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SUMMARY

Variational constitutive updates provide a physically and mathematically sound framework for
the numerical implementation of material models. In contrast to conventional schemes such as
the return-mapping algorithm, they are directly and naturally based on the underlying varia-
tional principle. Hence, the resulting numerical scheme inherits all properties of that principle.
In the present paper, focus is on a certain class of those variational methods which relies on
energy minimization. Consequently, the algorithmic formulation is governed by energy mini-
mization as well. Accordingly, standard optimization algorithms can be applied to solve the
numerical problem. A further advantage compared to conventional approaches is the existence
of a natural distance (semi metric) induced by the minimization principle. Such a distance is the
foundation for error estimation and as a result, for adaptive finite elements methods. Though
variational constitutive updates are relatively well developed for so-called standard dissipative
solids, i.e., solids characterized by the normality rule, the more general case, i.e., generalized
standard materials, is far from being understood. More precisely, (Int. J. Sol. Struct. 2009,
46:1676-1684) represents the first step towards this goal. In the present paper, a variational
constitutive update suitable for a class of nonlinear kinematic hardening models at finite strains
is presented. Two different prototypes of Armstrong-Frederick type are re-formulated into the
aforementioned variationally consistent framework. Numerical tests demonstrate the consistency
of the resulting implementation.

1 Introduction

One of the cornerstones of mechanics, or more precisely, of physics in general, are without
doubt variational principles. Even more explicitly: ”Some authors believe that variational
principles are the foundation of physics”, see [1]. The probably best known example is
given by the principle of least action a.k.a. the principle of extremal action as originally
advocated by Maupertuis. That principle was further elaborated and extended and led
finally to the most frequently applied methods in continuum mechanics. Among them are
the principle of virtual work and Hamilton’s principle. For conservative systems such as
elastic bodies, stationarity principles can usually be recast into equivalent minimization
problems. For instance, the principle of virtual work defines then a state of minimum po-
tential. However, also for dissipative processes, minimization principles can be developed.
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This is not self-evident, since the equations of motion are not self-adjoint in this case, cf.
[2]. One such principle in thermodynamics is the postulate of maximum dissipation, cf.
3, 4]. Tt will play an important role in the present paper [2].

Besides their mathematical and physical elegance, variational principles, show several
additional advantages compared to other approaches. From a physical point of view, the
applicability of Noether’s theorem is for instance important, cf. [5]. In case of minimiza-
tion principles, the advantages are even more pronounced. In this connection, it is referred
to the framework of I'-convergence [6, 7]. Frequently, this framework represents the only
avenue for analyzing the existence of solutions, cf. [8]. In addition to the aforementioned
advantages, minimization problems are very interesting from a computational point of
view as well. For example, such principles can be taken as a canonical basis for error
estimation, cf. [9-12] and furthermore, they open up the possibility of applying state of
the art optimization algorithms. Particularly for non-smooth problems such as those in
plasticity theory, this represents an interesting feature, [13].

Though variational principles, or more specifically minimization problems, are very
promising, their derivation is oftentimes difficult. Equally importantly, even if such a
principle has been found, its transfer to a computational method is in many cases not
straightforward. Certainly, the finite element method based on the principle of virtual
work, or Ritz method relying on the postulate of minimum potential energy are the best
known counterexamples. But regarding Hamilton’s principle or the postulate of maximum
dissipation, the opposite is true. Only relatively recently, time integration schemes in line
with the underlying variational principles were proposed, cf. [14, 15]. The same holds for
the implementation of constitutive models governed by associative evolution equations,
i.e., standard dissipative solids in the sense of Halphen & Nguyen [16], cf. [11, 13, 17—
19]. In contrast to conventional (non-variational) algorithmic formulations, variationally
consistent numerical models are governed by their underlying variational principle and
thus, they inherit all of their properties like energy conservation. This is why they are
physically sound and very powerful.

The present paper is concerned with so-called wariational constitutive updates, cf.
(11, 13, 17-21]. These updates make use of the postulate of maximum dissipation and
allow to compute all state variables, together with the unknown deformation mapping, by
minimizing a suitable energy functional. Also, such methods allow to analyze the existence
of solutions by using nowadays standard tools such as those known from hyperelasticty
20, 22, 23], and they can be applied as a canonical basis for error estimation, cf. [9-12].

Concerning associative evolution equations (standard dissipative solids), variational
updates are relatively well understood. For rate-independent models, a general numerical
framework suitable for their implementation was advocated in [24]. It can be applied
to almost all (possibly anisotropic) plasticity models including arbitrary isotropic and
linear kinematic hardening. In case of rate-dependent viscous-type constitutive laws, a
numerical implementation can be found in [25].

Clearly for many applications, non-associative evolution equations are required. This
is typical for models in soil-mechanics. Even though most of such models can be described
within the framework of generalized standard materials [26, 27], no governing variational
principle exists. Therefore, no general variational constitutive update for those models has
been proposed yet. In [28], a first step towards this extension is discussed. More precisely,
a Drucker-Prager-type model based on a volumetric/deviatoric split of the Helmholtz
energy, the yield function and the plastic potential was considered. Without going too
much into detail, the resulting variational structure is closely related to the orthogonality
between the spaces of deviatoric and hydrostatic tensors. Consequently, this approach is
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very specific and thus, it cannot serve as prototype for other kinds of material laws.

In the present paper, focus is on a variational description of non-linear kinematic hard-
ening at finite strains. Such hardening type is necessary for capturing the Bauschinger
effect which is mandatory for describing the hysteresis in load reversals particularly for
metals, cf. [29]. Similarly to the aforementioned Drucker-Prager-type model, non-linear
kinematic hardening does not obey the (classical) postulate of maximum dissipation.
Hence, there is no associated variational principle. Therefore, new modeling techniques
have to be developed.

