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Abstract  

The anisotropic fracture of the 2024-T351 aluminium alloy is investigated using a 

micromechanics-based damage model accounting for the effect of the void aspect ratio and 

void distribution.  The 2024-T351 Al alloy contains precipitation free bands in which most 

void nucleating particles are located.  The presence of these bands, which are parallel to the 

rolling direction, primarily controls the distribution of damage and overall fracture anisotropy.  

The primary void nucleating particles also present a preferential elongation in the rolling 

direction.  These key microstructural features have been determined using quantitative 

characterization methods.  The effect of void shape and void spacing on the fracture behaviour 

are elucidated by means of FE cell calculations.  FE simulations of cylindrical notched round 

bars loaded in different orientations are made and compared with experimental data, allowing 

a better understanding of the damage process as well as the limitations of the modeling 

approach.   
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1. Introduction 

 

Airplane designers estimate the residual strength of fuselage components by tests on 

specimens and components of various sizes.  These test campaigns are time consuming and 

expensive.  The development of predictive models for ductile crack extension is thus essential 

for improving structural design and maintenance, and accelerates the introduction of new 

materials or assembling methods.  Furthermore, fracture mechanics based assessment 

methods often encounter transferability problems of fracture resistance data from small to 

large specimens and structures.  Micromechanics based damage models such as proposed by 

Gurson [1], Rousselier [2] or Tvergaard [3] allow capturing the size and geometry effects 

without the need for introducing extra correction terms such as in the fracture mechanics 

approach, e.g. for illustration of the methodology [4-9].  In addition, the material parameters 

can at least partly be identified from investigations of the microstructure, providing the link 

with processing parameters towards improving materials.   

Nevertheless, the currently available models, i.e. the models typically implemented in 

commercial FE software, are usually restricted to isotropic material behaviour with respect to 

damage and fracture.  Metal alloys, which have undergone extensive plastic deformation by 

rolling or extrusion, exhibit a significant anisotropy of mechanical properties, however.  Even 

in the case of untextured metals showing isotropic or almost isotropic yielding behaviour, 

ductility can be very anisotropic, typically with a much smaller value when the loading is 

applied in the thickness direction due to preferential elongation of the second phase particles 

responsible for void nucleation.  This effect can be considered by orientation dependent 

damage parameters.  

In the present contribution, the model developed by Pardoen and Hutchinson [10-12] 

based on the growth and coalescence of ellipsoidal voids embedded in a work hardening 

elasto-plastic matrix material is chosen to simulate the failure of notched round bars made of 
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Al alloy of the 2024 series.  The effect of varying model parameters is studied by cell model 

calculations.  Special emphasis is laid on a careful characterisation of the second phase 

particles morphology and distribution.  From this microstructural information, a simplified 

model is derived, which allows for directly evaluating model parameters for the loading in S-

direction.  The loading in the S-direction indeed shows the typical mechanism of growth and 

coalescence of voids nucleated on primary particles.  In a second step, these parameters are 

identified to predict failure in L-direction which involves a more complex fracture behaviour.  

The presence in the 2024 alloy of soft Precipitate Free Bands will turn out to be the essential 

ingredient controlling the ductile fracture process in this material and its anisotropic response.  

This study is representative of the methodology needed when using micromechanics based 

approach of fracture requiring in-depth materials characterization to guarantee quantitative 

predictions and to set the limit of validity of the model.   

The paper starts in section 2 with a description of the material, of its microstructure and 

flow properties.  The physics sustaining the constitutive model is briefly described in section 

3 while more technical details are given in the Appendix and in the cited references.  Section 

4 presents the results of FE unit cell calculations which illustrate the importance of the effect 

of the void distribution and void aspect ratio on the ductility of metallic materials.  The 

identification of the model parameters and the results of the simulations of the cylindrical 

notched round bars tests performed in two transverse directions are discussed in section 5.  

The importance of the void distribution is highlighted as well as the limitations of the model. 

 

2. Material and microstructure 

 

The material used in this work is a hot-rolled plate of Al 2024 with a thickness of 100 

mm, as received in a T351 temper (solution heat treated, air-quenched, stress-relieved by cold 

stretching), fabricated several years ago.  The main alloying element in the 2XXX series is 
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copper, while magnesium and manganese are introduced in order to improve the quenching 

properties.  Table 1 summarises the chemical composition of Al 2024.   

