elmholtz-Zentrum

eesthacht

H
G

Zentrum fiir Material- und Kiistenforschung

Preprint 2011

Helmholtz-Zentrum Geesthacht

Materials Mechanics

A thermodynamically and variationally consistent
class of damage-type cohesive models

J. Mosler and I. Scheider

This is a preprint of an article accepted by:

Journal of the Mechanics and Physics of Solids (2011)



A thermodynamically and variationally consistent class of
damage-type cohesive models

J. Mosler & I. Scheider

Materials Mechanics
Institute of Materials Research
Helmholtz-Zentrum Geesthacht
D-21502 Geesthacht, Germany
E-Mail: joern.mosler@hzg.de

SUMMARY

A novel class of cohesive constitutive models suitable fier analysis of material separation such as that relatecatksy
shear bands or delamination processes is presented. Thespbframework is based on a geometrically exact desamipti
(finite deformation) and it naturally accounts for mategdaisotropies. For that purpose, a Helmholtz energy depgnain
evolving structural tensors is introduced. In sharp catti@previously published anisotropic cohesive modelk firiite strain
kinematics based on a spatial description, all models gahgnto the advocated class are thermodynamically comsjste.,
they are rigorously derived by applying the Coleman & Notigedure. Although this procedure seems nowadays to bessthnd
for stress-strain-type constitutive laws, this is not tasecfor cohesive models at finite strains. An interestingfireting from
the Coleman & Noll procedure is the striking analogy betweemesive models and boundary potential energies. Thisgyal
gives rise to the introduction of additional stress tensdngh can be interpreted as deformational surface sheatheTbest
knowledge of the authors, those stresses which are regiarebdermodynamical consistency at finite strains, havebean
taken into account in existing models yet. Furthermoreatiditional stress tensors can result in an effective aeteparation
law showing a non-trivial stress-free configuration cowsiswith the underlying Helmholtz energy. This configusatis not
predicted by previous models. Finally, the analogy betwedesive models and boundary potential energies leadsrtiojasu
definition of the controversially discussed fictitious imbediate configuration. More precisely, traction contipuequires
that the interface geometry with respect to the deformedigaration has to be taken as the average of both sides. Ibwill
shown that the novel class of interface models does not ariyl the second law of thermodynamics, but it also shows an
even stronger variational structure, i.e., the admissbées implied by the novel model can be interpreted asesti#rgy
minimizers. This variational structure is used for deriyvamvariationally consistent numerical implementation.

1 Introduction

Since the early work by Barenblatt [1] on quasi-brittle nitls (see also [2]) and that by Dugdale [3] on ductile
metals,cohesive interface modeaispresent one of the most powerful and versatile tools aviglfor the analysis
of material failure. Within such models, cohesive tracsigstress vector acting at a crack), usually given in
terms of the crack width (displacement discontinuity)jsethe separation of the bulk material across the crack.
Accordingly, they are based on stress-displacement lawsse@d of a classical stress-strain-relationship). Ehis i
why they are often referred to &sction-separation lawsOne of the most important advantages of such discrete
representations of material failure is that the width of tegpective failure zone is approximated as zero (with
respect to the undeformed configuration) and thus, the escgile associated with material failure is a priori
infinitely smaller than that of the considered structure. @Asesult, cohesive interface models are intrinsically
multiscale approaches, cf. [4]. Another important advgetaf interface models when combined with continuum
approaches is their naturally induced size effect, cf. $8p(also [6]). For a more detailed analysis of the physical
properties related to interface models, the interestedkrda referred to [4].

While the number of different cohesive interface modelsia literature is tremendous (for an overview, see
[7, 8] and references cited therein), interface laws spedifi designed for material failure at finite strains are
still relatively rare — particularly for anisotropic safid However, geometrically nonlinear effects and anisatrop
mechanical responses do play an important role in manyagins, e.g., in delamination processes, cf. [9].

Roughly, geometrically exact cohesive models can be sidmtivinto two groups. The first group of such
interface models originally developed for slip bands (mtde mode-llI failure) is based on the so-calletaterial
displacement discontinuitgf. [10, 11] (see also [12-18]). Conceptually, insteadihg the displacement jump
[u] itself, its pull-backJ = F~' . [u] is employed. Usually, although not mandatory, it is assuthet the
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localized deformationd are of purely irreversible, plastic nature. In line withsd&al plasticity theory (stress-
strain relation), they only occur, if a stress-based ddteis fulfilled (depending on a yield function) and they are
governed by evolution equations similar to those of thetjatrains. Clearly, by using a referential description,
the requirements imposed by the principle of objectivigy apriori fulfilled. Furthermore, the analogy to classical
continuum plasticity theories makes it possible to applgady existing powerful and well established techniques
such as the Coleman & Noll procedure, cf. [19, 20]. For thassom, models falling into the range of this class are
relatively well developed and thermodynamically consiste.g., they comply with the constraints imposed by the
second law of thermodynamics.

Although the aforementioned group of interface models Setenbe very promising, it is not well suited for
some applications. The first reason is rather technicalmFaanaterials science point of view, it is more natural
to work with true stresses and true displacements (instéading a referential description). The second point
is, however, more crucial: Using the material displacentkstontinuity within constitutive laws implies that
the physical displacement jump consists of an additionavective term, i.e.Ju] = F - J + F - J (Here, the
superposed dot denotes the material time derivative.) orstagly, even for an unloading procesk & 0), the
length of the physical displacement jump may change, ie.=(0 # ||[«]|| = 0). This effect is similar
to that known from classical finite strain plasticity thedogsed on an evolution equation formulated within the
intermediate configuration. Depending on the underlyiilgfa process, it can be desired (for ductile plastic slip)
or unphysical (for quasi-brittle materials).

For quasi-brittle materials, the second group of interfacelels is more suitable. In contrast to the aforemen-
tioned framework, it is based on a traction-separation lagcdbed with respect to the current, i.e., deformed,
configuration. Consequently, the introduction of the niatelisplacement discontinuity is not required. Models
representative of this class can be found, e.g., in [9, 2[l-QMkearly, the constraints imposed by the fundamen-
tal principles of constitutive modeling such as those eglab the principle of objectivity are not automatically
fulfilled and thus, they require special attention. HoweWeermodynamical principles are most frequently not
carefully considered within this modeling class, but thepertive traction-separation laws are directly postdlate
in an ad-hoc manner, cf. [9, 25, 26]. Within the framework d&gsical) continuum mechanics, such models
would consequently be refereed to as Cauchy-elastic. Byokagntrast, thermodynamically consistent cohesive
models belonging to the second group of interface appraacde be found in [21-23]. With the sole exception
of the work [21], only isotropi€ models are discussed within the cited paper. As mentionf2Pjn this is due to
the additional structural tensors required for descriltiregmaterial’s anisotropy. For instance, if a mode-I mode-
[I-11l decomposition is considered, the material’s anisply can be suitably defined by the normal veeiaof the
respective crack. Howevet, changes during deformation and thus, it also leads to a eiartdelmholtz energy.
Since no energetically conjugate variable has been intredin [21, 22], this term would lead either to unphysical
dissipation (even in case of fully elastic deformations)the stiffness matrix characterizing the interface would
be unsymmetric (even in case of fully elastic deformatio@garly, both points are not physical. A first attempt
towards an anisotropic interface model for the second nioglelass was made in [21]. However, a more careful
analysis reveals that the aforementioned critical poiatemot been considered and thus, the resulting model is
not thermodynamically consistent.

Recently, a thermodynamically consistent framework slgtdor the analysis of a certain class of interfaces
was proposed in [29]. Focus was on hyperelastic boundagngiats. For describing anisotropic materials, struc-
tural tensors were included within the respective Helnthetiergy. By focusing on hyperelastic solids and by
applying the principle of minimum potential energy, thedrale equations and the constitutive response were de-
rived. According to [29], additional stress tensors entcgély conjugate to the change in the structural tensors
naturally occurred. In the present paper, a similar viewpisi adopted. However, and in sharp contrast to [29],
internal interfaces including an irreversible respongeaanalyzed.