Although non-linear kinematic, or more precisely, Armstrong-Frederick-type hardening
[30], is well established for linearized kinematics, the variety of its geometrically non-
linear extensions is numerous, cf. [31]. For this reason, two different versions of non-linear
kinematic hardening are considered in this paper and recast into an equivalent variational
framework. The first of those is based on a standard evolution equation of the back stress
within the intermediate configuration induced by a multiplicative decomposition of the
deformation gradient, see model A in [31]. The latter makes use of the so-called center
configuration, originally proposed in [32] (see also [33] for further elaborations). Similar
ideas have been advocated earlier in [34].

Conceptually, the novel variational constitutive updates presented here are based on a
more general form of the postulate of maximum dissipation. However and in contrast to
associative plasticity theory, the non-associative evolution equations are enforced explic-
itly. This constrained extremal principle is finally recast into an equivalent unconstrained
counterpart by utilizing a suitable parameterization of the flow rule and the evolution
equation governing the back stress, cf. [28].

The paper is organized as follows: Section 2 is concerned with a brief introduction to
finite strain plasticity based on associated evolution equations. Particularly, the govern-
ing variational structure is emphasized and the implementation by means of variational
constitutive updates is presented. In Section 3, two different types of non-linear kine-
matic hardening are discussed. While the first of those is defined by a standard evolution
equation with respect to the intermediate configuration, the second model is related to
the concept of a center configuration. A variationally consistent re-formulation of such
models, together with their numerical implementation, is elaborated in Section 4. The
applicability of the resulting algorithmic formulations are highlighted in Section 5.

2 Variational updates for associative finite strain plas-
ticity theory

This section is concerned with a concise review of variational constitutive updates suitable
for the modeling of standard dissipative solids in the sense of Halphen & Nguyen [16].
Assuming normality rules, i.e., associative evolution equations, such updates allow to
compute all state variables, together with the unknown deformation, jointly by minimizing
the stress power of the respective mechanical system, cf. [11, 13, 20, 21]. While the
variational structure of finite strain plasticity is briefly discussed in Subsection 2.1, a
short note on the respective implementation is given in Subsection 2.2.
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2.1 Fundamentals

In line with Lee [35], a multiplicative decomposition of the deformation gradient F :=
GRAD¢ into an elastic part F° and a plastic part F? of the type

F=F° F", with det F* >0, det F* >0 (1)
is postulated. Based on this split, an additive decomposition of the Helmholtz energy
V= W(F°) + V() (2)

is adopted, cf. [36-38]. In Eq. (2), a € R™ is a strain-like internal variable (or a suitable
set) related to plastic hardening and WP denotes the associated stored energy. Clearly,
Eq. (2) implies that plastic effects do not affect the elastic response, i.e., no material
degradation is present. Inserting assumptions (1) and (2) into the dissipation inequality
yields for isothermal processes

ov
oCc*e

1 e .
D= (FP-S~FPT—2 ) 5 C 48 (FPT~CG~FP)+Q~0‘420. (3)
Here and henceforth, C® := F°' . F°, P, S .= F!. P and Q := —0,V represent
the elastic right Cauchy-Green strain tensor, the first Piola-Kirchhoff stress tensor, the
second Piola-Kirchhoff stress tensor and a stress-like internal variable work conjugate to
a, respectively. Application of the by now standard Colemann & Noll procedure [39-41],
gives the stress response
ov 0V -7
S=2—=2F" - - F? 4
oC oCc* (4)

and the reduced dissipation inequality

D=S:L"+Q -&a>0 (5)

with ¥ = 2 C° - dc- ¥ being the Mandel stresses (cf. [26]) and LP = F* - F?" denoting
the plastic velocity gradient. Both objects belong to the intermediate configuration.

For defining admissible stresses, the elastic domain denoted as E, is introduced. In
line with the dissipation inequality (5), E, is formulated in terms of 3. More precisely,

Er = {(2,Q) e R™™ | ¢(%,Q) <0} . (6)

Clearly, the yield function ¢ spanning that space has to comply with experimental data
and has to fulfill certain regularity conditions, cf. [42]. Since in this paper focus is on
nonlinear kinematic hardening models, a family of yield functions of the type

$(2,Q") =¥ - Q") - Qi — Q (7)

is considered. In Eq. (7), Q* = Q"(a¥), @; = Qi(a;), ¥ and Q¢ are the back stress
tensor related to kinematic hardening, a scalar-valued, stress-like internal variable gov-
erning the isotropic counterpart, an equivalent stress measure defining the shape of the
yield function ¢ and the radius of the initial elastic domain E,, respectively.

Canonical or associative evolution equations can be derived in a physically and math-
ematically elegant manner by enforcing the postulate of maximum dissipation

sup D (8)

(2,Q%Qi)€Es
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leading finally to
LP=)X0s¢ & =X0gd ;=) (9)

together with the classical Karush-Kuhn-Tucker conditions A > 0, A ¢ > 0. According
to Eq. (9)s, the postulate of maximum dissipation implies linear kinematic hardening.
Hence, this principle has to be modified, if nonlinear hardening of Armstrong-Frederick
type is to be modeled. Such an enhanced principle is elaborated in the next sections.
Furthermore, it should be noted in advance that other, modified evolution equations for
the internal variable v based on objective time derivatives can be applied as well. This
will be briefly discussed in the next section.