 

Table 1. Chemical composition of Al 2024 in wt. % 

 

Cu Mg Mn Si Fe Cr 

4.11 1.12 0.46 0.048 0.05 0.003 

 

Nucleation takes place either by particle fracture or interface decohesion and sometimes 

both modes coincide [13-15].  Damage in Al alloys usually nucleates on the large and brittle 

intermetallic particles (cluster of particles) or coarse precipitates, and sometimes also on 

smaller particles such as dispersoids or precipitates [14-16].  The morphology and volume 

fraction of the particles giving rise to voids primarily affect the overall fracture properties.  In 

the specific case of fracture in Al-alloys, damage is essentially induced by the breaking or 

debonding of coarsened precipitates located inside precipitate free bands, PFB [17].  Optical 

microscopy, scanning electron microscopy and X-ray microtomography have been used to 

obtain quantitative information [18] about all these microstructural features.  Figure 1a shows 

a reconstructed view of the investigated volume.  The particle clusters appear white, while the 

surrounding matrix is grey.  The particles are aligned in a network-like structure which 

separates the matrix into domains.  The latter have a disc-like shape, with the S-direction as 

the shortest axis and almost identical dimensions in L- and T-direction, see Fig. 1b. 

The fracture mechanisms of the material under investigation depend on the main 

loading direction.  While loading in the S direction, the macroscopic fracture surface is 

oriented perpendicular to the loading direction (and thus is defined by the LT-plane, see Fig. 

2).  Any other main loading direction than S (namely L, T and LS) leads to a slanted fracture 

surface, oriented at 45° with respect to loading direction.  
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On a microscopic level, the fracture surface resulting with loading in the S-direction 

shows large broken particles, initiating the void growth process.  Grain boundaries are not 

visible and transgranular fracture is thus dominant, see Fig. 3a.  Due to the presence of PFBs, 

the crack propagates along the weak zones and sometimes jumps along the height of the 

cluster.  This jump can be seen in Fig. 3b by a dashed line, indicating the transition from a 

focussed region (left) to non-focussed region on a SEM fractography.   

When the main loading direction is L (or T), the fracture mode is different from that in 

S direction. Microscopically, transgranular and intergranular fracture mechanisms are both 

active for this orientation, see Fig. 4.  From the size of the dimples one can presume that void 

nucleating particles are much smaller than those responsible in S-loading.  Thus, a second 

population of particles, about 20 times smaller than the large particles observed in Fig. 3, are 

presumably at the origin of the damage process when loading in the L-direction.  

A simplified model of this microstructure incorporating the most significant parameters 

with respect to microstructure and fracture mechanisms has been proposed in [18] and will be 

applied here.  Note that a relatively similar approach has also been used in [19] for a 

theoretical study of ductile fracture in 7xxx Al alloys with Precipitate Free Zones which are 

located along grain boundaries.  The model assumes that the material is mainly composed of 

matrix domains surrounded by PFBs containing coarse particles representing the weak 

regions.  Assuming a “closed package” of these matrix domains, the material microstructure 

can be idealised see Fig. 5, as an assembly of weak and strong layers, 5 μm (average thickness 

of the PFB) and 25 μm (average thickness of matrix domains) high, respectively.  According 

to this model, loading in the S-direction leads to a high damage rate in the PFB.  A 

macroscopic crack can extend throughout the material perpendicular to the loading direction.  

For loading in the L-direction, damage will also start in a PFB, but a macroscopic crack will 

have to cross the tougher matrix material, leading to a higher ductility.  
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Figure 6a shows the results of the uniaxial tensile tests performed on smooth round bars 

oriented in L, T and S direction.  The plastic anisotropy is quite small when comparing the 

evolution of the flow stress with plastic deformation while the anisotropy in the fracture 

strains is very clear: the fracture strain is much lower when loading in the S direction.  The 

limited plastic anisotropy is the result of the lack of pronounced texture.  The lower ductility 

in the S direction can be directly related to the laminated structure as represented in Fig. 5 

which provides an easy crack path when loading in the S direction.  In the following, test data 

extracted for tests in L-direction are used to model the work hardening behaviour of the 

material in all three directions, assuming isotropy with respect to plastic yielding.  Fig. 6b 

depicts the true stress – plastic strain fit, which follows a power law  

 

0
n

plKσ σ ε= + . (1) 

 

with a yield stress σ0 equal to 375 MPa, a strain hardening exponent n equal to 0.67 and a 

constant K equal to 720.8 MPa. 