Adopting a thermodynamically and energetically consistéwpoint, the novel class of interface models ad-
vocated within the present paper is based on a certain Hétmdreergy. For a broad range of application, only
few assumptions are made. More specifically, this energglditimely decomposed into different parts related to
the different failure modes (such as mode-I failure). Eadlufe mode depending on evolving structural tensors,
in turn, is governed by an effective scalar-valued damagarpeter which is multiplicatively decomposed into
the underlying degradation mechanisms. Starting with t@bnholtz energy, the interface models are derived
by rigorously applying the Coleman & Noll procedure. Thelmbly most important step within the derivation
is the introduction of additional stress tensors within stress power. Such stresses, similar to those in [29] can
be interpreted as stresses related to the deformatiorfatsushear. To the best knowledge of the authors, those
stresses which are required for thermodynamical congigtetfinite strains, have not been taken into account in

1In the present paper, cohesive zone models are derived fidetnahoholtz energy depending, among other variables, on the displace-
ment jump[u], i.e., ¥ = ¥(Ju]). Inline with a frequently applied notation in continuum rhanics (see [27, 28]), such constitutive models
are referred to asotropic in what follows, if the scalar-valued functioi depends orfu] through its only invariant| [«] ||. Models not
fulfilling this requirement are defined as anisotropic.
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existing models yet. Equally importantly, the additiona¢ss tensors can result in an effective traction-semarati
law showing a non-trivial stress-free configuration cotesiswith the underlying Helmholtz energy. This config-
uration is not predicted by conventional, i.e., previousdels. Furthermore, the consideration of the additional
stress tensors leads to a unique definition of the contrmbgrsliscussed fictitious intermediate configuration.
More explicitly, traction continuity requires that theentace geometry with respect to the deformed configuration
has to be taken as the average of both sides.

Clearly, the constraints imposed by the second law of thdygmamics are relatively weak. Hence, they do
not lead to unique evolution equations, but rather to a satiofissible evolution equations. A canonical ordering
of this set is given by the principle of maximum dissipatioh,[30]. Material models obeying that principle are
also referred to astandard dissipative solidsf. [31, 32]. It can be shown that maximizing the dissipati®in
many cases equivalent to minimizing the stress power, &, 33]. This equivalence gave rise to the introduc-
tion of so-calledvariational constitutive updatess advocated by Ortiz and co-workers [35-37] and further als
elaborated by others, see, e.g., [38—42]. Within such @sdat unknown state variables, together with the total
deformation, follow jointly and conveniently from mininiig the integrated stress power. The mathematically
and physically elegant variational structure of those tgslgesults in significant advantages compared to standard
conventional approaches. For instance, standard optimizaigorithms can be applied for solving the mechanical
problem. Furthermore, a minimization principle implies #xistence of a natural distance (semi metric) which is
the foundation for error estimation and thus, for adaptiviedielements methods, cf. [43]. For the aforementioned
reasons, the novel class of interface models is reformaiiate that variationally consistent framework. Conse-
qguently, the admissible states implied by the new modelsbeaimterpreted as stable energy minimizers. This
variational structure is also used within the numericallengentation yielding a so-calladriational constitutive
update

The present paper is organized as follows: First, existitgriace models are briefly discussed and analyzed in
Section 2. Subsequently, the kinematics induced by loedlinaterial failure are concisely reviewed in Section 3.
The probably most important novel contributions can be fbimnSections 4 and 5. While Section 4 is concerned
with fully elastic interfaces, material degradation is siolered in Section 5. The mechanical response of the
resulting model is first analyzed in Section 6 for a singleariat point. A more complex numerical example is
studied in Section 7.

2 State of the art review — existing models

In this section, the most frequently applied modeling @asslitable for the development of cohesive interface laws
are briefly discussed. Only those models which are based patelkdescription will be analyzed. Approaches
associated with the material displacement jump can be felsaivhere, e.g., in [4].

In line with the recent work [44], the existing models aressified into potential-based formulations and non-
potential-based. However and in contrast to [44], largaisteffects will also be considered and special attention
is drawn to the thermodynamical consistency.

2.1 Non-potential-based models

Within non-potential-based models, the traction ve@oacting within the respective shear band or crack is a
priori and in an ad-hoc manner coupled to the displacememp jle], cf., e.g., [9, 25, 26]. As a result, focusing
on elastic processes and neglecting material anisotrémie®w, such models are of the form

T = T([u])- 1)

Accordingly, they would be referred to as Cauchy-elastihinithe framework of continuum mechanics, see [28].
As a result, symmetry of their tangent matrix is not a priaratanteed and thus, such models cannot be derived
from a potential in general. Therefore, the resulting giasson might be non-vanishing, even in case of elastic
loading.

An additional problem associated with this modeling clasthat usually two independent models are intro-
duced: one for loading and an additional ad-hoc model favachihg, cf. [45]. This is again in sharp contrast to the
thermodynamically sound procedure known from classigakststrain-based constitutive models. For instance,
in case of finite strain plasticity theory (see [46]), loaglas well as unloading follow jointly and uniquely from
the definition of the same Helmholtz energy. The same holdddmage-type constitutive laws, see [47].

In summary, even though the applicability of non-potertiased models have been shown in many practi-
cal applications, these models are not thermodynamicalhgistent in general. Consequently, it is desirable to
improve such models accordingly.
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Remark 1 Some authors claim that due to the path-dependence, thertanatrix d’/d [u] does not need to be
necessarily symmetric, see [48]. Therefore, they abanbdersymmetry requirement completely. This statement
is, however, only partly correct. First, although symmednd path-dependence are indeed related, they are not
equivalent. More explicitly, path-dependent associgpiasticity models do lead to a symmetric tangent. Secondly
and even more importantly, interfaces can unload eladticalt least in this case, the respective matrix has to be
symmetric.

2.2 Potential-based models

The previous discussion showed that a thermodynamicallpégaohesive models has necessarily to be derived
from a potential energy. In this subsection, two differdasses of potential-based models are briefly discussed.
While, traditional Xu & Needleman-type approaches are esislrd in the first paragraph, models based on a stored
Helmholtz energy are analyzed subsequently.

2.2.1 Models in line with that of Xu & Needleman, cf. [49, 50]

Within the modeling class originally proposed by Xu & Needbmn, cf. [49, 50] (see also [44] and references cited
therein), the traction vector is derived from a potentiaMore explicitly,

9¢

= Tl with ¢ = ¢([u]). 2

Again, referring to stress-strain-based constitutive et@draction-separation law (2) would be called hyperelas
tic. However, such models are usually applied to the modadinmaterial failure which is intrinsically a non-
conservative process. Equally importantly, the dissipeatelated to material failure is not defined by this class of
material models, at least not explicitly. The third critipaint is similar to one of the non-potential-based models.
Since Eg. (2), although a potential, is designed for capguthe material response under loading, an additional
cohesive model is required in case of unloading. Usualhgdr elastic unloading to the origin is assumed. In
summary, models in line with Xu & Needleman, cf. [49, 50] dil st solve all problems previously discussed
for non-potential-based approaches.

2.2.2 Models based on a stored energy potential

Only relatively recently, thermodynamically consisteahesive models have been proposed, cf. [21-23]. Anal-
ogously to standard stress-strain-relations, their fatiod is the assumption of a suitable energy potential. In
contrast to Xu & Needleman-type constitutive laws, thisrggewhich is the Helmholtz energy, depends in addi-
tion to the displacement jump also an a set of internal viggitelated to the deformation history. Starting from
this Helmholtz energy, the traction-separation law is\a&tiby applying the Coleman & Noll procedure. It bears
emphasis that the resulting constitutive model holds fading as well as for unloading. In this respect, the frame-
work is unique, i.e, one Helmholtz energy defines all stgiesv{ded the deformation and the internal variables are
known). For developing suitable evolution equations ferititernal variables, the second law of thermodynamics
is employed. As a consequence, the constraints imposectlpyiticiples of thermodynamics are a priori fulfilled.
For these reasons, only this class of models will be consitlierpresented paper.