In what follows, the finite strain plasticity model discussed before is re-written into
a variational form, cf. [13, 20, 24]. Tt bears emphasis that the finally presented param-
eterization is new. Though it is in line with the one introduced in [24, 28], it is applied
directly to the analytical, i.e., to the continuous, problem. In [24, 28], it has only been
elaborated for the algorithmic formulation. In this respect, the current derivation is more
consistent, since it is based on a unique framework. Conceptually, the variational form of
plasticity is based on the stationarity of the stress power

E@p,F' a,2,Q) = P:F+J (10)
= V(g F' a)+D(F, &, 2,Q) +J, (11)

cf.[13, 20]. Here, J = J(X, Q) is the characteristic function of E, with Q := {Q", Q;}
and « := {a¥, a;}. Hence, for admissible stresses .J vanishes, while inadmissible states
are penalized by J = co. Applying the postulate of maximum dissipation (maximization
of £ with respect to the stress-like variables) yields

Elp. F' &) = U(p, F° &) + J (L, &) (12)

with J* being the Legendre transformation of J. For admissible stress states and as-
sociative evolution equations, J* is the dissipation. Generally, the computation of this
transformation is not trivial. However, for a broad class of plasticity models frequently
applied in solids mechanics, the equivalent stress in Eq. (7) is a positively homogeneous
function of degree one. In that case, a closed-form solution can be derived in a straight-
forward manner, i.e., J* =\ Q! V(X, Q) € E,, cf. [13, 20, 24].

Recently, a novel implementation for variational constitutive updates was advocated
in [24, 28]. The underlying key idea is to parameterize the restrictions imposed by the
flow rule conveniently. More precisely, using associative evolution equations, i.e,

F° . FP~l =)\ 0s0 (13)

the rate of plastic strains can be decomposed into a direction ds,¢p and an amplitude
A. Consequently, a suitable description of the flow rule relies crucially on a convenient
parameterization of the flow direction Os¢. For instance, a von Mises-type model is
defined by the following constraints.

devX

O = V=
=0 = Tqevsy] ©

M={M |M=M" ttM=0, M:M=1}. (14)
In [13], such constraints have been incorporated by adopting Lagrange multipliers. Here
and in line with [24, 28], a different approach is emphasized. Conceptually, pseudo stresses
3 are introduced. They are not necessarily identical to their (relative) physical counter-
parts, i.e., ¥ # 2 := X — Q¥ but they result (by definition) in the same physical flow
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direction, i.e., Os¢|z = Ox¢|s. Using such pseudo stresses and focusing again for the sake
of concreteness on von Mises type-models, the set M defining the physical constraints
imposed by the flow rule can be re-written as

izziT} (15)

M= { dev?

||dev|
and thus, the determination of the flow direction results in finding the proper symmetric
second-order tensor 3. As a result, the constraints (14) can be a priori enforced (more
precisely, they are naturally included). Employing such a parameterization, the functional
dependency of the stress power is given by £ = &(¢, >, A). Then, according to [24, 28], it
can be shown that all unknown state variables, together with the deformation mapping,
follow jointly from minimizing the potential &, i.e.,

(¢.5,\) = arginf £(, £, A). (16)
DI

Since such schemes are, despite their efficiency and mathematical and physical elegance,
nowadays still not standard, the validity of the minimization principle (16) is briefly shown
in what follows. For that purpose, it is proved that the stationarity condition of £ with
respect to 3 and A complies completely with the underlying associative plasticity model.
Since for that purpose, the partial derivatives of € with respect to ¥ and A are considered,
the deformation mapping is assumed as constant without loss of generality, i.e.,

@p=const = F=0 = F =—F°LP (17)
As a result, the stress power reads

owve
OF*°

5:¢;+D:_(F6T ):LP+AQ1‘:LP+)\Q1+)\Q3‘1 (18)
for a combined isotropic/kinematic hardening model. Hence, the stationarity condition
with respect to the plastic multiplier is obtained as

e = {_E Ondls + QF : Osdls + Qi + ng} IA=0

& —p=0. (19)

Accordingly, the resulting Euler-Lagrange equation enforces the yield function. Finally,
a variation with respect to the pseudo stresses leads to

05E A -3 0305+ Q" : 0585} : 68 =0

& E:0Ze=0. 2=¥-Q (20)

In what follows, only positively homogeneous yield functions of degree one will be consid-
ered (more precisely, the equivalent stress % is positively homogeneous of degree one).
According to [28], for such yield functions, the flow rule obeys Eq. (20) exactly. As a
consequence, the variational principle (16) indeed naturally includes the flow direction as
well.

Once the minimization problem infg , £ has been solved, the stresses P can be com-
puted from the reduced potential, i.e.,

P =0,infé. (21)

3B

Further details can be found in [24, 28].
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2.2 Numerical implementation

Conceptually, variational constitutive updates are simply an approximation of the mini-
mization problem (16). A first step towards this approximation is obtained by applying
a time integration to the stress power £(p, X, ), i.e.,

(AN, ) = arg inf [, (22)
ANE
with .
n+1 -

Te = / E(p 5 0) dt = W1 — Uy + Q0 AN (23)

tn

tn+1

Here, the notations AX := [ X dt and (e), := (e)(f,) have been introduced. Further-

tn
more, a positively homogeneous yield function of degree one resulting in the dissipation

D = X Q" has been assumed. Since £ is highly non-linear, the definition of the incre-
mentally defined potential [;,. requires a proper time integration scheme. In this respect,
the minimization problem (22) is not unique. However, if a consistent time integration
is applied, consistency of the variational update is indeed guaranteed, i.e., the algorithm
converges to the original problem (16), if At — 0. One such consistent approximation is
given by the first-order scheme

F)., = exp[|AX Osdls] - F?
ai|n+1 = ai|n —AX (24)
ol = o, — AN 995

By inserting Eqs. (24) into the integrated stress power, the incremental potential
Line(Fry1, 2,AN) = U, (Fropg, 2,A0) — 0, 4+ Q5 AN (25)

is obtained. Most frequently and in line with classical computational plasticity theory
(37, 38], the minimization problem inf [} is solved in a staggered fashion. More precisely,
at a certain material point (the integration point), the material response is computed
by keeping the deformation mapping fixed (F' = const, compare to the return-mapping
algorithm, cf. [37, 38]). Hence, the problem