 

3. Constitutive anisotropic damage model for ductile fracture 

 

Despite the fact that major efforts have been made over the last decades [1-3] in the 

modelling of ductile fracture by computational models incorporating the void growth process 

[4-9], the models currently in use (typically, the models implemented in available commercial 

FE work packages) suffer from two basic limitations.  The first limitation is the assumption of 

spherical voids growing spherical, preventing to accurately model non-spherical voids as well 

as void shape changes during deformation.  The second limitation is that void coalescence is 
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only described phenomenologically by an acceleration of damage, which lacks of 

micromechanical foundation. 

Gologanu et al. [20-22] proposed a constitutive relationship for a plastic continuum 

containing ellipsoidal voids of radii Rx = Ry and Rz.   The voids differ according to their aspect 

ratio, W = Rz/Rx namely: oblate void, W < 1, prolate void, W >  1, spherical void, W = 1.  

Pardoen and Hutchinson [10-12] extended the Gologanu model by adding a criterion for 

tensile localisation in the ligament between the voids according to Thomason’s approach [23], 

giving rise to the internal necking mode of coalescence.  This criterion requires some 

assumption on the arrangement of voids in the matrix.  Assuming that they are regularly 

aligned in distances of 2Lx and 2Lz, a representative volume element (RVE) is defined by the 

aspect ratio, λ = Lz/Lx.  Damage is thus characterised by three parameters, namely the 

porosity, f, the void shape parameter, W, and the void distribution parameter, λ.  A summary 

of the basic equations of the model is provided in Appendix A while more details can be 

found in references [10-12] and references cited in the Appendix.  The model was 

implemented in the commercial finite element programme ABAQUS as a user-interface 

UMAT, as explained in Appendix A. 

 

4. Validation on cell models and single element tests 

 

In order to quantify the effect of initial porosity, stress triaxiality, void shape, and void 

distribution on void growth and coalescence, a unit cell approach is commonly used [10,24-

30].  The continuum is imagined as a periodic array of RVEs, which are assumed to be 

statistically representative for the microstructure.  In particular, a hexagonal cylindrical unit 

cell containing an ellipsoidal void is considered.  For simplicity, the hexagonal cylinder is 

approximated by a circular cylinder allowing for axisymmetric calculations, and due to 
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symmetry, only a quarter model has to be considered.  The respective FE meshes are 

embedded in Figs. 7a,b.  The geometry of the cell is characterised by three parameters, the 

initial void volume fraction or “porosity”, f0, the initial void aspect ratio, W0, and the initial 

cell aspect ratio, λ0. 

In general, cell model calculations are often used to derive “micromechanical 

motivated” values for a critical porosity, corresponding to plastic collapse of a cell.  Here, the 

cell calculations are used for two reasons (i): to check the quality of the predictions of the 

continuum damage model for the specific high strain hardening flow behaviour of the 

aluminium alloy under investigation, (ii) to motivate and support the analysis of the next 

section about the effects of the void aspect ratio and void distribution.  For the latter, it is well 

known that hardening affects the collapse characteristic of a cell and thus the point of 

coalescence.  

The cell is subject to axial, u3, and radial displacements, u1 = u2.  In order to guarantee 

continuity, the boundaries of the cell are constrained to remain straight and orthogonal during 

deformation.  The "mesoscopic" principal strains, Ei (i = 1, 2, 3), are defined by  

 

E1 = E2 = ln 1+
ur

Lr0

⎛

⎝⎜
⎞

⎠⎟
; E3 = ln 1+

uz

Lz0

⎛

⎝⎜
⎞

⎠⎟
 (2) 

 

The corresponding "mesoscopic" true principal stresses, Σ3 ≥ Σ1 = Σ2, are the average 

reaction forces at the cell boundaries per current areas.  The effective stress, Σe, and strain, Ee, 

are calculated from 

 

Σe = Σ3 − Σ1 ; Ee = 2
3 E3 − E1 . (3) 
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Cell model calculations under monotonous loading are commonly performed at a 

prescribed fixed stress triaxiality T which is defined as, 

 

T =
Σ e

Σh

=
3 Σ 3 − Σ1( )
Σ 3 + 2Σ1

 . (4) 

 

The Riks algorithm in the FE-program ABAQUS is usedi n order to prescribe a constant 

stress triaxiality during the loading process.  Elastic properties of the matrix material are 

assumed to be identical to those of pure aluminium, i. e. E = 70000 MPa, ν = 0.3, and 

hardening response follows eq. (1) (see also Fig. 6b). 