2.3 Finite deformation — spatial description

Finally, some complementary remarks concerning a spatsdription are given here. In the case of large defor-
mations, additional principles such as that of objectitiye also to be taken into account. However, the probably
most serious point is related to the modeling of materigd@tnbpies (see footnote on page 2) such as that implied
by a decomposition of the traction vector into a normal andems part. As mentioned in [22], the structural ten-
sors may evolve and consequently, they lead to a change Heineholtz energy. For instance, taking the normal
vectorn of a crack as the structural tensor, focusing on fully etgstocesses, together with a stress power of the
typeT - [u], the dissipation reads

D=T- [i4] - ¥([u] ,n) = (T — Oy ¥) - [t] — 0nT -7 3)

Here,V is the Helmholtz energy. Hence, by postulating the standgdationT” = Jj,,) ¥, the dissipation does not
vanish. This is the reason why so far only isotropic modeladtermodynamically sound can be found in the
literature. In the present paper, however, anisotropicetsdhich also fulfill the second law of thermodynamics
are derived for the first time.
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3 Kinematics of discontinuous deformation mappings

This section is concerned with a concise summary of the katiesiinduced by strong discontinuities. Further-
more, it provides the notations used within the present pdpather details on the kinematics of discontinuous
deformation mappings can be found elsewhere, e.g., in B3,

In what follows, a body2 is considered to be separated during deformation into tepavtsQ~ andQ* by
means of an internal surfaée, i.e.,Q = Q~ UQT UH;Q (Fig. 1). Physically speaking,( is a crack or a shear
band. The orientation a¥;Q2 with respect to the undeformed configuration is locally dediby its normal vector

Figure 1: Body) C R3 separated into two parfs~ and2* by an interface),2

N. Inline with standard notation, the normal vectors areglastd as pointing outwards, .8y~ = —-N" = N.
Since the interfacé,() is a two-dimensional submanifold i®® (at least locally), it proves convenient to represent
it by means of curvilinear coordinatés (0 = 1;2), i.e.,

X = X(0,), YX €. (4)

With this parameterization, the tangent vect&s = Jy_ X, the normal vectolN = G; x G3/||G1 x Gs|| as
well as the contravariant badis™ can be computed in standard manner.
The motion of the sub-bodi€x~ and2™ is described by the deformation mappipg Q > X — = € ().
By introducing the displacement fietd, ¢ can be rewritten ag = id + u with id being the identity mapping.
According to Fig. 1, the undeformed configuration is conpias, while the displacement field is discontinuous.
Consequently, denoting™ as the displacement field fa™ andQ2~ andH, as the Heaviside function &£, w is
of the type
u=u" + H; (u+7u*). (5)
With Eg. (5) and assuming sufficient regularity«f the displacement discontinuify]] at 9;Q2 can be uniquely
defined as
[u] =u™ —u~ VX € 9,0. (6)
As aresult, a poinKX belonging to the interfac&,2 decomposes during deformation into the two non-connected
points
r =X +u"
" =X +u + [u]
Since the deformation if2~ and that inQ™ are in general uncoupled, the normal vectersandn™ associated
with that point are usually not parallel. For this reasoncttidous intermediate configuratian betweenz— and
x is frequently considered (dashed surface in Fig. 1). Intoaty a scalar-valued weighting parameterthat
new configuration can be defined as

z=(1-a)z +az", ac(0l]. (8)

In most casesy is set too = 1/2, i.e., the fictitious deformed interface is assumed to beatkezage ofr~ and
x'. Based onc—, £ andz, the local topology of the deformed interfa@g? can be computed in line with that
of the undeformed configuration, i.e.,

VX € 9,0. (7

g, =0p,x" n =g, xggl/llgi ><92;||
gi=0p,xt  n*=gf x g3 /llgf x g5 || ©)
Go=0,x mn = gxg /|lgxagll
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The choice of the parameterdefining the normal vector of the intermediate configuratfoa controversially
discussed subject in the literature, cf. [9, 21, 22, 52].hia present paper, it will be shown that the condition of
traction continuity leads to a uniquely defined parameter

4 Elastic Interfaces

This section is concerned with the modeling of interfacesashg a fully elastic response, i.e., focus is on hy-
perelastic material models fulfilling the second law of thedynamics. By utilizing the framework of rational
thermodynamics (see [19, 20]), all constitutive laws désed here are rigorously derived by means of the by now
classical Coleman & Noll procedure, cf. [53]. Consequertltig dissipation inequality (equality in case of purely
elastic deformations)

D=w—¥=>0 (10)

decomposed into the stress povi)erand the material time derivative of the Helmholtz energyill play an
important role. Though the procedure originally introddige [53] is well established in case of standard stress-
strain-type constitutive laws, it has not been considecgdafgeneral framework of cohesive zone models in a
spatial setting yet.

This section is organized as follows: In Subsection 4.1tréguic constitutive models are briefly discussed.
The extensions necessary for anisotropic materials aengivSubsection 4.2. A special subclass of those being
models based on a decomposition of the deformation into malocomponent and a shear part is analyzed in
Subsection 4.3. Finally, the mechanical response of thelrfamily of cohesive models is highlighted in Subsec-
tion 4.4.

4.1 Isotropic models

Isotropic cohesive models are nowadays relatively welleusitod, cf. [21-23]. Expressing the Helmholtz energy
¥ in terms of quantities associated with respect to the deddroonfigurationl does not depend on any structural
tensoris, i.e.\V is allowed to depend only on the junfp] itself. Consequently,

ov

V=) > b= gor Tl

(11)

According to Eg. (11), only one stress-like variable comjiego[u] is present. By denoting this variable, which
is the traction vector within the interface, &S the stress power is written as

w="T - [u]. (12)
Hence, application of the Coleman & Noll procedure yields

_ o
0 [u]

}-[[ﬁ]]o = T%. (13)

D= {T
As a result and as expected, the stress veEtmrthe partial derivative of the Helmholtz energy with respe its
dual variabldu].
For analyzing the mechanical response induced by a Helm&odrgy of the type (11), the restrictions imposed
by the principle of material frame indifferenc& (Ju]) = ¥(Q - [u]), VQ € SO(3)) are a priori enforced. As
shown, e.qg., in [54, 55], they are equivalent to postulating

U= (]| [u] [])- (14)

Hence,¥ is allowed to depend ofwu] only through its only invarianf [«] ||. This requirement is equivalent to
the standard definition of isotropy of a scalar-valued tefisaction (see footnote on page 2). Using Eq. (14), the
traction vector (13) results in
ov [u]
T=-———7""757-
Ol Tw] [ 11 T 1|

Accordingly,T is parallel to the displacement discontinujty]. Therefore, such models are frequently interpreted
as rubber bands connecting the two different sides of arfate, cf. [9, 22].

(15)
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4.2 Anisotropic models

In the more general case, the stored energy functiémalay additionally depend on some structural tensgrs
Accordingly, the respective energy reads

U =9([u],a,...an). (16)

Since a spatial setting is adopted, those tensors may ewvotirae, i.e.,a; # 0. They are related to their time-
invariant material counterpart4; by a push-forward transformation. For that purpose, theagedeformation
gradient

F=(1-a)F +aF™, a € [0;1] a7

is introduced. In Eq. (17)F™ are the surface deformation gradients, cf. [29], ife!, and F~ map only tan-
gent vectors. Clearly, by using the cross product of sucheanvectors, the normal vector can nevertheless be
computed. For = 1/2, F results in the classical average deformation gradientddntly, the choice ofy will
affect the resulting traction-separation law. This willdrealyzed in Subsection 4.4. By combining Eqg. (16) with
Eq. (17), the Helmholtz energy (16) can be rewritten as

U =U(u], F,F", A,...A,), with A;=0. (18)

The analogy between cohesive laws and boundary potengagiess can clearly be seen from Eq. (18). More
precisely, by denoting the deformation gradient char&itey an external boundary a8 and its normal with
respect to the undeformed configuration¥isthe respective energies are often assumed to be of the type

¥ =U(F,N), with N=0 (19)

(see [29] for a recent overview). Hence, for constant disgigent jumpgw] and the special choicd; = N,
the cohesive model (18) can indeed be interpreted as a sunodfdundary potentials. However and in contrast
to boundary potentials associated with external surfacelsesive models have to fulfill certain compatibility
conditions, i.e., traction continuity. It will be shown thithe constraints imposed by such conditions will define the
parametery.

