in the compressive
part of a cycle (if tr(σσσ)<0). For the brittle damage contribution,
no such distinction is made. However, the effect of crack clo-
sure is considered also for the brittle damage part, since damage
evolves in a half-cycle only, i.e., if sign

(
Yb N−Γ

S 2

)
> 0.

6.4.2. Parameter identification strategy
The parameter identification was carried out in three steps.

Within each of those the minimization problem

{· · ·}∗ = arg min
{···}

( n∑
1

abs(log Nexp
R, i − log Nsim

R, i )
)
, (52)

was considered (n=5, cf. Eq. (51)). At first, the ductile damage
model was calibrated (for finding M and S 1). Subsequently, the
same procedure was applied to the determination of the brittle
damage parameters BΓ and HΓ. Finally, a fully coupled analysis
yielded the composition factor γd. The final material parame-
ters are presented in Tab. 5.

Table 5: Remaining material parameters for the combined ductile-brittle dam-
age model law

M S 1 BΓ HΓ γd

1.6 1.544 0.992 121.5 0.86

7. Numerical example of a smooth round bar (DLC-speci-
men)

The prediction capability of the novel ductile-brittle dam-
age model is demonstrated here by re-analyzing a smooth round
bar (SR), see Fig. 8. Its middle-section has been discretized by
the finite element mesh shown in Fig. 10. Due to symmetry,
only one quarter of the structure has been discretized. For a
detailed description of the specimen dimensions, refer to [10].
The computation was done displacement-controlled. The right
boundary at the free end is slightly conical to force localiza-
tion at the bottom right corner of the structure. The fully three-
dimensional CDM model as presented in the previous sections
has been implemented into a UMAT-routine in ABAQUS. To
improve the convergence of the N iteration scheme at the
material point level, a line-search according to [18] has been
applied. The same technique was also employed at the global
level (equilibrium iteration). Mesocrack initiation was assumed
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Figure 10: Sketch of the DLC-specimen, loading conditions and finite element discretization

Table 6: Numerically simulated number of cycles Nsim
D and Nsim

R and error

with respect to Nexp
R (”SR-X” abbreviation according to Tab. 8)

1-D 3-D
Type Nsim

D Nsim
R Nsim

D Nsim
R

SR-1 9.25 12.11/+21.1% 8.7 11.2/+12%
SR-2 29.75 34.06/+11.9% 29.27 33.7/+12.3%
SR-3 52.25 58.25/+9.0 % 52.2 59.0/+11.3%
SR-4 101.25 112.04/-18.8% 101.7 113.0/-18.1%
SR-5 144.24 159.13/-4.1% 145.7 161.0/-3.0%

at the moment at which the critical damage threshold of 0.23
was reached. As expected, this threshold was reached first at
the local integration point near the middle-section at the right
boundary of the structure (point A).

The results are presented in Tab. 6 where also the estimated
number of cycles for the one-dimensional case (as optimized
during the parameter identification) are included. As can be
seen, the numerical results for the one-dimensional and the three-
dimensional case are nearly identical. Only for SR-1, the fully
three-dimensional computation gives a slightly better predic-
tion for Nsim

R . Accordingly, the use of the fully coupled ductile-
brittle damage model leads to a prediction of lifetimes in good
agreement with those experimentally observed. A more careful
analysis reveals that the numerical simulation could be further
improved by modifying the damage activation criterion (com-
pare Nsim

D to Fig. 8) since an error in Nsim
D clearly affects also

the prediction for Nsim
R . According to Fig. 11, the portion of

the plastic strain energy related to kinematic hardening plays a
much greater role for SR-1, in comparison to SR-5 where the
cyclic portion of the ws-curve is negligible.

In Figs. 12 and 13, the total damage accumulation as well
as its defining single parts are plotted. As evident, the brittle
damage part plays only a minor role for SR-1, while its effect is
more pronounced for SR-5. This would imply that small fatigue
crack growth is more relevant for large numbers of cycles, espe-

cially for HCF. Furthermore, as can be seen in Figs. 12 and 13,
the fracture criterion for Dd is reached first, while the complete
damage variable is still below its threshold. By comparing the
numerical results to the experimental obervations, it can be con-
cluded that the brittle damage part is slightly underestimated for
a smaller number of cycles. To increase its influence, different
modifications are possible. The probably most promising one,
which will be considered in future, is a variable composition
factor.

The peak stresses as a function of the number of loading
cycles are shown in Fig. 14. As can be observed, the maximum
stresses in tension are smaller than those in compression. This
effect, which can also been observed in experiment, is a direct
consequence of the crack closure effect.

8. Conclusion

In the present paper, a coupled isotropic ductile-brittle dam-
age model suitable for the numerical analysis of LCF in high-
strength aluminum alloys has been proposed. This model is
a result of research activities in different areas ranging from
experiments and characterization to the numerical implementa-
tion as well as the final calibration of the material parameters.
For modeling ductile damage evolution, an approach similar to
that proposed by L (see [13]) has been utilized, while
for brittle damage accumulation a novel model for small fa-
tigue crack growth has been proposed. Based on these models,
a fully coupled approach approximating a quasi-brittle damage
evolution was advocated. It has been applied to the prediction
of lifetimes at high stress levels (LCF) in the S-direction of an
aluminum 2024 alloy. Since the resulting model shows a large
number of material parameters, an efficient, hybrid parameter
identification strategy has been discussed. Within this strategy,
as many parameters as possible have been determined a priori
by exploiting analogies to established theories (like P’ law),
while the remaining free unknowns were computed by solving
an optimization problem. Comparisons between the experimen-
tally obtained lifetimes and their numerically simulated coun-
terparts revealed that the proposed model is very promising for
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Figure 11: Damage activation criterion for two different strain amplitudes in point A (a) SR-1; (b) SR-5; see Tab. 8

0 4 8 1 20 , 0 0
0 , 0 5
0 , 1 0
0 , 1 5
0 , 2 0
0 , 2 5 D c r i t

γ d D d
c r i t

γ b D b
c r i t

Da
ma

ge

N u m b e r  o f  c y c l e s

 D  ,  ∆ε=0.04 , Ν R = 1 1

0 4 0 8 0 1 2 0 1 6 00 , 0 0
0 , 0 5
0 , 1 0
0 , 1 5
0 , 2 0
0 , 2 5

γ b D b
c r i t

D c r i t

Da
ma

ge

N u m b e r  o f  c y c l e s

 D  ,  ∆ε=0.018 , Ν R = 1 6 1
γ d D d

c r i t

Figure 12: Complete damage variable for two different strain amplitudes in point A (a) SR-1; (b) SR-5; see Tab. 8
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Figure 13: Ductile and brittle damage variables for two different strain amplitudes in point A (a) SR-1; (b) SR-5; see Tab. 8
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Figure 14: Maximum C stresses for two different strain amplitudes in point A (a) SR-1; (b) SR-5; see Tab. 8

the application to LCF.
Although the predicted lifetimes are in good agreement with

the respective experiments, the relative contribution of the brit-
tle damage model is slightly underestimated for a smaller num-
ber of cycles. Therefore, future work will focus on a variable
composition factor γd and improved threshold values for the
brittle damage law.
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