The mechanical response in terms of mesoscopic effective stress vs. mesoscopic 

effective strain of the cell containing a void is compared with that of the constitutive model, 

in which case the cell consists of a single element.  Fig. 7a comprises results for different 

values of the void shape parameter, W0.  Model (dashed lines) and unit cell results (solid 

lines) show the same trends, both in the prediction of maximum load and onset of 

coalescence.  The latter becomes apparent by the sudden drop of the effective stress, which is 

generally caused by an intervoid necking mechanism in the cell radial direction.  For an 

initially oblate void (W0 = 1/6), the cell collapses at a much lower effective strain compared to 

the same cell including a prolate cavity of the same volume.  Note that this result is in 

agreement with the results in [12,31].  As a consequence, elongated voids, W0 > 1, with 

respect to the main loading direction, weaken a material less and cause delayed fracture 

compared to oblate ones, if the initial void volume fraction is the same in both cases.  Small 

discrepancies between model and cell predictions are apparent: whereas for initially oblate 

voids the model predicts earlier coalescence than the cell, it is the opposite for prolate voids. 

The effect of different cell aspect ratios, i.e. the spatial void distribution, is displayed in 

Fig. 7b.  Values of λ0 = 16 (elongated unit cell) and λ0 = 0.5 (flat unit cell) are chosen as 
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extreme values.  The initial void shape is assumed to be spherical and the ratio of initial void 

radius and initial cell radius, Rx0/Lx0, is kept constant, i.e. the radial spacing of the RVEs is the 

same.  As a consequence, the initial void volume fraction varies between 0.00125 (λ0 = 16) 

and 0.04 (λ0 = 0.5).  An elongated cell causes an earlier collapse compared to a flat one.  This 

phenomenon can be explained by the localisation behaviour of the cells which is promoted by 

larger stresses on the ligament.  In the case of an elongated cell, plastic strain localises in the 

equatorial plane, leaving a large portion of material “intact”.  The predictions of the 

constitutive model (solid lines) reproduce the mechanical response of the unit cells (dashed 

lines), particularly the dependence of the collapse strain on the aspect ratio, λ0, is properly 

captured.  For this particular high strain hardening behaviour, void coalescence predicted by 

the model underestimates the results of the cell calculations, which is opposite to the results 

shown in [10].  Note that for very low values of λ0, no coalescence is predicted by the 

continuum model.   

A more general feature of the model is elucidated in Fig. 8: the ability to predict the 

critical strain of void coalescence, which corresponds to the fracture strain of a material.  For 

the initial volume fraction of f0 = 0.01, the response of the model is compared with a RVE 

(W0=λ0 = 1) for stress triaxialities T ranging between 0.75 and 5.  The well-known 

dependency of the fracture stain on the triaxiality [38] is well captured by the model.  Note 

that for low triaxialities T < 0.75, neither the model nor the cell predicts void coalescence in a 

realistic range of strain: voids tend to elongate in the loading direction and contract in the 

transverse direction preventing the internal necking process to set in.   
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5. Ductile fracture simulations 

 

The constitutive model is now applied to predict damage and fracture of notched round 

bars with two different notch radii ρ equal to 2 mm and 4 mm, respectively, see specimen 

geometry in Fig. 9a.  The outer and inner diameter are D = 18 mm and d0 = 10 mm, 

respectively.  Two specimen orientations, L and S, are considered in the tests and simulations.  

Micromechanical parameters are taken from the quantitative microstructural analysis.  The 

underlying model of the microstructure is displayed in Fig. 5.  The rotational symmetry of the 

voids with respect to a global axis must be maintained during the whole deformation process.  