Starting from Eq. (18) and assuming further that the spatatorsa; are defined by a push-forward of their
material counterpartd; through the deformation gradient (17), the rate of the Helitzrenergy is computed as

ov . ov - — Lt
:m.ﬂuwa_pz[a_aw +aF']. (20)

0
It bears emphasis that the deformation gradidfits and the displacement discontinuifw] are only weakly
coupled F* = F~ + GRAD [u])). Hence, the stress power consists of three terms in ger@yantroducing
two stress tensor®™ of first Piola-Kirchhoff type being conjugate to the defotina gradientsF'*, the stress

power can thus be written as
+

=T -[u]+ P~ :F +P":F . (21)
Although this decomposition of the stress power is natuiraeems that all existing cohesive models in the liter-
ature do not account for the two additional terms relate#'ta Evidently, if the deformation is infinitesimally
small, these terms can be neglected. However, for finitinstthey do not vanish and consequently, they have to
be taken into account. Physically speaking, they correspoithe boundary potentials of each sidé. Alterna-
tively, the constitutive models addressed in the presemigpaph can be interpreted as gradient-type models, since
in contrast tqfu], F¥ are gradient terms. Independently of the interpretatiomréespective terms also appear, if
only the normal vectoiV of the displacement discontinuity is taken as a structeradaor. Consequently, the afore-
mentioned points apply to all models based on a decompnsifithe traction vector into a normal component
and a shear part. Accordingly, without considering the @altkl terms in Eq. (21), such models are not thermo-
dynamically consistent and hence, they can result in navishkiang dissipation even in case of elastic unloading.
In Subsection 4.4 this aspect is carefully analyzed by me#as illustrative example.

Having defined the Helmholtz energy and its corresponditey20) and having introduced the stress power (21),
the constitutive relations are obtained from the by nowdaac Coleman & Noll procedure, cf. [53], i.e., by eval-
uating the dissipation inequality for fully reversibletsts, the constitutive equations

ov ov ov L oV ov

-2 p =T -, pr= a2 22
ou]’ or- ~ 1Y 5F oF+ " oF (22)

are found. Accordingly, in addition to the classical cotugive model (22), two boundary-like laws are also
implicitly defined by the Helmholtz energy (18). They arenfiadly identical to those reported in [29]. However
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and in contrast to boundary potentials, the total strestov@tcharacterizing cohesive models (internal interfaces)
is subjected to the condition of traction continuity. Thbg,considering Cauchy’s equatidh = P - N, the
only admissible choice for the scalar-valued parametera = 1/2, i.e., the fictitious mid-surface. This is an
interesting result, since many discussions on the choieegain be found in the literature, cf. [9, 21, 22, 52].

It should be noted that besides the condition of tractiortinaity, the principle of material frame indifference
imposes some additional constraints on the Helmholtz gnérgi.e., ¥([u],a1,...a,) = ¥(Q - [u],Q -
ai,...,Q - ay),VQ € SO(3) has to hold. As stated in [54, 55], such constraints can kex@ftly fulfilled
by using an irreducible integrity basis. However, since thasis is, depending on the numbegrquite lengthy,
it is omitted here. In case of = 1 which will be discussed in the next subsection, some furtoenments on
objectivity will be given.

Remark 2 In the present paper, both the deformation gradient of th& bs well as that at of an interface are
denoted asF'. From the authors point of view, confusion is neverthelestuded. Usually,F' is the surface
deformation gradient whenever an interface is conside@itierwise, it will be stated explicitly.

4.3 Mixed-mode models based on a normal-shear decompositi@f the displacement
discontinuity

It has been observed in many experimnents that the failuehamsms in mode-1 or mode-1l and mode-Ill can
differ significantly, cf. [9]. In the present subsection,ahesive zone model capturing such features is discussed.
For that purpose, a decomposition of the displacement junaptlae traction vector into a normal component
and the remaining shear part is frequently applied, cf. f&1,(see also [9] and references cited therein). Such
constitutive laws can be considered as a special case & thesussed in the previous subsection. More explicitly,
they correspond to

U =V([u], F,F", A)), with A; =N. (23)

Here, N is the normal vector defining locally the topology of the i@ surfaced,). Sincen = n(F,N),
application of Egs. (22) yields

r— 9% OF oF on (24)
0 [u] p=Y _ Y L ae Y F
COFtT oF on

Within the representation dP* as a rank-one tensor, the classical deformation gradientchhe used (more
preciselyn = F~7 . N). For highlighting the analogy between this family of cakiesmodels and boundary
potential energies, Egs. (24and (24) are rewritten as

P =a®8,
(25)
Pt=n®§,
with 5T
S, =—(1-aq) FES Fr
" (26)
S = —« ov. F
o on '

Accordingly, S can be interpreted as a deformational surface shear, cf. 589 Furthermore and as already
mentioned in the previous subsection, continuity of thetioa vector requires = 1/2.

Since the class of cohesive models discussed within theprssbsection is frequently applied in solid me-
chanics, the constraints imposed by the principle of maté&ame indifference are briefly summarized as well.
According to [54, 55], an energy of the tyde= ¥ ([u] , ) is material frame indifferent, if and only if it can be
expressed in terms ¢fu] || and the normal component of the displacement jjmap- 7. Hence, the Helmholtz
energy has to be of the type

¥ =U(||[u] |, @-n). (27)
Since the norm of the shear deformatiarj, can be written as
1Tul |l = VI Tul [[2 = ([u] - 2)?, with  [u], = [u] - ([u] - 7) 2 (28)

every Helmholtz energy of the forlt = U ([u] - n, || [u], ||) fulfills evidently the principle of material frame
indifference (see, e.g., [21, 52]).
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Figure 2: Non-trivial stress-free configurations of theeiface model (29) for two different parameters

4.4 lllustrative example

In this section, the influence of the stress tenddtsas well as the choice of the parametatefining the deformed
configuration of the internal surfa¢g(? is carefully analyzed. For that purpose, a mode-I tracteparation law
characterized by a Helmholtz energy of the type

= (] ) (29)
is considered. Here,is a material parameter related to the stiffness of thefaater For analyzing the mechanical
response corresponding to Helmholtz energy (29), a straigt vertically oriented interface of unit length is
chosen (see Fig. 2). Consequently, wittdenoting the vectors of the cartesian basis, the undefocordturation
is given by
X =es 0, 0 € [0;1] (30)

with @ representing the curvilinear coordinate. This interfexcéixed on the left hand side, while the right hand
side moves during deformation. Thus, the deformed configuré described by

- =X, " =x +[u], z=(1-a)x +azx’. (31)

It bears emphasis that the intermediate configura#drenters the potential only through the normal vectat.
Thus, the length of the interface in the intermediate coméition is irrelevant. Since the influence Bf* and that

of o on the resulting traction vector is only visible in case afladeformations and a non-vanishing gradient of
the displacement discontinuity, a displacement field otyipe

[u] = [u]™ 6, with [u]"™ = [sinB;cos — 1]7 (32)

is adopted. In Eq. (32]u] ™) is the displacement discontinuity at the posittba- 1 of the interface. According
to Egs. (32) and (31), the vertically oriented interface xedi at the left hand side, while the right hand side is
rotated around the positigh= 0 of the interface, cf. Fig. 2. Having defined the deformatibthe interface, the
tangent vectog, = Oy of the fictitious deformed configuration can be computed amallfj, the normal vector
n with n - g, = 0 and||n|| = 1. Clearly, since the interface remains straight during deégion (the deformation
depends linearly o#l), the normal vector is spatially constant, i®.# n(6).

In what follows, the stress vector and the integrated foesgar associated with the interface model (29) as a
result of the aforementioned deformation mode are analyBgdpplying Eq. (24), the linearly varying traction
vector implied by Eq. (29) yields

and thus, the corresponding force is obtained as

o[-

Accordingly, T as well as the force vectdrr are parallel tan.
As evident, the considered deformation does not only leadrtmnotonically increasing displacement jump
[u], but also to a varying normal vectar. The stresses or forces related to such a variation arededlin the

¢ ([u]™ - ) n. (34)

l\DI»—l
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Qa=05n=1/2(n" +n") b)a=1.0:n=n"

Figure 3: Integrated Helmholtz energy (29) depending opdrameter: as function in terms of the displacement
discontinuity[u].

stress tensor®=, cf. Eq. (24). Alternatively, they can be taken into accdmnteplacing the partial derivative in
Eq. (34) by the total differential, i.e.,

1 1
dw ov on
Ftotal = /Ttotal do .= / —d [[u]] do = / |:T + 8_ﬁ . —a [[u]]:| do. (35)
0 0

It bears emphasis that usual,. depends o™ as well. However, for the special deformation analyzed here
[u] is the only independent displacement-like variable. Maexjsely, F™ = F~ + GRAD [u], together with
F~ = const, holds. As a result, a variation of the Helmholtz epekgwith respect toF'* can equivalently be
expressed by a variation of the displacement discontiniugty

SFT = 6GRAD [u] = 6 [u] ™ ® G". (36)

Here,G" is the first covariant vector. Clearly, sin€® is a cartesian basi&' = G| = e, holds. By combining
Eq. (36) with Eq. (24), the variation of the Helmholtz energy through the normateen is computed as