(A, 2) = arg inf IinC|F:COIlSt (26)
AN,

is considered which gives rise to the introduction of the reduced potential

[11;‘133<F> = inf Jine|p_const- (27)
AN
This potential, in turn, defines the stress response, i.e.,
P = 0plyy, (28)

compare to Eq. (21). In contrast to the locally defined problem (26), the computation of
the deformation mapping of the body €2 necessary for determining the stresses requires
a globally conforming description, e.g., by adopting a finite element discretization. More
precisely, the problem

¢ = arginf / et av (29)
Q
is to be solved. In case of externally applied forces, the energy from such work has to be
considered as usual. It bears emphasis that problem (29) is equivalent to the principle of
virtual work. Further details are omitted. They can be found in [13, 20, 24, 28].
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3 Finite strain plasticity theory with non-linear kine-
matic hardening

This section is concerned with the fundamentals of non-linear kinematic hardening at
finite strains. More precisely, two different models of Armstrong-Frederick-type [30] are
presented. While a rather straightforward extension of the geometrically linearized case
is addressed in Section 3.1, a model relying of the concept of a center configuration is
discussed in Section 3.2, cf. [32].

According to Section 2, isotropic hardening obeys the postulate of maximum dissipation.
Hence, it is not critical for further considerations and therefore, it can be neglected for
the sake of simplicity here.

3.1 Model I

The first model suitable for the simulation of non-linear kinematic hardening of Armstrong-
Frederick-type at finite strains can be considered as a straightforward extension of the
original model [30]. While in Paragraph 3.1.1 the fundamentals are briefly discussed, a
(standard) numerical implementation based on the return-mapping scheme is sketched in
Paragraph 3.1.2.

3.1.1 Fundamentals

Analogously to the class of models analyzed in Section 2, a multiplicative decomposition
of the deformation gradient and an additive split of the Helmholtz energy are assumed,
ie.,
1

U =vC°) + ¥ (), UP= jeate (30)
Furthermore, according to Eq. (30), a quadratic function has been chosen for describing
the effects due to non-linear hardening. Here and henceforth, a is a strain-like variable
energetically conjugate to the back stress Q. Since isotropic hardening is neglected for the
sake of simplicity, the indices k£ (kinematic) and i (isotropic) are not necessary anymore.
Based on Eq. (30), the reduced dissipation inequality

D=%:L"P+Q:a>0, Q:=-0,9"=—ca (31)

is derived. According to Eq. (31) the material time derivative of a naturally appears.
It is well known that evolution equations for the back strain depending on that time
derivative might lead to unphysical results, cf. [43]. For this reason, modified equations
based on objective time derivatives are frequently applied, see [31] and references cited
therein. However, it bears emphasis that simply replacing & by an objective counterpart
would change the physical dissipation and hence, such a procedure is not physical at all.
However, if the condition of isotropy of WP(«) is taken into account, the material time
derivative can be related to an objective time derivative. More precisely,

\ifp:Q:o‘z:Q:PD(Pq(a)), (32)

cf. [44]. In Eq. (32), Po(a) and P (ex) denote a push-forward and a pull-back operation
of o with respect to a certain configuration, cf. [5]. Depending on that configuration

Ps(P<(cx)) can represent a convective time derivative such as a Lie-derivative or a co-
rotational time derivative such as the Jaumann derivative, see [44, 45]. Eq. (32) is a direct
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consequence, of the covariance of WP, cf. [5, 44]. For further details, the reader is referred
to [44] and [45].
In line with the previous section, the space of admissible stresses is defined by means
of a yield function
¢=Y9E-Q) - (33)
which in turn depends on an equivalent stress measure >°d being a positively homogeneous
function of degree one. In the numerical examples presented in Section 5, a von Mises
yield function of the type
¢ = ||dev(X) — Q| — Qp’ (34)
is adopted. In contrast to Section 2, different evolution equations than those induced by
¢ are considered here. Following the framework of generalized standard materials [26, 27]
a plastic potential 2 # ¢ is introduced and the evolution equations are postulated as

LP:=F" - FP7' = )05, & =)\dgN. (35)

Though such equations do evidently not obey the classical principle of maximum dissipa-
tion, the second law of thermodynamics is a priori fulfilled, if 2 is convex (in 3 and @),
cf. [29]. For non-linear hardening of Armstrong-Frederick-type

10
Q:¢+§EQ1Q7 Q#¢ (36)
is a suitable choice, see [29]. Application of Eq. (36) yields the evolution equations
LP =)\0s¢p, aa=—-AN0s¢p—A\ba, (37)

and finally, the dissipation inequality
b
D=XQy'+X-Q:Q>0. (38)
c

Accordingly, since € is convex, the predicted dissipation is non-negative. For a better
understanding of the material parameters b and ¢ the saturation behavior of Eqs. (37) is
analyzed. By considering the limiting case &« = 0 the relations

1959 1959
b b
are obtained. Consequently, in case of a von Mises yield function of the type (34) implying

|0s0|] = 1, Eqs. (39) yield ||| — ¢ and ||Q]| — £. Furthermore, a purely isochoric
evolution law is guaranteed then, i.e.,

Q[ — ¢ (39)

e[ —

trL? =0, tra = 0. (40)

3.1.2 Implementational aspects

Most frequently, constitutive models such as those described in the previous paragraph
are implemented by employing the classical return-mapping scheme, cf. [37, 38]. Hence,
in case of a plastic loading step, the evolution equations (37) are integrated by utilizing an
implicit backward-Fuler integration and subsequently, the resulting non-linear algebraic
system of equations is solved by applying Newton’s methods. Here, the slightly different
implicit first-order approximation

F?_ | =exp(AX 0s¢) - F? (41)
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is considered for the flow rule. In contrast to a classical backward-Euler scheme, Eq. (41)
preserves isochoric constraints exactly, cf. [37]. Contrariwise, the standard backward-
Euler method resulting in

oy — AN 8)3¢

1+AXD

is adopted for the back strain. It bears emphasis that other evolution equations based on
objective time derivatives can be discretized similarly (compare to Eq. (32)). However,
that will not be discussed in the present context. The nonlinear equations (41) and (42),
together with the yield condition ¢ = 0, are solved in a standard fashion. For instance, if
AM and X are chosen as unknowns, they result from the non-linear problem