Otherwise, the voids would evolve differently in the two transverse directions.  In that case, 

the model, which considers only spheroidal voids (R =R ) provides an average value of the 

transverse radius.  It is worth noting that, in this geometry, damage is growing faster in the 

centre of the minimum section where cracking initiation takes place and where a perfectly 

axisymmetric state of stress is enforced.  It is assumed that particles embedded in the soft PFB 

break or debond in an early stage of deformation and thus nucleate cavities.  Any constraint 

imposed on the void by the embedded particle is ignored (see discussion in 

x y

[33-35]).  

Loading in the S-direction is considered first.  A RVE as depicted in the left part of Fig. 

5 is assumed.  The aspect ratio of the (oblate) cavity can be directly taken from quantitative 

microstructural analysis, W0 = 0.625.  Its shape together with the height of the PFB, 

2Rz0 = 5 μm, determines the cavity radius, Rx0 = Rz0/W0 = 4 μm.  The initial height of the 

RVE, 2Lz0 (i.e. the mean void spacing in the z-direction) can directly be related to the PFB 

spacing, 2Lz0 = 30 μm.  The mean transverse spacing between the voids Lx0 is estimated from 

the fracture surface shown in Fig. 3 by taking an average distance between dimple centres and 

correcting for the transverse strain to obtain the spacing in the undeformed configuration: 

2Lx0 ≈ 14 μm.  The RVEs aspect ratio, λ0, is thus equal to λ0 ≈ 2.  These values give, when 
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using eqn (A.10) (see Appendix A) with a periodic hexagonal distribution, an initial void 

volume fraction f0 equal to  0.031 , in agreement with the microstructural analysis.  This result 

shows that every particle gives rise to a void, otherwise the measured Lx0 on the fracture 

surface would have been larger, giving rise a smaller initial void volume fraction. 

Transfer of the microstructural information to the simulation of loading in L-direction is 

not straightforward.  The scenarios of choosing a RVE depicted in the right part of Fig. 5 can 

both apply.  Furthermore, other ingredients appear also to control the fracture process, as 

discussed based on Fig. 4, such as second population of voids and shear driven plastic 

fracture.  Hence, the application of the model in the L loading problem should be considered 

as phenomenological, and the identification of the λ0 parameter will be based on fitting one of 

the notched round bar test (ρ = 2mm was chosen).  As shown in Fig. 7b, small values of λ0 

delay coalescence leading to a higher ductility.  A value λ0 = 2 is found here to meet the 

experimental result.  The fact that the value is the same for both L and S orientations is 

considered to be totally fortuitous.  The initial aspect ratio of the void is the inverse of the 

respective value in S-direction, W0 = 1.6.  The values for f0, λ0 and W0 used in the simulations 

are summarised in Table 2.  

 

Table 2. Model parameters used in the simulation of fracture of round notched bars 

 

orientation f0 λ0 W0

S 0.031 2.0 0.625 

L 0.031 2.0 1.6 

 

 

Eight-node isoparametric axisymmetric finite elements were used for the simulations of 

the tensile tests on notched bars, see Fig. 9b. The yielding behaviour was taken from tensile 
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tests in L-direction and used for both L- and S-loading case, which means that texture induced 

plastic anisotropy, is not accounted for as already discussed in Section 2.  

Figure 10 comprises the simulation results in terms of applied load vs. reduction of 

inner diameter, Δd, of the specimens, in comparison to the experimentally obtained fracture 

points. Four categories of specimens are included: L (open symbols, dashed lines) and S 

orientation (full symbols and solid lines), notch radius 2mm (circles) and 4 mm (triangles).  

Due to the higher constraint, the specimens with ρ = 2 mm show a higher maximum load.  

The failure point can be predicted for both specimen orientations, S and L.  In the case of 

ρ = 4 mm, the simulation result obtained for S-direction meets the experiments, whereas the 

ductility in L-direction is still significantly overestimated by the simulation.  

For both S and L directions, the effect of the stress triaxiality on the fracture strain is 

quite small compared to the traditional and well accepted view since the pioneering works by 

Rice and Tracey [36], Mc Clintock [37] and Hancock and McKenzie [38], see also the results 

of Fig. 8.  A different explanation is forwarded for each orientation.  In the case of the S 

direction, the presence of harder zones around the soft precipitate free bands induces an extra 

constraint which superimposes on the applied stress triaxiality.  This extra constraint can be 

quite high, see [19], and dominate the stress state, resulting in an apparently limited effect of 

the stress triaxiality.  This extra constraint effect is not incorporated in the present 

implementation of the model which can also explain why the predictions under uniaxial 

tension markedly underestimate the ductility.  Indeed, as shown in Fig. 8, a small stress 

triaxiality typical of uniaxial tension with necking, very small changes of the stress triaxiality 

induce major changes in the fracture strain.  This explains also why simulations of the fracture 

of smooth round bars loaded in S-direction, not reported in the paper, have not been 

successful.  In the experiment, the specimens failed without showing any significant necking.   