0n0¥ = 8—\?6—,’?6F
on OF
o on 37)
- S (g6 ) ol
and consequently, the total tractiofig,,, acting within the interface are given by
Tro = ¢ ([l - 7) 7+ 26 ([u] - 7) ([u]- 22 G"). (38)
—_— 8 OF

=T
::Tﬁ

In Eq. (37), the identity F' = a §F" has been used. Evidentl¥,, is related to a variation of the normal vector.
While the interpretation dI is straightforwardT ;.. Can be conveniently analyzed by the integrated Helmholtz
energy. For two different parametersthis energy is shown in Fig. 3. According to Fig. 3b), therggdas a local
extremum al[[u]](”) - ey = —1 for a = 1.0. Consequently, the respective stress vettgy, vanishes. At first
glance, a non-trivial stress-free configuration seems tnipdysical. However, that state corresponds to a rotation
of Q* of 3 = 90°. As shown in Fig. 2b), in this case, a variation[af]" - e; does not influence the normal
componenfu] -n and therefore, the energy should indeed be constaxitidirection. Furthermore, a straightfor-
ward computations shows that the energy is symmetric witheet to a variation ofu] (") e, for 5 =90°. For
this reason, this non-trivial stress-free configuratioiméeed consistent with the underlying Helmholtz energy. It
bears emphasis that this physically relevant configurasicaptured by none of the existing models. Fortunately,
it only appears, if the rotation between both sides of therfate is very large and thus, it can often be neglected
in practical applications. Furthermore, it depends ciiycian the underlying constitutive law as well as on the
parametery.
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5 Inelastic interfaces — Damage models

Having discussed the fully reversible case, focus is nownatastic processes. In the present section, theses
processes are assumed to be associated with stiffnessldigreof the considered interface. Hence, they will be
modeled by means of damage mechanics. For plastic effeetgterested reader is referred to [16, 17].

This section is structured as follows: First, the fundaralsmf the novel family of damage models are given
in Subsection 5.1. In Subsection 5.2, two prototype modgl® ) into the range of that family are briefly sum-
marized: an isotropic as well as a mixed-mode fracture maded novel constitutive description is completed by
suitable damage evolutions which are summarized in Subgsest3. Having introduced the new framework for
interface models, a variationally consistent reformolais elaborated in Subsection 5.4. The section finishes with
some remarks concerning the numerical implementationgd&titon 5.5).

5.1 Fundamentals

In this section, a class of damage models is presented. Badéning the range of application, only few assump-
tions are made. The first of those is the additive decompuwsif the interface’s elastic energy into different
modes, i.e.,

= Z\I/i([[u]] JFT F7). (39)

Each Helmholtz energy; possibly depending on structural tensors is associatdd avie characteristic defor-
mation mode. A typical example is given in Subsection 5.@12re the energy is decomposed into a shear part
and an additional contribution corresponding to the norsepharation. A similar decomposition is also frequently
applied in standard stress-strain-based constitutiveetspdf. [57, 58]. The second assumption is that material
damage can be suitably approximated by means of a set of-sedileed damage parameters. However, since each
deformation type is captured by its own damage variable, this assumptiontigerg crucial and provides enough
flexibility. Furthermore, scalar-valued damage paransdéad to an effective numerical implementation. The final
assumption is that the different damage mechanisms ardezbomultiplicatively. Accordingly, the total Helmholtz
energy of the respective interface reads

v=>"T[0-d?) ([u] ,F* F). (40)

i=1 j=1

Evidently, postulating the standard properties of the c@enmriablesiz(.j ) € [0; 1] automatically guarantees that
the effective damage variable is bounded accordingly, i.e.

(1— ey = ﬁ(l —d9Dy = @ e [o;1]. (41)
j=1

This would not be the case for an additive decomposition. lidafion of the Coleman & Noll procedure yields
the stress response

n n \I/
P=(1-0) Y. [J0—d) 22

" “ a\II’L 1=1 =

T=>Y [0 -d") 5Tl (42)
i=1 j=1 Pt= a Z H(l - d(j)
i=1j=1
cf. Eq. (24), together with the reduced dissipation ineityal

D=w-¥=3% T[] (1-d") v([u],F*,F)d” >0. (43)

Since the elastic energids are assumed to be non-negative dﬁd € [0; 1], the second law of thermodynamics
is automatically fulfilled, ifdf.” is monotonically increasing, i.e.,

d? > 0. (44)

Clearly, physically speaking, Ineq. (44) avoids self-ireabf the material.
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The class of models presented here is completed by deriviolyteon equations fquiIIingdl(.j) > 0. For
that purpose, a suitable set of internal variables has totbeduced. Conceptually, one could uﬁ@ directly.
However, by doing so, it might be difficult to enforce the bdadnesslf.j) € [0;1]. Therefore, a rescaling by
means of internal variables” € [0; co) is considered, i.ed"”) is assumed to be of the tyge’ = d\”) (x{)). As
a result, by defining the internal variableg) as well a&lf.j) as monotonically increasing, all physical constraints
are fulfilled.

By analyzing the reduced dissipation inequality (43),elint choices for the internal variableg) can be
motivated. The two probably most obvious choices are

49 — g0 (D) O _ g, (45)
and
& =d? ), &= [ -d¥) . (46)
k=1,k#j

Clearly, the constraintsgj) > 0 have to be enforced additionally. In case of Eqg. (45), oninternal variables
being the elastic energies associated with the differefara@tion modes are required, while Eq. (46) seems to
result in twice as many variables. However, a careful aigbfEq. (46) reveals that also in that case, the different
failure modes are uncoupled, i.e., by inserting some oftju@tons into others one can show th%ﬁ) = ,<;§J'> (U;).
Therefore, the choices (45) and (46) are essentially idainti

Eq. (46) would imply that the failure modes are uncoupledweleer, experimental observations do not confirm
such a response in general. A typical example is given byckevehere mode-I crack opening leads to a reduction
of the shear stiffness as well. For taking such a couplimgactount and inspired by Eq. (4B)internal variables
of the type

Ki(tnt1) = max{r;(tn); Wi(tn+1)}, ki(t = 0) = Ky(0) (47)

are chosen. Heré, ., > t,, denote two pseudo time steps. According to Eq. (47), theerstbility constraints
/; > 0 have already been accounted for. In contrast to Eq. (45)nteeactions between different failure modes
are included by a damage evolution of the type

d? = d (x;). (48)

It should be noticed that the indices in Eq. (48) are flippedared to Eq. (45). The features of the resulting class
of damage models are explained next by considering two fyjmanodels.

5.2 Examples
5.2.1 Isotropic models

The first prototype model is the well known isotropic damag®dei, cf. [21-23]. It is based on a Helmholtz
energy of the type

U= (1 —d) ¥([u]) (49)
where the elastic pa®® depends only on the norm of the displacement discontincfitySubsection 4.1. Often
the simplest choice being possible

1
\I/e:§c||[[u]]||2 (50)
is made. Based on Eq. (49) the thermodynamical driving foorgugate tal is chosen as the elastic stored energy,

ie.,
d=d(r), K(tnt1)=max{k(tn); Y (tns+1)}, k(to) = Ko. (51)

5.2.2 Mixed-mode models based on a normal-shear decompasit of the displacement discontinuity

Next, a more realistic model based on a decomposition ofaler& mode into a normal separation and a shear
deformation is shown. Referring to the general framewoabetated in Subsection 5.1, it corresponds te 2.
While the first part of the Helmholtz energy, is related to mode-I failure¥ is associated with a mode-Il and
mode-Ill deformation. Accordingly, a Helmholtz energy béttype

U= (1—d) (1—dY) W+ (1-dM) (1-dP) T, (52)
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is considered and the elastic energlgsand ¥ have the form
Uy = Uy([u] -n), s = Ws(|] [u]; ])- (53)

Evidently, they fulfill automatically the conditions impas by the principle of material frame indifference, cf.
Subsection 4.3. For the examples presented in Sections B, &imel quadratic energies

a(ful - 7) = 5 eo ([l -2)?, W= W[ [ul, ) = 5 e || Fu, | (54)

are adopted. The model is completed by suitable evolutioatans. In line with the previous subsection, they
are taken as . ‘
) =dP (k;),  kj(tnsr) = max{r;(tn); ¥;(tns)},  Ki(to) = Kjo. (55)
It bears emphasis that this model fulfills all physicallyergnt properties and additionally those recently pos-
tulated in [44]. The probably most important two similagiare listed below:

e Complete failure occurs, if one of the critical separati(ersergies) is reached:
Let njm denote the critical stored energy of mofleAt this stage, a stress-free macroscopic cracks forms.