R=R(A\X)=[p; RF']=0, R :=—F"  +exp(A\0Js¢)  F™. (43)

(42)

Apy1 =

3.2 Model IT

The second geometrically non-linear extension of the original Armstrong-Frederick model
presented here makes use of the so-called center configuration, originally proposed in [32]
(see also [33] for further elaborations). Similar ideas have been advocated earlier in [34]. A
comparison between this model and the one discussed before can be found in the present
paper or in [31]. Following the structure of the previous section, the fundamentals are
addressed first and subsequently, a brief comment on a standard numerical implementation
by means of the return-mapping algorithm is given.

3.2.1 Fundamentals

In sharp contrast to Section 3.1 the non-linear kinematic hardening model advocated in
[32] is based on the so-called center configuration induced by the additional multiplicative

decomposition
k

F* = F ' F (44)
Physically speaking, F* does still represent the plastic deformation, while analogously,
F* governs the possibly independent kinematic hardening effects (mapping between the
center configuration and the standard intermediate configuration). By combining this
interpretation with the objectivity condition, a Helmholtz energy of the type

U = U°(C°) + IP(CY), C*:=F¥ .F* (45)

is adopted. Accordingly and in line with the fundamentals of hyperelasticity, plastic
hardening effects are defined by a potential. Consequently, this model naturally avoids
oscillation problems as evident in some other approaches, cf. [32, 46]. Inserting Eqs. (44)
and (45) into the dissipation inequality yields

D=%:L°-Q":L*>0. (46)
Here, the internal back stress Q* defined as
P 1.
Q= IV pe gt (47)

ock’
has been introduced. As expected, it shows the same structure as the Mandel stresses.

This is a direct consequence of the similarity of ¥¢ = W(F®) and UP = WP(FX). The
model is completed by postulating a yield function of the type

¢ =92 - Q") — Q' (48)
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together with evolution equations
LP =) 0sQ, L*=-)\0g.0" (49)

based on a plastic potential

V=6t QR QN Qo (50)

being identical to that utilized in the previous subsection (compare to Eq. (36)). Conse-
quently,

LP =\ 0s¢, L¥=X\os¢p—\ lg) Q~. (51)

The dissipation predicted by that model is computed by inserting Eqs. (51) into the
reduced dissipation, finally resulting in

b
D:)\QSqu)\EQk:QkZO. (52)

As in Section 3.1, convexity of €2 guarantees positive dissipation. More precisely, all equa-
tions such as Eq. (51) and Eq. (52) are formally identical to their counterparts presented
in the previous subsection. Hence, in case of a von Mises-type model, the back stress
inherits the isochoric property, i.e.,

trQ* = 0. (53)

Remark 3.1 It bears emphasis that although both non-linear kinematic hardening ap-
proaches look similar, the material parameters b and ¢ defining those models have a dif-
ferent physical interpretation. More precisely, by comparing the uniaxial tension test as
predicted by those models it can be shown that the hardening parameters have to be divided
by a factor of 2 for the approach related to the center configuration. Further details are
omitted. They can be found in [{4].

3.2.2 Implementational aspects

In line with Paragraph 3.1.2, the implementation of the aforementioned plasticity model
by means of the return-mapping algorithm is briefly discussed. Hence, an exponential
implicit integration scheme is employed again for the irreversible parts of the deformation
gradient, i.e.,

RF = —F" | +exp(A\ 0s¢) - F2 =0 (54)

and
k

b
R = —FI;LH + Flﬁ exp [AN Os¢ — AAE Q| =0 (55)

and finally, the unknowns such as A), ¥ and Q* are computed from the system of non-
linear algebraic equations
R=[¢; R™; R"|=0, R=R(A)\X,Q" =0. (56)

Alternatively, Eq. (55) could be enforced a priori (by a certain post-processing step, i.e.,
a staggered scheme) and hence, the reduced residual would read

Ricq = Riea(ANX) = [¢; RF'] = 0. (57)
Clearly, in this case, the post-processing step is defined by the non-linear subproblem
Flr(L—i—l = Fi(z—i—l(A)V 2) (58)

Though such a procedure is not standard, it proves to be well suited for the variational
constitutive update presented in the next section.
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4 Variational updates for plasticity models with non-
linear kinematic hardening

According to Section 2, the underlying idea of variational updates is the minimization
of the integrated stress power. This variational principle governs every aspect of the
respective physical problem. Unfortunately, the derivation of this scheme is based on
the classical postulate of maximum dissipation which is not fulfilled for non-associative
evolution equations. As a result, the original variational update cannot be applied to the
class of non-linear hardening models as presented in the previous section. For this reason
and in line with [28], an extended principle is considered. Conceptually, the integrated
stress power is still minimized. However, by utilizing a suitable parameterization, the non-
associative evolution equations are a priori prescribed. Interestingly, this parameterization
results finally in an unconstrained minimization problem.
Following Section 2, the integrated stress power

tn+1
inf ]inca Iinc = \Iln—i—l - \I/n + / D dt (59)
tn
represents the starting point of the extended variational constitutive updates. Since the
dissipation as defined by Eq. (38) and that by Eq. (52) are formally identical, both models
result eventually in a similar minimization problem. The numerical implementations

discussed in the following subsections are based on a backward-Euler time discretization
of the dissipation, i.e.,

tn+1
b

/ Ddim ANQE + AN Q,.,: Q,,, = AD. (60)
C

tn

Clearly, other (consistent) approximations are possible as well.