In the case of the L direction, we believe that the intrinsic fracture mechanism involving 

intergranular fracture and second population of voids is not much controlled by the classical 
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void growth stage but by void nucleation events and shear localization process which are less 

sensitive to stress triaxiality.  

 

6. Conclusions  

 

The fracture behaviour of metal sheets generally depends on the loading direction even 

in the absence of significant crystallographic textures.  In many instances, the ductility is 

reduced when the sample is deformed in the thickness direction due to a preferential 

orientation of elongated second phase particles in the rolling direction.  A second effect which 

adds to this morphological controlled anisotropy is the clustering of the particles into long 

bands providing an easy percolating crack path.  The material investigated in this study, the 

Al 2024 alloy, exhibits both effects.    

An idealised axisymmetric periodic microstructure has been assumed which 

incorporates the most significant features determined from quantitative characterization.  The 

effects of stress triaxiality, void shape, and void distribution on the growth and coalescence 

process have been studied by means of FE cell calculation.  The results, showing the first 

order influence of both the void shape and void distribution, have been compared with the 

predictions of a micromechanical based damage model.  The constitutive model has been 

applied to simulate the failure behaviour of cylindrical notched bars.  The model parameters 

for loading in S-direction are directly obtained from the microstructural analysis while the 

application in the L-direction required some empirical adjustment.  The model is able to 

reproduce the ductility anisotropy and part of the stress triaxiality dependence.  Nevertheless, 

this application demonstrates also the need for extra efforts in the development of 

micromechanical models including physical processes of two main kinds, namely:  
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1. the necessity to introduce, when required, an intermediate scale between the voids 

level and the macroscopic level.  This intermediate scale in the present material 

consists of soft precipitate free bands in which all primary particles are located.  

Other example of meso-heterogeneities are given by welded joints, multiphase 

alloys, grain boundary precipitate free zones, graded ductile materials,  

2. the micromechanical treatment of shear driven ductile fracture process in which 

the main controlling damage mechanism is not the classical nucleation, growth 

and coalescence of primary voids. 
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Appendix A – Brief description of the extended Gurson model 

 

An extension of the Gurson model [1] based on the contributions by Gologanu et al. [20-

22] and Thomason [23] and accounting for the effect of the growth and coalescence of 

spheroidal voids1 on the behaviour of the material has been presented by Pardoen and 

Hutchinson [10-12].  The response of the matrix is assumed to obey J2 flow theory.  Plastic 

anisotropy of the matrix can be introduced following the framework proposed by Benzerga 

and co-workers [39,40].  The version of the model presented here considers the voids present 

from the beginning of the deformation history which is a good approximation for many 

materials.  Void nucleation models can be readily incorporated into the present constitutive 

model (see for instance [41,42]). 

The model is based on two solutions for the expansion of a void in an elasto-plastic 

material : one solution is called "void growth" corresponding to diffuse plasticity around the 

void, and the other is called "void coalescence" corresponding to localized plasticity in the 

ligament between the growing voids.  These two solutions are cast in the form of two distinct 

plastic yield surfaces supplemented by the normality rule for the plastic strain increments and 

evolution laws for the internal variables: porosity f, void aspect ratio W (or S ≡ lnW), relative 

void spacing χ (void diameter divided by void spacing), and mean yield stress of the matrix 

material σy: 

 

Yield surfaces 

Growth: 

 ( )( ) ( ) ( ) 01cosh12' 222
g
h2g

h2 =+−+−
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
++++≡Φ fgqgfggqC

yy σ
σ

κησ
σ

Xσgrowth  (A.1) 

Coalescence: ( ) 0,
2
3'

=−+≡Φ χ
σ
σ

σ
WF

y

h

y

σ
ecoalescenc  (A.2) 

 with ( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−=

χ
β

χ
χαχχ 111

2
3,

2
2

W
WF  (A.3) 