By designing the damage functioalg) such tha‘dz(.j) (kj) = 1fork; — n;?m, the stored energy converges
automatically to zero as well. Consequenily= 0, if x; — n;‘frit.

e Symmetry and anti-symmetry conditions of the traction sect
Let [u] = [u], + [u], andT = T, + T be the decompositions of the displacement jump and the
traction vector into the normal and the shear part. Siige= U, ([u],), ¥s = ¥(|| [u],||) andT de-
pends linearly orfu], it follows trivially that T, (Ju], , [u],) = Tn([u], , — [u],) andTs([u], , [u],) =
—Tn([ul, ;= [ul,)-

5.3 Damage evolution

To complete the family of damage models introduced befargalsle evolution equations for the damage vari-
ablesdEj) = dz(.j)(nj) are required. Since these equations are, with the sole ganey the respective material
parameters, identical for all damage variables, indice®anitted in what follows, i.e., without loss of generality,
d = d(r) will be considered. Evidently, the choice éf= d(x) will influence the shape of the resulting traction-
separation law and consequently, it can affect the ovetraitwiral response, cf. [7, 59]. For this reason, three
different models! = d(x) have been implemented:

e Linear softening

0 K < Knucl
K Kini — K
d = 1— nucl < ini ) Fnuel < K < Kini (56)
K Rini — Knucl
1 Kini < K
e Power-law hardening/softening
0 K < Knuel
Kini — K "
d - 1-— (L) Rnucl < K < Kinj (57)
Kini — Knucl
1 Kini < K
e Softening involving a stress plateau
0 K < Knuecl
T
1-=2 Knuel < K < K2
CcK
d= 2 58
TO 1—,‘<&/,‘<&ini K 1 —Ii/liini ( )
1+ = —71 " — 42— 4 Ko < K < Kinj
cka \ 1 — K2 /FKini Ko 1 — Ka/Kini

Kini < K

Here, knucl @Ndkin; are the thresholds of the internal variablessociated with crack nucleation and initiation
of a macrocrack, respectively. Furthermarés a material parameter. Th'-continuous damage evolution (58)
has been designed such that a constant cohesive tractioagofitmdeT|, is obtained within the intervdk,,,c; =
To/c; ke = korini] (€.9. Withky = 0.5). The different damage evolutions (56)—(58), togethehhie equivalent
stress-displacement responses, are summarized in Fig. 4.



0.75

0.5

0.25

14 J. Mosler and |. Scheider

T T T T 1-5 ‘! T T T
12s5) /0N .
B i 1 ]
i 1 S0.75 ;

&~
linear law, cf. Eq. (56)—— 05 i
I power law, cf. Eq. (57)--------- ] 0.25 i
stress plateau, cf. Eq. (58) - X
1 1 1 1 O 1 1 1 BTSN
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1

K/ Kini K/ Kini

Figure 4: Left: various damage evolution laws defined in E§6)-(58); right: resulting traction-separation laws
(material parameterst,u = 0.1, Kini, 1 = 3, ke = 0.5 Ky, < iS chosen as the maximum displacement
discontinuity, cf. Remark 3)

Remark 3 In contrast to the previous section and in line with most edremodels, the equivalent displacement
discontinuity implied by the elastic energies is choserhadriternal variable. For instance instead of the energy
U = 1/2 ¢ [[[u]|]? || [«] || is considered directly. However, singé¥ = +/2/c || [u] ||, both choices are
essentially equivalent.

5.4 The variational structure of damage models

Within the previous subsections, a family of cohesive medglplicable to the analysis of a broad range of differ-
ent materials, including those showing a pronounced awigit response, has been elaborated. In sharp contrast
to other interface models based on a geometrically exactigéisn, the proposed constitutive framework is ther-
modynamically consistent, i.e., the second law of thernmadyics is fulfilled.

Following [30], a canonical ordering of thermodynamicalbynsistent models is provided by the principle of
maximum dissipation. In many cases, this principle is egjeit to minimizing the stress power, cf. [33, 34].
This alternative formulation can be conveniently disaedi by a suitable time integration yielding effective so-
calledvariational constitutive updategs advocated by Ortiz and co-workers [35-37], see also [B8-Within
such updates all unknown state variables, together withidta¢ deformation, follow jointly and conveniently
from minimizing the integrated stress power. The resultimgthematical and physical advantages are manifold
compared to standard conventional approaches, cf. [34].

In the present subsection, the proposed class of cohesiteriaianodels will be reformulated within the
aforementioned variational framework, i.e., the advataiass of constitutive laws can be characterized by the
optimization problem

inf€ with E£=¥+D. (59)

Here,£ is the stress power which can be decomposed into the rate ¢feimholtz energy and the dissipation

D. It bears emphasis that although variational constitutpeates were already introduced for standard stress-
strain-type constitutive models a decade ago (see [35-8i8y have not been considered for cohesive models
yet.

5.4.1 Isotropic models

For the isotropic models according to Subsection 5.2.1ethsvalence between the already discussed constitutive
framework and a variational principle of the type (59) carshewn in a relatively straightforward manner. For
that purpose, the dissipation

D=U°— =k — k>0 (60)
is inserted into the stress power

\ v
0 - _5_@4%@,4:1’-[[@]—(\116—%)@&. (61)

= M3 F s
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It is important to note that Eq. (60) is fulfilled for loadin® (= ) as well as for unloadingi(= 0). Hence, the
second term in Eqg. (61) vanishes always and thus,

E=T [i] (62)

is indeed the stress power. Furthermore and equally imptbyta minimization of€ with respect to the internal
variable# gives the evolution equation and the loading conditionsreMaxplicitly,

infgh[u]]:const SALES o (63)
As a result, minimization principle (63) leads eventuatly t

Altnsr) = max{r(ty); U°(tns1)} (64)

which is equivalent to the evolution equation (51) poskddh Subsection 5.2.1.
Having minimizedS = &([u] , #) with respect to the internal variablésgives rise to the introduction of the
reduced stress power
E([u]) = inf e([a] , 7). (65)

Evidently, acts as a hyperelastic stored energy potential definingak#dn vector, i.e ] = GMS .

5.4.2 Mixed-mode models based on a normal-shear decompasit of the displacement discontinuity

For showing the variational structure of the mixed-mode el@$ discussed in Subsection 5.2.2, a staggered
method is used, i.e., stability of the stress powewith respect to one active internal variable is analyzed. firs
Without loss of generality, an active normal mode is congddere. A straightforward computation yields the
dissipation

D= (1 — dﬁf’) . a;i‘z) T (1 - ng>) o, %d,i)] fon > 0 (66)
and thus, the respective stress power reads
c=9 & (1 - d<S>) ods”) (K — W) fin > 0. (67)
fin=0 " OFn -

Accordingly and in line with the isotropic damage model istigated before, the evolution of the internal variable
k, follows again from the variational principle

inf&

Rn

g Kn 2> \Iln- (68)

2] :constj?:const

Consequently, the internal variabilg at timet¢,, 1 as predicted by the minimization principle results in

Kn (tn+1) == maX{Hn(tn); \Ijn(thrl)} (69)

which is identical to the model presented in Subsection25.Evidently, the derivation (66)—(69) can also be
applied to the shear mode.

Having considered the case of one active deformation matknten is now drawn to the coupled case.
For checking whether the other failure mode is also actitahility of the stress power which has already been
minimized with respect to the first mode (see Eq. (68)) isya&a concerning the remanding mode. Considering
kn = U, (active normal failure), together with, = ¥, within the dissipation, yields

. (n) (s)
c=v 4 (1 - dg@) %d—s (s — W) Fon + (1 - d§“>) %i (ks — W) Fis > 0. (70)

Kn Rs

Fin=0
Accordingly, energy stability with respect fq requires thus
ks > Y. (71)

By comparing Ineq. (71) to Ineq. (68it is evident that activity of a failure mode can be checkeddnpring the
other completely. This is a direct consequence of the uowpf 4, and#, within the stress power. For this
reason, a straightforward simultaneous minimizatioé of case of both failure modes being active leads again to

kn > WU,, and kg > . (72)
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Clearly, this uncoupling is numerically very appealingcs it reduces the complexity of the optimization problem.
Independently of which failure mode is active, a minimiaatdf the stress power with respect to the internal
variabless,, andk; defines a reduced stress power

E(la] ,F) = inf E([a], F, g, ivs) (73)
which acts like a hypererlastic potential defining the stesswith the interface, i.e.,
T=0u¢ PrT=00.8, P =(1-0a)0;& (74)

Remark 4 The model discussed in this paragraph represents a speasal (two failure modes) of the more gen-
eral class of anisotropic interface laws as introduced ifb&§ection 5.1. Since this more general class leads also
to an uncoupling of the rates of the internal variableswithin the stress power, this class can also be reformu-
lated within a variationally consistent format. Since thisuld require the application of the same technique as
employed within the present paragraph (successivelythéudetails are omitted here.