In Subsection 4.1, a variational constitutive update is developed for the non-linear
kinematic hardening model as described in Subsection 3.1. A variational principle, to-
gether with its numerical implementation, for the model based on the center configuration
as discussed in Subsection 3.2 is advocated in Subsection 4.2.

4.1 Model 1

4.1.1 The continuous case: Differential equations

In line with Subsection 2, the stress power is considered. If linear kinematic hardening
is replaced by the non-linear counterpart as described in Subsection 3.1, the stress power
reads (compare to Eq. (18))

. owe b
) =—(FT.  LP . (LP N - Q-
ENY) ( 8Fe) +Q : ( +Aba)+>\QO+ACQ Q (61)
= (-2+Q) : 9sdls A+ Q5" A
Accordingly, a minimization of £ with respect to the plastic multiplier yields
e = {(_E + Q) : az(b‘i: + ng} oA=0 (62)

& —¢=0.
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Consequently, the yield condition is consistently included within the variational (mini-
mization) principle inf £. The stationarity condition with respect to the pseudo stresses
is identical to that of the associative model (cf. Subsection 2). More precisely, a straight-
forward calculation leads to

fi Q):0%¢ls} 02 =0 (63)

As mentioned earlier, Eq. (63) is identically fulfilled, if the yield function is positively
homogeneous of degree one, see [28]. Hence, the yield function and the flow direction
predicted by the minimization principle inf € are equivalent to those of the original (not
variational) model (Subsection 3.1).

4.1.2 The discrete case: Time discretization

Next, consistency of the proposed variational constitutive update is proved. Hence, it will
be shown that the minimization principle inf [;,. as defined by Eq. (59) converges to the
underlying analytical counterpart inf £ for At — 0. More precisely,

a]’inc ! ¢ a[inc
8A)\ At—0 ’ 82 At—0

!

(1
e

: 0=0. (64)

Since a variation is only considered for the (unknown) new state ¢,,11, the index n+ 1 will
be omitted in what follows, i.e., & := a,11.
For checking consistency, i.e., the validity of Eqs. (64), the partial derivatives

15/e" —1

AN Trp A (Ondlstha) (65)

gg 1 lﬁm Ox9ls (66)

T [< fia) 2}3} Dexp[~ AN Osdls] : Ondls (67)

?Ig = [( frial) 21\1;} Dexp[— AN Ox¢ls] : 0%0|s AN (68)

gi; T 1 +2m (Osdls +be): Q (69)

?g 1 ﬁﬁm Q: 050ls (70)

gATZ;— 0 —bQ:ra+20 AbAAA (Osdls +ba): Q (71)
g_gzwlfzimQ 0595 (72)

will be utilized. Here and henceforth, FY ., = F,41 - F;f;*l are the elastic trial strains

(see [37, 38]) and D exp(e) is the derivative of the exponential mapping, cf. [47, 48]. By
combining Eqs. (65)—(72), consistency of the algorithm can be verified, i.e.,

a[inc
OAN

=X 0s¢ls +Q: 0sdls + Qy = —0¢ (73)

At—0
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and
8[ inc

82 At—0

In the numerical examples presented in Section 5, the minimization problem inf [;,. is
solved by employing a gradient-type approach. Consequently, the function to be mini-
mized, together with its gradient VI, are required. Evidently, such gradient can easily
be computed by Egs. (65) — (72). In case of a Newton-type method, the second deriva-
tives are required as well. Although they are very lengthy, they can be derived in a
straightforward manner, c¢f. Remark 4.1. Having computed the minimization principle
inf I;,c|p = const, the stress can be computed analogously to hyperelasticity, i.e.,

= AN [-2: 050|s + Q : 030|s] = ANE : 920. (74)

P = 0p inf Iy, (75)
ANE

compare to [24, 28].

4.2 Model 11

4.2.1 The continuous case: Differential equations

Following the previous subsection, the analytical problem inf £ is analyzed first. There-
fore, the stress power is computed. By employing Eq. (59) and Eq. (60), together with
Subsection 3.2, the stress power results in

w b
ENE) =) —2:8)3¢\2—Qk:8Qka—|—Q0q+EQk:Qk}

(76)
= A {(-Z+ Q") : 0sd|s + Qi } .
Thus, the related stationarity conditions are given by
HhE = {(-Z+ Q") : 0s9|s + Q' oA=0 (77)
& —0=0
and .
05 = M{(-Z+Q") : 0%dlg}:6X =0 -
& 2020 = (78)

As a result and analogously to the previous subsection, the proposed minimization prin-
ciple is equivalent to its underlying (non-variational) counterpart as summarized in 3.2.

4.2.2 The discrete case: Time discretization

Consistency of the variational constitutive update as obtained from discretizing the inte-
grated stress power (76) by utilizing a backward-Euler integration is checked here. Ac-
cording to Paragraph 3.2.2 and in contrast to Subsection 4.1, a standard parameterization
of the minimization principle would require 3 unknowns: A), 3 and additionally, the di-
rection of L¥. Clearly, this could be done by introducing an additional set of pseudo
stresses defining L*. However, a different approach is elaborated here. In line with the
modified return-mapping scheme presented in Paragraph 3.2.2, the evolution equation
governing F¥ is a priori fulfilled by enforcing

F:  =F% (ANY). (79)
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By doing so, the only unknowns within the minimization principle inf I;,. are A\ and
3} — the same as in the previous subsection. Hence, both algorithms are easily mutually
comparable. In what follows, the flow direction and the hardening directions are denoted

by )
N :=0s¢ls, N := dso|s— ; Q. (80)

Since both models for non-linear kinematic hardening considered in this paper lead to
the same elastic part of the Helmholtz energy V¢ (and the same plastic flow rule), the
derivatives Oa W and 05, W© are given by Eq. (67) and Eq. (68). The remaining derivatives
necessary for solving the minimization problem I, by using gradient-type algorithms are
summarized in what follows.