 

                                                 
1 A spheroid is an ellipsoid with a symmetry of revolution around one axis. 
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Evolution law for f  

Growth and coalescence : ( ) p
kkff ε−= 1  (A.4) 

 

Evolution law for W (or S = lnW) 
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Evolution laws for σy

Growth :  ( )   = pp
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Evolution for χ 
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In Eqs. (1) to (9),  

• The first yield surface Φgrowth is a Gurson-type yield surface derived by Gologanu-

Leblond-Devaux for spheroidal voids [20-22] and extended to strain hardening 

materials [10].  The yield function Φcoalescence has been developed in the spirit of the 

work by Thomason [23], extended to the full coalescence response and to strain 

hardening materials.   

• σ is the Cauchy stress tensor; σ’ is the deviatoric part of the Cauchy stress tensor; σh
g 

is a generalized hydrostatic stress defined by . J:σ=g
hσ

• X is a tensor associated to the void axis and defined by 2/3 ez⊗ez-1/3 ex⊗ex-1/3 ey⊗ey 

(ez is the base vector parallel to the cavity axis); J is a tensor associated to the void 

axis and defined by (1-2α2)ez⊗ez+ α2ex⊗ex+ α2ey⊗ey; P is a projector tensor, defined 

by ez⊗ez; δ is the Kronecker tensor. 
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• The symbol  represents the von Mises norm. 

• Gologanu et al. [20-22] derived analytical relationships for the dummy parameters C, 

η, g, κ, h1, h2, α2 in terms of the state variables W and f (see also [10] for full 

expression). 

• The parameter q has been calibrated as a function of f0, W0, and the mean strain 

hardening capacity of the material (exponent n in equation (A.16) next) (see [10] for 

complete expressions); α has been calibrated as a function of the mean strain 

hardening index n : α = 0.1+0.217n+4.83n2, see [10]; β is equal to 1.24. 

• The plastic strain rate tensor is defined in the reference configuration; is the 

equivalent plastic strain rate (or accumulated plastic strain rate); is the equivalent 

plastic strain rate of the matrix material.  The effective plastic strain of the matrix 

material  is related to the current yield stress of the matrix material σ

 pε  p
eε

 p
yε

 p
yε y through the 

material true stress true strain curve, see later eqn (A.16). 

 

The response of the material under loading is first elastic while the stress state lies within 

the elastic domain of the two yield surfaces.  In the beginning of the deformation, the voids 

are small and the spacing is large resulting in a diffuse mode of plastic deformation.  Except 

for pathological cases, the first yield surface to be reached is thus Φgrowth.  With increasing 

deformation Φgrowth first expands due to hardening and then contracts due to damage 

softening.  Void growth and ligament reduction also induce contraction of Φcoalescence.  When 

the two yield surfaces intersect at the current loading point, transition to coalescence occurs.   

With increasing deformation the coalescence yield surface rapidly contracts towards the zero 

stress state.   

Note that the parameter χ does not affect the void growth response.  It is calculated during 

the void growth phase only to test the condition of coalescence using the following 

geometrical relationship: 
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where λ is equal to 2 Lz/(Lx+ Ly) and Lx, Ly and Lz are the mean void spacings in the three 

directions corresponding to the three void axis (whose evolution can directly be obtained from 

the strains in the corresponding directions), and γg is a geometric factor which depends on the 

void distribution.  In the case of periodic packing of voids, γg = π/6 = 0.523 for a simple cubic 

array, γg = 9π3  = 0.605 for an hexagonal distribution and γg = 2/3 = 0.666 for a void 

surrounded by a cylindrical matrix.    

 

The model is completed by the normality rule for the plastic strain increment and an 

evolution law for the void axis 

 

 
ij

p
ij ∂σ

Φ∂γε = , (A.11) 

 zeez Ω= , (A.12) 

 

where the spin tensor Ω is taken here as the material spin tensor.  The voids are thus assumed 

to rotate with the material.  This is the assumption also proposed by Gologanu [20-22].  A 

more accurate void rotation law, motivated by 3D finite element void cell calculations, as 

been recently developed (see [43] in which a modified version of the coalescence model is 

also introduced). 