5.5 Implementational aspects

A standard or conventional implementation of the modelsidlesd in Subsection 5.1 is straightforward. For that
purpose and in line with standard damage theory formulatettain space (strain-stress-type models), the internal
variabless; at (pseudo) time,,; can be directly computed in closed form as

Iii(fn+1) = max {Fai(ﬁn); \I/i(tn+1)} . (75)

Subsequently, the stress veciband the stress tensafs™ are determined by Egs. (42).

Alternatively, the variational principle discussed withthe previous subsection can be employed. For that
purpose, the continuous problem (59) is transformed intdserete counterpart by considering the finite time
interval[t,,; t,41], i.e., problem (59) is rewritten as

tn+1 tn+1

inf 192 [0 .— / Edt = W(tnyy) — U(t,) + / D dt. (76)

inc inc

tn tn

For instance, in case of the isotropic model presented irs&tiion 5.4.1,[%;5z can be computed analytically
yielding

Rn+1

I = W(tyy) — U(ty) + wdl)" — / d dk. (77)

mnc

Kn

Thus, stability of this energy with respect to the unknowteiinal variable: at timet,, ;1 requires

I ad, dd,,
ﬁ:_we(ﬁn+l) 3 +l dnt1 + En+1 o dns1
Kn+1 Kn+1 9d Kn+41 (78)
= (U (tns1) — Fns1) 5t >0,
Rn+1

IQSSZ

Accordingly, the minimization principlenf ;*.° includes the evolution equation

Kn+41 2 ‘I’e(tn-H) (79)

consistently.

The case of a single internal varialelés very appealing, since the integral (77) can be computatyacally.
If more failure mechanisms are considered, the dissipdtemto be integrated numerically, e.g., by applying
a backward-Euler integration. However, such methods avegadays standard and therefore, they will not be
presented in detail here. Clearly, if the time integrat®oansistent, consistency of the resulting numerical sehem
is guaranteed. As a summary, even if a numerical approxamati the integral is used, the resulting algorithmic
formulation of the class of interface models is given by thgational principle

(K1 (tns1)s - Bn(tngr)) = arg inf L2 ([ul, g Frgrs 61 (tng), - fin(tngn) . (80)
p=cons
Independently of the number of internal variables, theatamal constitutive updates give therefore rise to the
reduced functional )
1922 — inf 1592 (81)

inc inc
{ri}
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Assuming an analogous variational structure also for tHe'hmaterial model, the functiondl?. = I () is
introduced. With these notations, the total energy (wofkhe considered structure is given by

Itotal = Itotal(‘-P) = /fﬁc dv — Iext + / fi%cg dA (82)
Q 050

where the potential.,; is associated with external forces. Accordingly and in kwvith the local constitutive
description, the global boundary value problem s alsoattarized by a potential structure (which is incrementally
defined). More importantly, a minimization of this potehtisults in the classical equilibrium conditions in weak
form, i.e.,

L rota = 0 = /P SF dV — % ou+ / [T -6 [u] + P* : 6F*] dA, You (83)
®
Q 92

Here, Egs. (42), together witR := 8Ffiﬂﬁc, have been inserted. As evident, the teéifa.. /0 is a generalized
force. Eq. (83) can be conveniently discretrized by finiss@tnts. For that purpose, the volume-type integrals are
discretized in standard fashion, while the surface inlsgaee approximated by shell-type elements, i.e., similar
to the approach presented in [52]. This is precisely the migaldmplementation which has been chosen. The
linearization of Eq. (83) necessary for a Newton-type tierascheme can be computed in standard manner. For

that purpose, the stationarity condition defining the dtutste update is linearized, i.e.,

d <in,f Ii%cﬂ qo—const) =0, = dr;=ds; (d [[uﬂ 7dFi) (84)

which, in turn, is inserted into the linearization of Eq. Y8Burther details are omitted here and will be discussed
in detail in a forthcoming paper. It bears emphasis that dube underlying variational structure, symmetry of
the resulting stiffness matrix is a priori guaranteed, 60][

Remark 5 By applying the divergence theorem, Eq. (83) can be rewrte

6L roral =— / DIVP - §u dV + / T - 6u dA — 6l
Q o0
+/ (T~ —T) - dudA+ / (=T* +Ts) - 6udA (85)
0:Q 92
+/ P 5F* dA =0, Vou.
0:Q

For avoiding confusion between the stress vectors actingfat2~ and that within the discontinuity surface, the
definitionT’s := 8[[uﬂf%09 has been introduced here. According to Eq. (85), the conrdmg Euler equations
include, among others, the strong from of traction contipgequilibrium), i.e., Ty = T = T~. With this
equilibrium condition, Eq. (85) can be recast into (see Bg){

d Itota1|5[[u]]:0 = /(Sil?lc dv — 5Iext
Q

5120 dA
+/ me [u]=const, Ft=const (86)
8.0
+ / § I dA = 0 Vou.
[u]=const,F~=const
8.0

Consequently, the reduced stationarity problem is forynalentical to that of a continuum with two external
surface potentials. As a result, the remaining Euler equretiare formally identical to those reported given for
external boundary potentials, cf. [29].

6 Analysis of the work of separation

In this section, the mechanical response as predicted hyawel class of cohesive models is carefully analyzed.
For that purpose, the prototype discussed in Subsectiod 5.2onsidered. Accordingly, the model is based on a
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mode-I fracture energy: 200 J/n¥

mode-II/ll fracture energy: 100 J/n?
ultimate stress for mode-I: 3 MPa

ultimate stress for mode-Il/Ill: 12 MPa

Table 1: Fracture energies and ultimate stresses useduliginumerical analyses

normal-shear-decomposition of the failure mode. For tlke shcomparison, the results obtained from the models
proposed in [44] and [61] are also discussed. Within all comafons, the fracture energies and the ultimate
stresses as summarized in Tab. 1 are used. Furthermoreaadioftening evolution for the pure failure modes (see
Eq. (56)) and a power-law softening for the mixed-mode Bxtéon (see Eq. (57)) are considered. For the sake of
completeness, the material parameters of the models ae githe appendix (see Tabs. 3-5).

For comparing the different models and in line with [44], therk of separation in normal directidi},, in
tangential directioi;, and the resulting total work/;; are computed according to

n

W, — /0 "7 d[ul, 87)

Oini
Wt = / Tt d II'U/H,E
0
Wtot = Wn + Wt-

It bears emphasis that the mechanical problems analyzédsisdction and originally proposed in [44] are based
on a spatially constant displacement jump, i.e., both siléise crack remain parallel to one another during defor-
mation. Consequently, the normal vectoremains constant as well and as a result, the respectivgetitally
conjugate additional stress&s" vanish.

6.1 Proportional loading

For analyzing proportional loading, the displacement jusiearly varied. More specifically and focusing on a
two-dimensional setting, a displacement jump of the type

[[u]]n =  Kini Sin(ﬂ)t/tmaz (88)
[u], = FKini cos(V)t/tmax

is considered. Herg denotes the current timg,,.. > t is the final timey) denotes an angle allowing to investigate
different failure modes and,,; is the amplitude of the displacement discontinuity at whiial material failure
occurs.

The work of separation as computed by means of the differeatets is shown in Fig. 5. According to this
figure, all models lead to physically sound results for tha@tlhg cases mode-Ik{ = 0°) and mode-1¢ = 90°),
i.e., the computed works of separation equal the respdcticiure energies, cf. Tab. 1. Furthermore, the transition
between such limiting cases is smooth. Additionally, in][#4vas stated that the total world’;; should be
monotonous for a varying failure mode. As can be seen in Fidnisis fulfilled for the model advocated in [44] as
well as for the novel constitutive law as elaborated in thespnt paper. By way of contrast, the model discussed
in [61] does not comply with the aforementioned postulatewklver, it should be noted that this postulate is not
a physical principle. Furthermore, it can also be fulfillgdtbhe damage law in [61] by using a different set of
material parameters.