With Eqs. (80), the derivative of F% with respect to the plastic multiplier can be
computed from the implicit equation

OF,
OAN

= F~. [Dexp (A)\ N) ; <N+A)\ 8A>\N>] . (81)

For that purpose, the derivative

. b
OaN = —= QY OarF- (82)

is inserted into Eq. (81), leading finally to

OFn _ y 1, [Fk - Dexp (A)\ N) : N} (83)
0AN on ' '
Here, the fourth-order tensor
A=T+A\2 P Dexp (AA N) L 0 Q" (84)
c

has been introduced. Evidently, Eq. (82) can only be applied, if the evolution direction
defining L* is correct. This is why Eq. (79) has to be enforced. Analogously, the derivative
of F* with respect to the pseudo stresses can be computed. More precisely,

% = ANATL: [FI:L - Dexp (A)\ N) : 8§1¢’2] . (85)

Hence, the gradients of WP and those of AD are given by

OuP owP  OF%,,

OAN ~ OF%,| " OAX (56)
gATZ;:QSq+ng:Qk+2A/\€Qk:aifgl18;2;1 (88)
92D 5 ax P g+ 0Q"  OF,. (89)

¢ OFs., 0%
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By utilizing such gradients, together with Eq. (67) and Eq. (68), the gradient of I,
required for an optimization scheme can be computed. In case of a Newton-type method,
the second derivatives are necessary as well. Although they are lengthy, they can be
derived in a straightforward manner, cf. Remark 4.1. Once this minimization problem
has been solved, the stresses follow again from Eq. (75).

Next, consistency of the resulting algorithm is proved. By considering the lineariza-
tions

OF .| )
2 ntl —F N
OAN n+1 (9())
At—0
and
OFF
Touet) S ANFE, %) (91)
X
At—0
the stationarity conditions
Oline = -%:05 + Q“: N +Q§Q+9Qk:Qk:—¢=0 (92)
0AN At—0 N—— —— N C _
=arPilac—o =darWPlac—o :aAAA\gwAt—»O
and 5
[inc —_
= = —ANX :050|s + AN QN : 05¢lg = ANE : Os¢|z =0 (93)
0% larg ~———2 ———>

=05 V°|a¢—0 =05 UP|A¢—0

are finally obtained. In Eq. (93), 05 AD|a¢—0 = 0 has already been included, see Eq. (89).
Hence, consistency of the algorithm is guaranteed.

Remark 4.1 As a prototype implementation, the optimization problems associated with
model I and model II are solved by means of a gradient-type approach. More precisely, a
so-called L-BFGS algorithm is applied, cf. [49]. The gradients necessary for this approach
have been already derived in the present paper. Clearly, the performance of the resulting
numerical implementation is strongly affected by the choice of the optimization algorithm.
For a faster convergence, Newton’s method could be employed as well. In this case, the
Hessian of the function to be minimized would be required as well. Furthermore, the
so-called algorithmic tangent modult would be required for guaranteeing an asymptotic
quadratic convergence also at the structural level. For this reason, the derivation of those
tangent moduli will be sketched in what follows.

Independently if model I or model II is considered, an optimization problem of the type

i%f[inC(FnH,X)|Fn+1:const, with X = {X,A\} (94)

has to be solved. Having computed the minimum, the necessary condition

aX[inc‘FnH:const =0 (95>

1s obuviously fulfilled. In line with the return-mapping scheme, the algorithmic tangent is
derived by linearizing the residuals, i.e., the gradient of the function to be minimized. A
straightforward computation gives

d(Oxln) =0 = dX = — [0%xlnc] - O%plinc : dF. (96)
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Note that in contrast to the minimization problem (94), the deformation gradient is now

a non-constant variable. Inserting this equation into the linearization of the stress tensor
P = 0rl;,, leads finally to

P — {a%Flinc — Py Tine - [0%xine] - a;FLnC} . dF. (97)

(. S

: :vA

Accordingly and as expected, the tangent operator A shows the major symmetry for a
variational method.

5 Numerical examples

The applicability as well as the consistency of the proposed variational constitutive up-
dates are demonstrated in this section by means of different numerical examples. While
Subsection 5.1 is associated with the uniaxial tension and the simple shear test, a more
complex boundary value problem is considered in Subsection 5.2. To be more precise, it
is a strip with a circular hole.

The minimization principle (59) characterizing the novel variational constitutive up-
dates is solved by means of a gradient-based L-BFGS algorithm, cf. [49]. In line with the
standard return-mapping scheme, the initial values necessary for this algorithm are chosen
as those corresponding to an elastic predictor. The respective constitutive subroutine has
been embedded into an in-house finite element code. Within this code, the global prob-
lem (equilibrium) is solved by energy minimization as well, i.e., the L-BFGS algorithm is
also applied at that scale. However, the implementation of the constitutive models can
easily be inserted into commercial finite element package as well. Within all optimization
algorithms, convergence is checked by the projected gradient and the tolerance is set to
1078, cf. [49].

5.1 Uniaxial tension and simple shear

The representative hardening behavior corresponding to the Armstrong-Frederick-type
model can be visualized best by analyzing one loading cycle for simple shear or uniaxial
tension. Following [31], the material parameters characterizing a mild steel CK15 are
chosen. They are summarized below.

shear modulus: @ = 80000 MPa
bulk modulus: K =173333 MPa
yield stress: or=14/2/3 300 MPa

hardening modulus: ¢ = 1900 MPa
saturation parameter: b= 8.5

As already mentioned in Remark 3.1, the hardening parameters have to be divided
by a factor of 2 for the model based on the center configuration. Concerning the elastic
response, a standard isotropic neo-Hooke-type Helmholtz energy is adopted. However,
since the elastic strains are relatively small, the choice of the elasticity model is not
crucial.