Isotropic elasticity is assumed while using the Eshelby [44] - Mori-Tanaka [45] 

homogenization method to approximately couple the elastic constants to the porosity 

(spherical voids approximation): 
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where G and K are the overall shear and bulk moduli, respectively and G0 and K0 are the shear 

and bulk moduli of the undamaged material, respectively. 

Finally, the following uniaxial response has been chosen : 
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00 σ
ε

σ
σ E

=     when σ < σ0 , (A.15) 

   when σ > σ
npKεσσ += 0 0  . (A.16) 

 

The constitutive model has been implemented in the finite element program "ABAQUS Standard" 

through a User defined MATerial subroutine.  Details about the implementation of the two parts of 

the constitutive models can be found in ref [12].  
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Tables and table captions 

 

Table 1. Chemical composition of Al 2024 in wt. % 

 

Cu Mg Mn Si Fe Cr 

4.11 1.12 0.46 0.048 0.05 0.003 

 

 

Table 2. Model parameters used in the simulation of fracture of round notched bars 

 

 

orientation f0 λ0 W0

S 0.031 2. 0.625 

L 0.031 2.0 1.6 
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Figure captions 

 

Figure 1. (a) Particle clusters (white) in the investigated material in an XDM analysis, (b) 
Matrix domains surrounded by weak precipitate free bands  

 

Figure 2. Macroscopic orientation of fracture surfaces in dependence of the main loading 
direction  

 

Figure 3. Fracture surface (LT-plane) with S as the main loading direction showing 
transgranular ductile fracture. The dashed line indicates a “jump” of the crack path, leading to 
a “step” in the LT-pane  

 

Figure 4. Fracture surface (45° inclined w. r. t. the SL-plane) with L as the main loading 
direction. The numbers correspond to intergranular ductile fracture (1) and transgranular 
ductile fracture (2) regions. 

 

Figure 5. Simplified model of the microstructure, choice of the RVE 

 

Figure 6. Results of the tensile tests: Force - elongation (a) and true stress – plastic strain data  

 

Figure 7. Mesoscopic response of a unit cell with void in comparison with the GPH model 
prediction, for T = 1, f0 = 10 :-4  (a) Effect of the void shape, W0, λ0 = 1; (b) Effect of the cell 
aspect ratio, λ0, spherical void (W0 = 1), Rr0/L r0 = 0.3 

 

Figure 8. Critical mesoscopic strains: prediction of the GPH model and of a unit cell  
for f0 = 10 , -2 W0=λ0 = 1

 

Figure 9. Round notched bars (d0=4 mm, D0=10 mm, ρ=2 and 4 mm): (a) specimen 
geometry; (b) axisymmetric FE meshes  

 

Figure 10. Macroscopic specimen behaviour  
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Figures 

 

(a)      (b)   
 

Figure 1. (a) Particle clusters (white) in the investigated material in an XDM analysis, (b) 
Matrix domains surrounded by weak precipitate free bands  

 
 

 
 

Figure 2. Macroscopic orientation of fracture surfaces in dependence of the main loading 
direction  
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Figure 3. Fracture surface (LT-plane) with S as the main loading direction showing 
transgranular ductile fracture. The dashed line indicates a “jump” of the crack path, leading to 
a “step” in the LT-pane  

 
 

 
 

Figure 4. Fracture surface (45° inclined w. r. t. the SL-plane) with L as the main loading 

direction. The numbers correspond to intergranular ductile fracture (1) and transgranular 

ductile fracture (2) regions. 
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Figure 5. Simplified model of the microstructure, choice of the RVE 
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Figure 6. Results of the tensile tests: Force - elongation (a) and true stress – plastic strain data 

(b)  
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Figure 7. Mesoscopic response of a unit cell with void in comparison with the GPH model 
prediction, for T = 1, f0 = 10 : -4  (a) Effect of the void shape, W0, λ0 = 1; (b) Effect of the cell 
aspect ratio, λ0, spherical void (W0 = 1), Rr0/L r0 = 0.3 
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Figure 8. Critical mesoscopic strains: prediction of the GPH model and of a unit cell  
for f0 = 10 , -2 W0=λ0 = 1
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 (a) (b)  
 

 

Figure 9. Round notched bars (d0=4 mm, D0=10 mm, ρ=2 and 4 mm): (a) specimen 
geometry; (b) axisymmetric FE meshes  
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Figure 10. Macroscopic specimen behaviour  
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