6.2 Non-proportional loading

Next and in line with [44], a non-proportional separationihpia investigated, i.e., the interface is first loaded in
normal direction untilfu],, = [[“]]le and subsequently, the tangential separation is incragséal total failure.
The predicted works of separation are summarized in Fig. & inAhe case of monotonic loading, the limiting
cases (mode-l and mode-Il failure) are consistently capitby all models and the transition in between is smooth
and monotonous.

In summary, the mechanical response as predicted by thd mmagel is in good agreement with that cor-
responding to the recently published cohesive law [44]. Blm, it bears emphasis that only the new model is
thermodynamically consistent — even in case of large dedtiom.
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Figure 5: Work of separation as computed by means of differeinesive zone models for a single element under
proportional loading (see Eq. (88)).
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Figure 6: Work of separation as computed by means differeln¢sive zone models for a single element under
non-proportional loading.
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7 Numerical example: Double cantilever beam

Finally, the novel interface model is analyzed by means efittore complex boundary value problems shown in
Fig. 7. The same precracked specimens have already beéedsaatlier using other cohesive zone models, cf.

LSS S S S S

Figure 7: Test specimens for numerical validation of theppsed model; a) double cantilever beam (DCB) speci-
men for pure mode-I failure; b) mixed-mode bending (MMB) foixed-mode failure.

[62]. While the geometry is identical within both mechamnhjmablems, the boundary conditions are changed such
that the resulting failure is of mode-I within the test shommthe left hand side in Fig. 7 (the so-calléduble
cantilever beanfDCB)) and of mixed-mode for the problem depicted on thetrigind side in Fig. 7 (the so-called
mixed-mode bendin@MMB) test). The latter was also investigated in [44]. Howe\the respective parameters
are different. Within all computations the mixed-mode nm@sedescribed in Subsection 5.2.2 has been employed.
Again, a linear softening evolution for the pure failure reedsee Eqg. (56)) and a power-law softening for the
mixed-mode interaction (see Eq. (57)) are considered.

First, the influence of various damage evolution laws on &sellting structural response is investigated. For
that purpose the DCB test, together with the evolution égnatdiscussed in Subsection (5.3), is considered (see
Fig. 8 (left)). The mode-I ultimate strength of the mateaad! the respective fracture energy have been taken from
[62]: Ty, = 5.7 MPa andly,, = W, ([u], = 0) = 0.28 kd/n?. With these values, the linear softening evolution
is uniquely defined. Since this is a pure mode-I problem, ¢émeaining softening evolutions are irrelevant. The
results of the computations are summarized in Fig. 8 (riglrcordingly, the effect of the damage evolution is
only minor for the analyzed problem.

Next, the effect of the mixed-mode interaction is carefalhalyzed by considering the mixed-mode bending
beam (MMB). In addition to the mechanical response underevlpthe mode-Il and mixed-mode behavior has
also to be defined. The assumed material parameters are sizedniza Tab. 2. The results corresponding to

Model TO,n T07t Knucl n
Isotropic (Subsection 5.2.1), var 1 20 MPa n.a. n.a.
Isotropic (Subsection 5.2.1), var 2 10 MPa n.a. n.a.

Mixed-mode (Subsection 5.2.2), varl 20MPa 10MPa 0.99 0.25
Mixed-mode (Subsection 5.2.2), var2 20MPa 10MPa 0.25 0.25
Mixed-mode (Subsection 5.2.2), var3 20 MPa 10MPa 0.25 3

Table 2: Different sets of material parameters used withéumerical analysis of the DCB specimen (see Fig. 7
(left)). Within all sets, the fracture energies are seb'¢g, = 'y, = 4 kd/n¥. The power-law softening for the
mixed-mode interaction (see Eq. (57)) is definediQy.1, » andxin; = 2 Knuel-

the different material models and material parametersrimgeof force vs. crack mouth opening displacement
(CMOD) are shown in Fig. 9. According to this figure, the ultita strength of the material does not affect the
structural response significantly for an isotropic modef.vi&ry of contrast, the interaction between the different
failure modes shows a very pronounced effect. While neigigt¢he interaction completely leads to an ultimate
load of over 300 N, a strong interactiom & 3) reduces this ultimate load below 200 N. Therefore, thishmeal
problem is well suited for calibrating the material paragngtassociated with the failure mode interaction.

The example has been re-analyzed without considering ttiti@thl membrane-like stressd3™, i.e., the
respective model is thermodynamically inconsistent aresdwt fulfill the second law of thermodynamics. The
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Figure 8: Results of the DCB simulation (see Fig. 7 (left)jhwihree different damage evolution laws. Left:
equivalent traction-separation laws corresponding tadifferent damage evolutions; Right: forc’and crack
propagation Aa) depending on the crack mouth opening displacement (cmod).
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Figure 9: Results of the MMB simulation (see Fig. 7 (righty)ng the isotropic model (Subsection 5.2.1) and the
mixed-mode model (Subsection 5.2.2) for different sets afarial parameters (see Tab. 2).
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results of the respective numerical computations are resgmted here, since the difference to the original model
is very small (approximately, 2 N (1%) in the computed fojc@dthough such a good agreement depends strongly
on the underlying Helmholtz energy and cannot be guararitegdneral (see Subsection 4.4), this result raises
hope that the thermodynamical inconsistency of ad-hoc lsad® be comparably small.

8 Conclusions

In the present paper, a novel class of anisotropic cohesnstitutive models considering large deformation has
been presented. In sharp contrast to previously publisiredfiations, all models belonging to the advocated class
are thermodynamically consistent, i.e., they were rigelpderived by applying the Coleman & Noll procedure.
The probably most interesting new finding from this procedarthe striking analogy between cohesive models
and boundary potential energies. This analogy gave rigetmtroduction of additional stress tensors which can be
interpreted as deformational surface shear. To the bestlkdge of the authors, those stresses which are required
for thermodynamical consistency at finite strains, havéoeen taken into account in existing models yet. Accord-
ingly, previous anisotropic cohesive constitutive modeiasidering large deformations are not thermodynami-
cally consistent, i.e., they can result in non-vanishirggigiation even in case of elastic unloading. Fortunately,
this thermodynamical inconsistency of ad-hoc models cacobgparably small for realistic mechanical systems.
However, there is no guarantee for this. For instance, blyaing a simple mode-I-type cohesive model, it was
shown that the aforementioned boundary-like additiomaksttensors can result in a traction-separation law show-
ing a non-trivial stress-free configuration consistentwtite underlying Helmholtz energy. Such a configuration
is not predicted by previous, models. Furthermore, theogyabetween cohesive models and boundary potential
energies led to a unique definition of the controversialgcdssed fictitious intermediate configuration, i.e., trac-
tion continuity requires that the interface geometry wigspect to the deformed configuration has to be taken as
the average of both both sides. The novel class of cohesideinavas finally reformulated into a variationally
consistent framework. More precisely, it was shown theestatplied by the novel model can be interpreted as
stable energy minimizers. This variational structure wssdufor deriving a variationally consistent numerical
implementation.

A Material parameters used within the numerical examples pesented in

Section 6
Cn Ct Ton To,¢
4500 MPa/mm 36000 MPa/mm 3 MPa 12 MPa
Rn,ini = K:L,ini Rt,ini — Kﬁ),ini K?,nucl - Kfl,nucl Kﬂ,nucl = K/g,nucl n
0.0667 mm 0.0333 mm 0.25¢.in1 0.05 1.0t 15

Table 3: Material parameters of the new model proposed irpthsent paper used for the analysis of work of
separation under proportional and non-proportional logdi

(bn (I)t Omax Tmax « ,8 An )\t
2003/ 1003/ 3MPa 12MPa 3 3 0.01 0.01

Table 4: Material parameters of the model proposed by Paiiljid & Roesler [44] used for the analysis of work
of separation under proportional and non-proportionaliiog.

an at « 'Yn 'Vt Cn Ct,
49.7mm/N 258 mm/N  2.174 0.105 0.0999 129.5 MPa/mm 1041.4/MP

Table 5: Material parameters of the model proposed by Alli€érigliano [61] used for the analysis of work of
separation under proportional and non-proportional logdi
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