The predicted stress-strain responses for the two different loading cases are shown
in Fig. 1. As evident from these diagrams, both proposed variational constitutive up-
dates lead to almost identical results. This holds particularly for the simple shear test.
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Figure 1: Uniaxial tension and simple shear test: Comparison between different finite
strain plasticity models. Rate model is based on the standard evolution equation of the
internal variables (see Subsection 3.1), while hyper. model is based on the kinematics
associated with the center configuration (see Subsection 3.2). For the sake of comparison,
the results as reported in [31] are shown as well.

no hardening: perfect plasticity, i.e., ¢ = 0.0
linear hardening: Prager-Ziegler model, i.e., &« = LP
rate model: Armstrong-Frederick-type hardening
based on standard rate equation (see Subsection 3.1), ¢ = Cpef, b = bret
hyper. model: Armstrong-Frederick-type hardening

based on center configuration (see Subsection 3.2), ¢ = ¢rer/2, b = byef/2

Table 1: Strip with a circular hole: Different hardening models utilized within the nu-

merical analyses

According to Fig. 1, the results are in good agreement to those previously reported in
[31].

5.2 A strip with a circular hole

Next, a more complex mechanical problem characterized by an inhomogeneous stress
state is numerically analyzed. The strip with a circular hole shown in Fig. 2 represents a
standard benchmark being frequently applied to investigate the consistency of plasticity
models, cf. [38, 50]. For the purpose of comparison, the material model is chosen in line
with that in [38, 50], i.e., isotropic elasticity and associative von Mises plasticity theory.
As in the previous examples, the elastic strains are relatively small. Thus, the choice of
the elasticity model does not play an important role. For this reason and in line with the
previous subsection, an isotropic neo-Hooke-type model is adopted. In contrast to the
cited references, where only linear hardening was considered, the four different hardening
models summarized in Tab. 1 are applied.

The distributions of the internal variable o := max;; |ay;| as predicted by the different
hardening models are given in Fig. 3. As evident from this figure all computations lead
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Figure 2: Strip with a circular hole: geometry, boundary conditions, finite element dis-
cretization (10-node purely displacement-driven tetrahedron elements) and material pa-
rameters. ¢t denotes the thickness.

to almost identical results. This is in line with [24]. In the cited paper, only a marginal
influence of the hardening behavior on the distribution of a was observed (linear isotropic
hardening and linear kinematic hardening were analyzed).

Although all different hardening models lead to similar distributions of the internal
variable «, the resulting load-displacement diagrams show a larger scattering, cf. Fig. 3.
As expected, the model without hardening predicts the softest response. Due to geometri-
cal nonlinearities, the forces are monotonically decreasing beyond the ultimate load. The
other limiting case, i.e., the strongest hardening effect, is represented by linear kinematic
hardening. Again a global softening behavior is observed at large deformations. However,
in contrast to perfect plasticity, the softening is less pronounced (different modulus) and
occurs at a later stage. The proposed novel constitutive updates based on nonlinear kine-
matic hardening of Armstrong-Frederick-type are bounded by the aforementioned limiting
cases. More precisely, they lead to identical results as the linear hardening model at the
onset of plasticity, while for large deformations, i.e., when the internal variable a has
already saturated, the global softening modulus is identical to that of perfect plasticity.
Clearly, this transition is consistent with the underlying theory. Although both models
based on nonlinear kinematic hardening give reasonable results, their force-displacement
curves are not completely identical. In contrast to the simple shear test and uniaxial
tension, the difference between the models is more pronounced. The reason for this is the
comparably higher strain level (o := max;; ||| = 2, see Fig. 3). Furthermore, differ-
ences between similar Armstrong-Frederick-type formulations have already been reported
earlier, cf. [31].

For the sake of comparison, the load-displacement diagrams computed by applying a
standard return-mapping scheme are shown in Fig. 4 as well. Accordingly, both schemes
(the return-mapping procedure and the novel variational constitutive update) predict the
same mechanical response. However, it is important to note that these algorithms are not
equivalent.



20 J. Mosler

2
'Ef‘(‘ oy

gAY
A rivatiavsy,
o

LIS
LS 74;/
A

K5

BOEERFI

AN

At
=z

% ZLOST AN
Ly
Y

7 ’ /4
()21" 7 AN/
LON

TR

nonlinear hardening — nonlinear hardening —
rate model hyper. model

[ [ [
0 o 2.0

Figure 3: Strip with a hole: Distribution of the internal variable a := max |o;;|. Compar-
ison between different finite strain plasticity models. Rate model is based on the standard
evolution equation of the internal variables (see Subsection 3.1), while hyper. model is
based on the kinematics associated with the center configuration (see Subsection 3.2).
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Figure 4: Strip with a hole: Load-displacement diagrams predicted by different finite
strain plasticity models. Rate model is based on the standard evolution equation of the
internal variables (see Subsection 3.1), while hyper. model is based on the kinematics
associated with the center configuration (see Subsection 3.2).

6 Conclusions

In this paper, non-linear kinematic hardening of Armstrong-Frederick-type at finite strains
was critically analyzed and recast into a variationally consistent framework. Within this
framework, all unknown state variables, together with the deformation mapping, follow
jointly from minimizing a suitable energy potential. In line with standard dissipative
solids, 1i.e., solids governed by associative evolution equations, this energy potential is
given by the (integrated) stress power. By utilizing a well adapted parameterization,
the non-associative evolution equations defining the class of non-linear kinematic harden-
ing models of Armstrong-Frederick-type were naturally enforced and incorporated in the
minimization principle. By doing so, an equivalent unconstrained minimization problem
was developed. Since, the extension of the original Armstrong-Frederick model to finite
strains is not unique, two different approaches were considered and consistency of the
resulting variational constitutive updates was proved. Numerical benchmarks showed the
consistency of the advocated numerical implementations.

This is the second variational constitutive update proposed for a class of non-associative
plasticity theory. However, it is not clear yet, which conditions have to be fulfilled in
general such that an extended variational principle exists. Hence, in the future existence
conditions are to be carefully derived.
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